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ABSTRACT. We compute generating functions for the sum of the real-
valued character degrees of the finite general linear and unitary groups,
through symmetric function computations. For the finite general linear
group, we get a new combinatorial proof that every real-valued character
has Frobenius-Schur indicator 1, and we obtain some g-series identities.
For the finite unitary group, we expand the generating function in terms
of values of Hall-Littlewood functions, and we obtain combinatorial ex-
pressions for the character degree sums of real-valued characters with
Frobenius-Schur indicator 1 or —1.
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1. INTRODUCTION

Suppose that G is a finite group, Irr(G) is the set of irreducible complex
characters of G, and x € Irr(G) affords the representation (m,V’). Recall
that the Frobenius-Schur indicator of x (or of ), denoted e(x), takes only
the values 1, —1, or 0, where £(x) = +1 if and only if x is real-valued, and
e(x) = 1 if and only if (m, V') is a real representation [9, Theorem 4.5]. From
the formula e(x) = (1/[G|) 3_,cq x(g?) [9, Lemma 4.4], it follows that we
have [9, Corollary 4.6]

1 > etoxm= > x)—= > x()=#{heG|n =1}

clrr(G xEIrr(G) x€Irr(G)
X © s(x)=1 e(x)=-1

In particular, from (1) it follows that the statement that e(y) = 1 for every
real-valued x € Irr(G) is equivalent to the statement that the sum of the
degrees of all real-valued x € Irr(G) is equal to the right side of (1).

The main topic of this paper is to study sums of degrees of real-valued
characters from a combinatorial point of view of the general linear and uni-
tary groups defined over a finite field F; with ¢ elements, which we denote
by GL(n,q) and U(n, q), respectively.

Before addressing the main question of the paper, we begin in Section 2
by examining the classical Weyl groups. In particular, we consider the Weyl
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groups of type A (symmetric groups), type B/C (hyperoctahedral groups),
and type D. It is well known that every complex irreducible representation
of every finite Coxeter group is defined over the real numbers, and more-
over, it was proved using a unified method by Springer that all complex
representations of Weyl groups are defined over Q [15]. We consider the
classical Weyl groups, however, as they serve as natural examples to demon-
strate the method of generating functions and symmetric function identities
to calculate the (real) character degree sum of a group.

In Section 3, we concentrate on the real character degree sum of GL(n, q).
It is in fact known that ¢(x) = 1 for every real-valued x € Irr(GL(n,q)).
This was first proved for ¢ odd by Ohmori [12], and it follows for all ¢ by
a result of Zelevinsky [20, Proposition 12.6]. So the real character degree
sum is known to be the number of elements of GL(n,q) which square to 1.
We obtain this result independently by calculating the sum of the degrees of
the real-valued characters through symmetric function computations, and
applying g¢-series identities. We also obtain some g-series identities in the
process. In Theorem 3.2, we give a generating function for the real character
degree sum of GL(n,q) from symmetric function calculations. In Theorem
3.4, we recover Zelevinsky’s result on the Frobenius-Schur indicators of char-
acters of GL(n, q) in the case that ¢ is even, and we record the corresponding
g-series identity in Corollary 3.5. We recover Zelevinsky’s result for the case
that ¢ is odd in Theorem 3.6, where the calculation is a bit more involved
than in the case that ¢ is even. The resulting g-series identity, in Corollary
3.7, seems to be an interesting result in its own right.

In Section 4, we turn to the problem of calculating the real character
degree sum for the finite unitary group U(n, q). There is a very general phe-
nomenon, known as Ennola duality, which relates various results for GL(n, q)
to results for U(n, q) through the philosophical change “q — —¢”. This phi-
losophy goes a long way when parameterizing the irreducible characters of
U(n,q), for example. However, we mainly see the trend that when dealing
with real-valued characters, Ennola duality, for the most part, breaks down.
The main motivation here is that given a real-valued x € Irr(U(n, q)), it is
unknown in general whether e(x) = 1 or £(x) = —1, although the values of
e(x) are known for certain subsets of characters of U(n, ¢), such as the unipo-
tent characters [14] and the regular and semisimple characters [16]. Unlike
the GL(n,q) case, it is known that there are x € Irr(U(n,q)) such that
e(x) = —1. Using symmetric function techniques similar to the GL(n,q)
case (where we do apply Ennola duality techniques for the character the-
ory), we compute a generating function for the real character degree sum
of U(n,q) in Theorem 4.1. Comparing the result to the GL(n,q) case in
Theorem 3.2, we see that something much more complicated that Ennola
duality is occurring, and directly applying Ennola duality by itself could not
predict the result.

From Theorem 4.1, the point is that from Equation (1), by counting the
number of elements in U(n,q) which square to 1, we have the difference of
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the real character degree sums of those x such that e(y) = 1, minus those x
such that e(y) = —1. Using the generating function in Theorem 4.1 for the
sum (rather than the difference) of these character degree sums, along with
applying the g-series identities obtained in the GL(n,q) case, we obtain a
generating function for the character degree sums of x € Irr(U(n, q)) satis-
fying e(x) = 1, and another for those satisfying e(y) = —1, in Corollaries
4.5 and 4.10.

We are then able to expand the generating function obtained in Theo-
rem 4.1, using results of Warnaar [19], stated in Theorem 4.2 and Corollary
4.3. For q even, we give the resulting expression for the sum of the real
character degrees of U(n,q) in Theorem 4.6, and for ¢ odd, in Theorem
4.11. These expressions contain, among other things, special values of Hall-
Littlewood functions of the form Py(1,¢,t2,...; —t), where t = —¢~!. Again,
we observe something which is not quite Ennola duality, but rather has an
added twist which makes the expressions less familiar. Since these values
of the Hall-Littlewood functions do not seem to be well understood, the
expressions we obtain are somewhat complicated in terms of calculation,
but we compute several examples to verify the expressions for small n. The
fact that these values of Hall-Littlewood functions show up in representa-
tion theory gives motivation to better understand them, and the fact that
the expressions we obtain are complicated may reflect the fact that it has
been a difficult problem to understand the Frobenius-Schur indicators of the
characters of U(n,q). We hope that a better understanding of the combina-
torial expressions we obtain in Theorems 4.6 and 4.11 will reveal interesting
character-theoretic information for the finite unitary groups.

2. EXAMPLES: CLASSICAL WEYL GROUPS

As was mentioned above, it is well understood that every complex irre-
ducible character x of a finite Coxeter group satisfies (x) = 1. To motivate
the methods we will use for the groups GL(n,q) and U(n,q), we consider
this fact for the classical Weyl groups, from the perspective of generating
functions and Schur function identities.

2.1. Symmetric groups. It is well known (see [5], for example) that the
number of elements which square to the identity in the symmetric group .S,
(the Weyl group of type A,,_1) is exactly n! times the coefficient of u™ in
eu+u2/2'

On the other hand, the irreducible complex representations of S, are
parameterized by partitions A of n, and if d) is the degree of the irreducible
character ) labeled by the partition A of n, then dy is given by the hook-
length formula, dy = n!/],c, h(b), where h(b) is the hook length of a box
b in the diagram for A. By [10, 1.3, Example 5], we have

n!

dy=—=——~=n!l- lim s (1/m,...,1/m),
[Tpcy () m—»00
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where s)(1/m,...,1/m) is the Schur function in m variables, evaluated at
1/m for each variable. The Schur symmetric functions are studied exten-
sively in [10, Chapter I]. Using the identity [10, 1.5, Example 4]

(2) > sa@) = =) ] - mizy) Y,

A A i<j

we may compute that the sum szn dy is n! times the coefficient of u™ in

m—00

%EHOOZSA(U/m, coou/m)= lim (1 —u/m) ™1 — u2/m2)_(7§)
A
— €u+u2/2‘

It follows that the sum of the degrees of the irreducible characters of S, is
equal to the number of elements in 5,, which square to the identity. From
the Frobenius-Schur theory, this is equivalent to e(x) = 1 for every complex
irreducible character x of .S,,.

2.2. Hyperoctahedral groups. The hyperoctahedral group (Z/27)1.S,, is
isomorphic to the Weyl group of type B, (or type C,,), which we denote by
W(By,). It follows from [4, Theorem 2] that the number of elements in this
group with square the identity is n! times the coefficient of u™ in e2utu?,

From [10, 1.9], the complex irreducible characters of W(B,,) can be use-
fully parameterized by ordered pairs (A, 7) of partitions such that |A|+|7]| =
n. If dy - is the degree of the irreducible character labeled by the pair (X, 7),
then by [10, 1.9, Equation (9.6)] we have

n!
" TLer 2(0) TTe, h(B)°

Using the same Schur polynomial identity (2) as we did for the symmetric
groups, we may compute the sum ZIAHITI:n dy - to be n! times the coeffi-
cient of " in

d)\,T

ey Ul

A Hbe)\ h‘(b) . HbET h(b)
= n%iLnOOZS)\(u/m, cou/m) Z se(u/my ... u/m)
)\ T

= lim (1 —u/m)2"(1 — u2/m2)_2(7g) = e2utv’,
m—0o0
Again, from the equality of the two generating functions, the sum of the
degrees of the irreducible characters of W(B,) is equal to the number of
elements in the group which square to the identity, which is equivalent to
the statement that () = 1 for every complex irreducible character x of the

group.
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2.3. Weyl groups of type D. As a final example, we consider the Weyl
group of type D,,, denoted by W (D,,), which is the index 2 subgroup of
W(B,) = (Z/27) S, consisting of signed permutations with the product
of signs equal to 1.

It follows from [4, Theorem 5] that the number of elements in W(D,,)
whose square is the identity is n!/2 times the coefficient of u™ in %’ (2% +1).

The complex irreducible characters of W (D,,) may be described as follows
[3, Proposition 11.4.4]. For any partition A of n/2, when n is even, the irre-
ducible representation of W (B,,) labeled by (A, A) restricts to a direct sum
of two non-isomorphic irreducible representations of the same dimensions of
W (D,,). For any pair of partitions (i, 7) such that |u|+ |7| =n and p # T,
the irreducible representations of W (B,,) labeled by (u,7) and (7, ) both
restrict to isomorphic irreducible representations of W(D,,). These account
for all distinct irreducible representations of the Weyl group of type D,,.

Using this parameterization of the irreducible characters of W (D,,), and
the formula for the character degrees for the irreducible characters of W (B,,),
the sum of the degrees of the irreducible characters of W (D,,) is n!/2 times
the coefficient of u" in

lim Z sx(u/m,...,u/m)sy(u/m,...,u/m)
A

+ W%gnooz su(u/m,...,u/m) Z sr(u/m, ... u/m).
o T

We apply the identity (2), along with the Schur function identity [10, 1.4,
Equation (4.3)]

(3) d_sa@)saly) = [J(4 -z,
A 1,J

to rewrite the previous expression as

lim (1—u2/m?)™™ + lim (1—u/m)~2"(1 —u2/m?)"2(3) = e’ (20 1 1),
m—00 m—o0
By matching coefficients of generating functions, we again have that the
sum of the irreducible character degrees is equal to the number of elements
which square to the identity, in the Weyl group of type D,,, so e(x) = 1 for

every irreducible character x of this group.

3. REAL CHARACTER DEGREE SUMS FOR GL(n,q)

We require some background on polynomials. For a monic polynomial
@(t) € Fy[t] of degree n with non-zero constant term, we define the *-
conjugate ¢*(t) by
(4) ¢"(t) = ¢(0) "t p(t ).

Thus if
o(t) =t" + an_1t"" P+ -+ art +ag
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then
*(t) = t" +arag " 4 ap_1ag 4 ag

We say that ¢ is self-conjugate (or x-self conjugate) if ¢(0) # 0 and ¢* = ¢.

We let N*(d,q) denote the number of monic irreducible self-conjugate
polynomials ¢(t) of degree d over F,, and let M*(d,q) denote the number
of (unordered) conjugate pairs {¢, ¢*} of monic irreducible polynomials of

degree d over [F, that are not self conjugate. The following lemma [6, Lemma
1.3.17 (a) and (d)] will be helpful.

Lemma 3.1. Let e = 1 if the characteristic is even, and e = 2 if the
characteristic is odd.

(1) sy (1 = )N U0 (1 — )= () — Gl

(2) Hd21(1 + wd)fN*(Qd,q)(l _ wd)fM*(d,q) —1— w.

We now obtain a generating function for the sum of the degrees of the
real-valued irreducible complex characters of GL(n, q).

Theorem 3.2. Let e =1 if q is even, and e = 2 if q is odd. The sum of the
degrees of the real-valued characters of GL(n,q) is (¢" —1)---(q¢— 1) times
the coefficient of u™ in

11 (1+u/q")"
i>1 L —u?/q’

Proof. From [10, Chapter IV], the irreducible characters of GL(n,q) corre-
spond to choosing a partition A(¢) for each monic, irreducible polynomial
¢(t) # t, in such a way that 3, d(¢)|A(¢)| = n, where d(¢) is the degree of
¢. From [10, pg. 286], the degree of such a character is:

OmA©))
(@R _ 1)’

1) (P = 1)(g—1
(" —=1)-(¢* = 1)(q )I;IHZ)@(@

Here, h(b) is a hook-length as in Section 2, X" is the conjugate partition of
A, and n(A) is the statistic defined as n(\) = >, (i — 1)A;, where \; is the
ith part of A\. By [10, pg. 11], one has that >, ., h(b) = n(A) +n(X) 4 |A],
so it follows from [10, pg. 45] that the character degree can be rewritten as:

1) (g2 = 1)(g—1
(¢" - 1) (;n )(q )st(qﬁ)(l’1/qd(¢)71/q2d(¢)7'")’
¢

where s) is a Schur function, as in Section 2.

It is known, by [2, 1.1.1] and [8, Lemma 3.1], that a character of GL(n, q)
is real precisely when A\(¢) = A(¢*) for all monic irreducible polynomials ¢.
Thus the sum of the degrees of the real characters of GL(n,q) is equal to
(¢"—1)--- (¢ —1)/¢"™ multiplied by the coefficient of v" in
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N*(d,q)
H [Z udp\'S)\(l? 1/qda 1/q2d¢ T )]
d>1 A
M~(d,q)
. H [Z u2d\)\|8>\(1’ 1/qd’ 1/q2d’ . )2]
d>1 L1 A

This is (¢" — 1) --- (¢ — 1) multiplied by the coefficient of v" in

M*(d.q)

N*(d,q)
H [Z SA(ud/qd’ud/qu’ . )] [Z s)\(ud/qd’ud/qu’ . )2]
A A

d>1

By the Schur function identities (2) and (3), it follows that the sum of the
degrees of the real characters of GL(n,q) is (¢" — 1) --- (¢ — 1) multiplied by
the coefficient of u™ in

N*(d.q)

H H(l - ud/qid)—l H(l - u2d/q(z‘+j)d>—1

a | i i<j
M~ (d,q)
. H H(l _ u2d/q(i+j)d)—1
d 1,7

Then A(u) = B(u)C(u), where
H H d/qzd —N*(d, q)( u2d/q2id)fM* (d,q) and

- H H(1 g2 DAY =N (dia) (1 _ 24 (7)) =2M" (d0),

1<j d
From [6, Lemma 1.3.16], N*(1,q) = e and N*(d,q) = 0 for d > 1 odd.
Using this together with part (1) of Lemma 3.1 (with w = u?/¢?*) gives that

B(’LL) _ H(l o u/qi)—e H(l o u2d/q2id)—N*(2d,q)<1 o u2d/q2id)—M*(d,q)
i d

(1= u?/gye

- H(l —u/q") ((1 _ uz//qqzz—)1)
(1+u/q)

11 (

; 1 _u2/q2i—1)'

i
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Similarly, but using both parts of Lemma 3.1 (with w = u?/¢"*7), one

has that C'(u) is equal to
yid N\ TNV (Rda) u2d N\ M)
R 1-

M(-25) 10 e

2d(i+j d(i+j
i d ( q2d(i+j qdi+7)
2\ —€ 2d \ —N*(2d,9) 2d \ —M*(d,q)
= 11 <1 - q?—&-j) 11 (1 - c:fm)) (1 - h)
i<j d q q

'H(l + u2d/qd(i+j))—N*(2d,q)(1 _ u2d/qd(i+j))—M*(d,q)
d

o — u2/gitie o
I ) (R e S )

1 — w2/t
_ H(( /a"*7)

— 02/ qi+j—1
i (1 u?/qti=1)

= JJa -/

)

Combining these expressions for B(u) and C(u) gives that
A(w) =[O +u/dH [ = /),
i i
giving the claim. U
We now consider the implications of Theorem 3.2 in the cases that ¢
is even or odd separately. In both cases, we can recover the result that
e(x) = 1 for every real-valued irreducible character x of GL(n,q), through

a combinatorial proof.
Throughout the paper from here, we denote

v = GLG ) = ¢@ (@ = 1) (g—1) = ¢ (1= 1/q)-- (1 = 1/¢),

and we set 79 = 1. The following lemma, (Corollary 2.2 of [1]) will be
helpful.

Lemma 3.3. For |t| < 1,|q| <1,

(1)
e’} m ) - ) -
1+;(1—q)(1_q2)...(1_qn)—Tg)(l tq") .
2
( ) 1 00 7577,qn(n—1)/2 - 00 1 )
+;(1—q)(1_q2)...(1_qn)—nl_[O( +tq").

Next we prove one of the main results of this section.
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Theorem 3.4. Let g be even. Then sum of the degrees of the real-valued
irreducible characters of GL(n,q) is equal to the number of elements of
GL(n,q) whose square is the identity. So, for any real-valued irreducible
character x of GL(n,q), €(x) = 1. In particular, we have that the sum of
the degrees of the real-valued irreducible characters of GL(n,q) is equal to
(¢" —1)---(q—1) times the coefficient of u™ in

[Tisi (1 +u/q")
HiZI(]‘ —u?/q')’

and also to
[n/2]

Z Tn

~ qr(Qn—3r),Yr7n_2r '

Proof. By Theorem 3.2, in the case that ¢ is even, we have that the sum of
the degrees of the real-valued characters of GL(n,q) is (¢" —1)---(¢ — 1)
times the coefficient in «” in

[Tisi (1 +u/q")
HiZI(]‘ —u?/q")

From Lemma 3.3,

l

1+ u/g) = - u , and
11 )=2 (a -1/ = 1/¢2) - (1 = 1/¢})

2r

— w2/l = u ‘
HO =)™ = =g =)

% r>0 q

Thus the sum of the degrees of the real irreducible characters of GL(n, q)
is equal to (¢" — 1) --- (¢ — 1) multiplied by
ln/2]

1 1
) ZZ:O ¢(1=1/q)---(1=1/¢") ("2 (1 —1/g)--- (1 — 1/g2r)

From [11, Section 1.11], in even characteristic the number of elements of
GL(n,q) whose square is the identity is

[n/2] "
G n .
) g qr(2n_3r)'7r7n—2r

It is straightforward to see that (¢" —1)--- (¢ — 1) multiplied by the rth
term in (5) is equal to the rth term in (6). Thus, the sum of the degrees of
the real-valued characters of GL(n, q) is equal to the number of elements in
GL(n,q) whose square is the identity. By the Frobenius-Schur theory, this
is equivalent to the statement that e(y) = 1 for any real-valued irreducible
character x of GL(n,q). This completes the proof. O
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We record the following identity, which is directly implied by the proof of
Theorem 3.4 above. We note that it will be used later in studying the real
character degree sum of the finite unitary group in the next section.

Corollary 3.5. For any q, we have the formal identity

D - Z ug() an/? 1

2

o (U w2/a) — 22" 0% 2 sy o 7y

Remark: For g even, let igr(n,q) denote the number of involutions in
GL(n,q). The following are the values of igr(n,q), for 1 < n < 7. The
data suggests that it might be the case that when written as a polynomial
in g, all coefficients of powers of ¢ are 0, —1 or 1:

icr(,q) =1, icr(2,9) =4¢* icr(3,9) =q(-1+¢*+4°),
ian(4,q) = P(—14+¢* +¢°), icL(5,9) = (-1 —q+¢* + ¢ +¢%,
icr(6,9) =1 —¢* —q¢* — " = ® + "+ ¢ + ¢'* + ¢'),

icr(7,q) = q7(1 P . B B L TS & B ST LI L —I—q”).
This observation does not hold for ¢ odd.

Next we consider the case of odd characteristic. In this case, we must
work a bit harder than in the ¢ even case, but we still recover the result
that e(x) = 1 for every real-valued irreducible character x of GL(n,q). We
need the following notation. For any ¢, we let [ﬂq denote the ¢-binomial

coefficient, so for any integers n > > 0,

m (¢"—1)---(¢g—1)

i

(¢ =1 (g=D(g""=1)--(¢g—1)
Recall the g-binomial theorem [1, Equation (3.3.6)], which we apply in the
proof of the next result:

@ Q)00 rag) = Y0 [1] g
=0 1

We now recover Zelevinsky’s result for GL(n,q) for the case that ¢ is odd.

Theorem 3.6. Let q be odd. Then sum of the degrees of the real-valued irre-
ducible characters of GL(n, q) is equal to the number of elements of GL(n, q)
whose square is the identity. So, for any real-valued irreducible character x
of GL(n,q), e(x) = 1. In particular, we have that the sum of the degrees of
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the real-valued irreducible characters of GL(n, q) is equal to (¢"—1)--- (¢g—1)
times the coefficient of u™ in

[Lis: (1 4 u/q")?
Hz‘21(1 —u?/q')’

and also to
Tn
%"'Vn r

Proof. We first claim that for any ¢, we have

vt 0 1y (1 +u/d)
(8) D u"y >, “oa-vo - Ua—egy

n>0 =0 s— O%Vntsq i>1

The coefficient of u™ on the left hand side of (8) is equal to

zj: o) zz_é 73'7n1ts q'(1 - 1/q()_'%?t(1 —1/q")
- g Yo n :'Y:ntt)s q'(1 - 1/(1()_1)t(1 —1/q)
) ; W@ =D (g1 ; " SL - ;EQ(;ZE L
N ; vs(qnq:s_(;f)-/;q —1) j:: [n . S] q(_l)tq(tgl)q(sﬂ)t'

Now let r = n—s, and apply the g-binomial theorem (7) with z = —1/¢" "1
to obtain

qn(n r)—((n—r)2+(n—-r))/2 "

= Ynr(q" = 1) (g — 1) =

7] (aytg(Sgomrion

2] =) ()2t /2(1 g gy (1 = 12y
— g1 =1 g (1= 1/g) (g = 1) - (g — 1)
[n/2] qn(nfr)7((nfr)2+(n77“))/2q(n727‘)2q(;)

s ¢ 0y,
) [n/2] 1
= q 2 .
; qr(zn_gr)'Yr’Yn—Qr

By Corollary 3.5, this is exactly the coefficient of ©™ in

1+u/¢
H((+/Q)

o7 (1 —w?/q)
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giving (8).
Now, it follows from Lemma 3.3 that

[Ta+uwa)*=>" S
t(1 — e (1 — t)’
and so the left side of (8) is

S S T+ e

m>0 s=0 [sTm—s i>1

from which it follows that

(1+w 1
) I D WTEDY

i>1 n>0 y=0 Jrin—r

It is known (see [11, Section 1.11], for example) that in odd characteristic,
the number of elements of GL(n,q) whose square is the identity is
n

(1) (- 1@ Y

—0 Yr¥n—r —0 Yr¥n—r ‘

By Theorem 3.2, the sum of the degrees of the real-valued characters of
GL(n,q), when ¢ is odd, is (¢" — 1) --- (¢ — 1) times the coefficient of " in
the left side of (9). This, together with (9), gives that this sum of character
degrees is the number of elements in GL(n,q), ¢ odd, which square to the
identity. Thus £(x) = 1 for every real-valued irreducible x of GL(n,q) by
the Frobenius-Schur theory. O

We extract the following identity which was obtained in the proof above.
Corollary 3.7. For any q, we have the formal identity

Hizl(l + u/qi)2 _ Z unq(g) i 1

HiZI(l — u2/q") >0 g Jrin—r .

Corollary 3.7 will be used in the next section, for the real character degree
sums for the finite unitary groups.

4. REAL CHARACTER DEGREE SUMS FOR U(n,q)

We first establish some notation and results for polynomials, extending
some of the notions used in Section 3. Define the maps F' and F' on Fy by

F(a) = a=? and F(a) = a?. Let [a a7 and [a]r denote the F and F- orblts

of a € Fy, respectively. For any F-orbit [a a] 7 of size d, the U-irreducible
polynomlal corresponding to it is the polynomial

[[et-v=0t-at-—a? - (t—a

belal

)d—l

).

Then each U-irreducible polynomial is in [ [t].



GENERATING FUNCTIONS FOR REAL CHARACTER DEGREE SUMS 13

Let N(d,q) denote the number of U—irredgcible polynomials of degree d.
As in [17], since the group of fixed points of F™ has cardinality ¢ — (—1)",

we have -
Y rN(rg) =q" = (-1)"

rlm

and it follows from Mobius inversion that we have

ZM d/r o 1)(1/7“)

7‘|d
In particular, when d > 1 is odd,

1
4.q)= 3 S nr)@ 1) = 2 3 pr)g" = Nd, o)

r|d r|d
where N(d, q) is the number of degree d monic irreducible polynomials over
F,.

Next we define the ~-conjugate of a polynomial. The map o : x — z?is an
involutory automorphism of F 2 and it induces an automorphism of the poly-
nomial ring F 2 [t] in an obvious way, namely o : >, <, ait’ — Y <;<, alt"
An involutory map ¢ — ¢ is defined on those monic polynomials ¢ € F2[t]
that have non-zero constant coefficient, by

6(t) = p(0) 9@ g (7).
Thus if
p(t) =t" + an_1t" 4+ +art +ag
with ag # 0 then its ~-conjugate is given by

G(t) = t" + (arag )Tt 4+ (an_1ag V)7t + (ag ).

We say that ¢ is ~-self conjugate if ¢(0) # 0 and ¢ = ¢.

It is known that any monic ~-self-conjugate polynomial in F[t] may be
factored uniquely into a product of U-irreducible polynomials, and that the
number of monic ~-self-conjugate polynomials of degree n in F2[t] is ¢" +

~1 ([6, Lemma 1.3.11(a)]). Letting & denote the set of all U-irreducible
polynomials, it follows that we have

H(1 —w)~Nda) H (1 + wieal®) 4 yp2dea(®) 4 ...
d>1 peu
— 1+Z(qn+qn—1)wn
n>1
1+ w
1l -quw’

Define the dual ¢* of a U-irreducible polynomial ¢ exactly as we defined
the dual of a polynomial in F[t] in (4). In particular, if ¢ is the U-irreducible
polynomial corresponding to [a]z, then the dual ¢* is the U-irreducible
polynomial corresponding to [a~!] 7 Let N*(d,q) denote the number of
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self-dual U-irreducible polynomials of degree d in F[t], and let M*(d, q)
denote the number of unordered pairs {¢, ¢*}, where ¢ € U, deg(¢) = d,
and ¢ # ¢*. By these definitions, we have

N(d,q) = N*(d,q) + 2M*(d, q).
A key observation is that for any a € IF‘qX, we have
la] 7 U [a™ Y5 = lalr U[a™"]F,

where the orbits on the right correspond to an irreducible polynomial in
F,[t] and its dual. From this, it follows that we have, for any d > 1,

(10) N*(2d,q) + M*(d,q) = N*(2d,q) + M"(d, q),

and that N*(d,q) = N*(d,q) when d is odd. In particular, if we define, as
in [6], e =1 if g is even, and e = 2 if ¢ is odd, we have

s _Je iftd=1,
(11) N(d"”—{o if d is odd, d > 1.

Now, from (10) and [6, Lemma 1.3.17], it follows immediately that
L d\—N*(2d,q) -l (dg) . (I —w)¢
I | (R R ) (R
a>1 d>1

and

_N* Ve (1+w)¢(1 — quw)
H(l + U)d) N*(2d,q) H(l + wd) M*(d,q) _ 5 )
d>1 d>1 1—qu

We may now use the same techniques as in [6] to get other identities. In

particular, from the facts that [[;5,(1 — wh) =N = (1 4+ w)/(1 — qu),
N(d,q) = N*(d,q) + 2M*(d, q), and (11), we obtain

H(l o w2d)—]\7*(2d,q) H(l N wd)—QM*(d,q) _ (1 + w)(l - w)e‘

d>1 d>1 1=qu
From this and (12), we have
(13) [T+ )™V e T —w)= ) =14 w.
a>1 a>1

We are now able to compute the generating function for the sum of real
character degrees for U(n,q).

Theorem 4.1. Let e = 1 if the characteristic is even, and e = 2 if the
characteristic is odd. The sum of the degrees of the real characters of U(n, q)
is (—=1)"(¢" — (=1)")--- (¢ +1)(¢® — 1)(q + 1) times the coefficient of u™ in

H (1(1 + u/(_q)i)e H(l + u2/(_q)i+j)—e+1 (1 — u2/(_Q)i+j)e

/(=) 1 T+ /(=)™ T)
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Proof. There is a parameterization of the irreducible characters of U(n, q)
which parallels the parameterization for GL(n,q), by replacing F-orbits,
where F(a) = a?, with F-orbits, where F(a) = a~9, which is the essence
of Ennola duality. The details of this correspondence in the context of the
present setting may be found in [17]. Specifically, the irreducible characters
of U(n,q) may be parameterized by associating a partition A(¢) to each
U-irreducible polynomial ¢ € U, such that >, d(¢)|\(@)| = n. It follows
from [17, Theorem 5.1] that the degree of the character corresponding to
the parameters A(¢) is

OnA@))
(qL@RE) — (_1)d@h()’

" (=1D)"™) - (g+1
(@ — (=)™ (q )E[Hbew)

As in the GL(n, q) case, use the identity >, -\ h(b) = n(A) +n(\)+|A|, and
factor appropriately to rewrite the above expression as

(—1/g)4@n(A())

("= (=D)")---(g+1) [~

q" & Hbe,\(¢)(1 — (=1/q)4@h(®))
_ @ =(E=D") g4 D)
qn
'H(—l)d(@"(k((’b))sx(@(l, (=1/q)% P (=1/¢)?¥®) ).

@

A character of U(n,q) is real-valued exactly when its parameters sat-
isfy A(¢) = A(¢*) for every U-irreducible ¢, which follows from [8, Lemma
3.1]. Then the sum of the degrees of the real characters of U(n,q) is
(" — (=1)™)--- (g +1)/q" times the coefficient of u" in

N*(d,q)
11 [Z(—l)d"(”u“'w(l, (—a) ™ (=), )]
d>1 by
M*(d,q)
. H [ZUde\ls)\(l’(_q)_d’(_q)—2d7..‘)2] :
d>1 by

which is (—=1)"(¢" — (—=1)") --- (¢ + 1) times the coefficient of u™ in

N*(d,q)
1T [Z(—1)d"(A)ud|*'SA((—Q)_d, (=), )]
da>1L A
M*(d,q)
. H [Z u2d|)\‘s/\((_Q)_d7 (_Q)_2d7 e )2]
da>1 L A
N*(d.q)
= I [Z(—l)d"(A)SA(ud/(—Q)d, ul/(—q)*, - )]
a>1 L a
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M*(d,q)
TSt
d>1
Note that we have
1 N*(d.q)
11 [Z(—l)dn(”&(ud/(—@da u/(—q)*, )
d>1 A J
1 N*(dyq)
= 11 [Z(—l)”“)b‘x(ud/(—@d, u/(—=q)*, )
dodd L A i
N*(d,q)
11 [ZSA(Ud/(Q)dvud/(Q)Zd’-'-) :
d even A

Next, we use the two identities for Schur functions (2) and (3) as in the
GL(n,q) case, but we also must use the identity from [10, 1.5, Ex. 6],

Z(_l)n()‘)&\ = H(l — )t H(l + a:ixj)’l.

A i i<j
Applying these identities gives that the sum of the real character degrees of
U(n,q) is (=1)"(¢" — (=1)")--- (¢ + 1) times the coefficient of v" in

N*(d,q)

— H [H(l —u? zd IH d 2d/( )(7,+j)d)71
d

[ 1<J

M*(d,q)
H{H( u?f(—q) %)~ :

d | i

Imitating the calculation for GL(n, q), write A(u) = B(u)C(u), where

= H H(l — ud/(—q)id)*]v*(dﬂ)(l _ u2d/(_q)2id)71\7[*(d,q)
i d

H H d 2d/( q) z+j)d)—N*(d,q)(17u2d/(7q)(i+j)d)—2M*(d,q)

i<j d
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Now, by (11
Bu) = [0 —u/(=0") []0 -/ (g~ C00
@ d
(1 - u2d/(7q)2id)—]\74*(d,q)

— i\ —e (1 — u2/(_q)2i>e
= 0w ey

%

) and (12), we have

o (/)
- Havap=

By (11), (12) and (13), we compute that C(u) is equal to

U2 —e u4d —N*(2d,q)
Py ) <1 - ..)
E ( (_q)z+] 1;[ (_q)2d(z+j)
u2d 2M*(d,q)
| (1 - (—q)d@'ﬂ'))
u? )_e
— )it
i < (=q)**
u2d —N*(2d,9) —M*(d,q)
'rd[(l‘< q)d(,ﬂ> ( dw)
u2d —N*(2d,9) —M*(d,q)
JI(1+
(e R (=)

= TTa+ /ooy e St q>2f>1)<1+u2/< ))

_ i+jy—e (1- 2/( Q)Z+j)e
= E(1+u2/(_q)+) +1(1—|—u2/( q)iti—1)’

We now have

A(u) = B(u)C (u)
(1

17

u e 1_u2 _ \iti\e
= H —;2// 9 H(l +u?/(—q) )t ((1 +u2//((_qq)2;+j)1)7

9)*)

1<j

completing the proof.

0

In order to expand the generating function computed above as a series in

u, we need some notation to state a key result of Warnaar [19].

For any partition A, let A\¢ and )\, denote the partitions consisting of only

the even parts and odd parts of A, respectively. Let £(\) be the number of

parts of A, so that ¢()\,) is the number of odd parts of A. For any positive
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integer j, let m;(A\) be the multiplicity of j in A. For example, if A =
(7,4,4,3,3,2,1,1,1), then de = (4,4,2), Ao = (7,3,3,1,1,1), £(\) = 9,
(o) = 6, m7(A) = ma(A) = 1, my(A) = mg(A) = 2, and my(\) = 3. We
will also denote a partition g by the notation (1™ (t2m2()gms(n) ... o
that the A in the example may be written as A\ = (71423%22113),

Given the variables z = {x1,x9,...}, an indeterminate ¢, and a parti-
tion A, let Py(x;t) denote the Hall-Littlewood symmetric function (see [10,
Chapter III]). Given the single variable z, and m > 0 an integer, let H,(z;t)
denote the Rogers-Szegd polynomial (see [1, Chapter 3, Examples 3-9]), de-

fined as .
m .
Hop(51) = [.}a

where, as in Section 3, [’ﬂ is defined to be the following polynomial in ¢:
¢

[m]_ (t" —1)---(t-1)
B P S VR O V[ B R

Given any partition A, define the more general Rogers-Szeg6é polynomial

ha(z;t) by
= H Hmi(,\)(z t
i>1
so that h(my(2;t) = Hp(2;).
We may now state the following identity [19, Theorem 1.1].
Theorem 4.2 (Warnaar). The following identity holds, where the sum is
over all partitions:

Za by, (ab; )b, (b/a; t) Pa(z;t) = |

i>1

(1 + az;)(1 + bx;) H 1 — tax;

(1 — xz)(l + [IZ,) oy 1-— Tixj .

The following specialization of Theorem 4.2 to the case b = 0 will also be
useful for us [19, Corollary 1.3].

Corollary 4.3 (Warnaar). The following identity holds, where the sum is
over all partitions:

1+ aw; vy 1 — taga;
Za P)\ ; t H 1+ (Ifl;z : SU@ZL'].
> TG T

4.1. Characteristic two. From here on, we define

n
Wnp = ‘U(TL, Q)’ - qn(n—l)/Q H (qi - (_ = q"2 H 1 — 1/q
i=1 =1
and set wg = 1.

We first concentrate on the case that ¢ is even. We may compute the
number of involutions in U(n,q) as follows. We note that, in relation to
counting involutions and comparing to Theorem 3.4, this result may be
viewed as an occurrence of Ennola duality.
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Proposition 4.4. Let q be even. Then the number of involutions in U(n, q)

is equal to
[n/2]

2 -
— )
—~ qr(2n Sr)wrwnfﬁ‘

and also to (—1)”+(75)(q” —(=1)™)--- (¢ + 1) times the coefficient of u™ in:

L+ u/(q)
=g

Proof. Since ¢ is even, an involution in U(n,q) in this case is a unipotent
element of type (271"~2"), that is, its elementary divisors are (t — 1)? with
multiplicity r and ¢ — 1 with multiplicity n — 2r. It follows from [18], for
example, that the centralizer of such an element in U(n, ¢q) has order

%

qr(2n_3r)wrwn72r )
So, the total number of involutions is the sum of the indices of these central-
izers in U(n, q), for r =0,..., |n/2], so that the total number of involutions

18
[n/2]

Z r( -

—o 4 2n—3r) WrWn—2r

[n/2] —~1)/2
n/.n n (71)nqn(n )/
= (_1) (q - (_1) ) T (q + 1) Z T(Qn_gr)wr

r=0 q

Wn—2r

Define
[n/2] (_l)n n(n—1)/2

L q
Jn(Q) T Z r(2n—3r)

r=0 q

WyrWn—2r ‘
Now note that we have

Ln/2] n(n—1)/2
nin— q
Tu(=a) = (=12

r=0

From Corollary 3.5, we have J,(—q) is (—1)""~1/2 times the coefficient of
u™ in

qT(2n73r)'Yr’7nf2r ’

H 1+u/q

Ll—u?/q
Making the substitution of —¢ for ¢, then, we have that the number of
involutions in U(n, q) is

(=)D (" = (1)) (g + 1)
times the coefficient of ™ in
[t
1—u?/(—q)"

7
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which completes the proof. ([

By (1), Proposition 4.4 gives a generating function for

Yoox(m = > x(,

x€E€Irr(G) x€E€Irr(G)
e(x)=1 e(x)=-1

where G = U(n, q), q even. Since Theorem 4.1 gives a generating function

for
dooxm+ D X,

x€E€Irr(G) x€EIrr(G)
e(x)=1 e(x)=-1

then we may immediately obtain the following (with e = 1 in Theorem 4.1).

Corollary 4.5. Let q be even. The sum of the character degrees of U(n, q)
with Frobenius-Schur indicator +1 is equal to (—1)"(¢" — (=1)")--- (¢ + 1)
times the coefficient of u™ in

1+ u/(- 1—u2/(—g)t (=)&) 17 14+ u/(—g)
H1_|_u2/ 21 1H1+u2/ z+] 1:l: 92 Hl—u2/(_qq)i'

We now expand the generating function in Theorem 4.1 for the case that
q is even.

Theorem 4.6. Let q be even. Then the sum of the degrees of the real-valued
characters of U(n, q) is

(@" = (=)™ (g+1) Y g COIEP (L (=) (=) 2 5.
Al=n

Proof. By Theorem 4.1, with e = 1, the sum of the degrees of the real-valued
characters of U(n,q) is (—=1)"(¢" — (—=1)")--- (¢ + 1) times the coefficient of
u™ in

Q)"

1+u/(— 1—u?/(—
H1+u2/ 21 1H1+u2/ z+j,1-
To expand this, we apply Corollary 4.3, with the substitutions
v = —ug'?(=q) " =ug P (=q)7, a= ¢ t=gq7"

Then we have

Hl—i—axi l—ta:iacj:H 14+u/(— H 1—u?/(—q)7
o 1—a? i 1 —zx; 14+u?/(— 2Z 1 1+u2/ Zﬂ 1

o Z _1/2 g(,\O)P ( I/Q,Uq_l/Q(—Q)_ ,Uq_l/Q(—q)_2a ce ;q—l)

—Z ECODHA/2 N Py (1, (=)L, (—g) 2, g7 D).
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The coeflicient of ™ in this series is

Z (_1)E(AO)q_(Z()\O)+n)/2P)\(1’ (_q)_l’ (_q)_Q’ s q_l)'
[A|l=n

The result now follows from the observation that |A| and ¢()\,) have the
same parity. U

We can immediately get the following result by applying Theorem 4.6 and
Proposition 4.4.

Corollary 4.7. Let q be even. Then the sum of the degrees of the characters
of U(n, q) with Frobenius-Schur indicator £1 is

1

S@ =D+ 1) Y g IR (L (—g) T (—g) g
Al=n
| /2]
+ -
; q r(2n— 3rw rWn— 27“

We can express the quantities in Corollary 4.7 in yet another way by
applying Corollary 4.5. While the expression we obtain seems to be more
complicated, we give an example in which it makes calculation somewhat
simpler.

Corollary 4.8. Let q be even. Then the sum of the degrees of the characters
of U(n, q) with Frobenius-Schur indicator £1 is (—1)"(¢" —(=1)")--- (g+1)
times

14+ (—1)E) A Ly (3)g()

2 Z r(2n—3r)

r=0 q
| /2]
+ = Z Z q_kp)\<17(_q)_17(_q)_27-'~;q_1)
k=1 L( o) +|A|=2k

L(n_ZZk:)/QJ (_1)n 2k_+(n 2k)q(n—22k)
q5(2n_4k_38)w5

=0 Wn—2k—2s

WyrWn—2p

Proof. By Corollary 4.5, the desired sum is (—1)"(¢" — (=1)")---(¢ + 1)
times the coefficient of u™ in

u — w2 (=)t (—1)) u/(—q)i
H L+u/(— 2Z11—11 —q) i(l) Hl‘i' /(=q)

1+u?/(— 1—|—u2/ q)iti—1 2 1—u?/(—q)
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1-— u2/
1—u? 1—u? H'J n
H1+u2/ 21 1H1+u2/ z+] 1i(—1)(2)
We now apply Corollary 4.3 with the substitutions z; = —ugq!/ 2(—q),
a=uqg Y2 and t = q_1 to obtain

q)'*

1—u?/(— 1—u?/(—
H1+u2/ 21 1H1_|_u2/ z+j71

= Z“ Qo+ g=CHAN/2 py (1, (—g) 1, (—q) 2,107 ).
A

Noting that £(\,) + |A| is always even, this gives that the coefficient of u?*
in this product is

o at*P (=9 (=) g
0(0o)+A|=2k

if £ > 0 and the coefficient of u2k+1, k > 0, is 0. By Proposition 4.4, the
1+u/(—
i 1-u?/(=q)" q)Z

el Cymr(3) (3)

—~ qr(2m737‘)wrwm72r

coefficient of ™ in [], is

Substituting these to find the coefficient of u" in (14) gives the result. O

4.2. Examples with ¢ even. While there does exist a nice expression for
the value of Py(1,t,t%,...;t) (see [10, I11.2, Example 1]), the authors are
unaware of such an expression for Py(1,¢,t2,...;—t). So, we are unable to
further simplify the expression in Theorem 4.6. However, there are nice eval-
uations of both Pym)(x;t) and P, (x;t) which we may apply. In particular,
Pymy(x;t) = em(x), where en(z) is the elementary symmetric function, by
[10, III.2, Equation (2.8)]. Then, by [10, 1.2, Example 4], we have

P(lm)(L (_q)717 (_Q)72, tee ;qil) = 6m(1, (_Q)ila (_Q)727 i )
(7q)—m(m—1)/2 (71)m(m—1)/2qm

(1+ (1) (= (=1/g)™) ~ (g+ 1) (g™ = (=1)™)’

By [10, I11.2, Equation (2.10)], Py (x;t) is (1 —¢)~" times the coefficient of

™ in [, R f;tff- S0, P (1, (=)™ (=a) %, 507 ) is (1= (1/g))7" times
the coefﬁment of 4™ in

(15) =

Hizl(l +u/(—q)")
[Ls:1 (1 —u/(=q)1)
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By Lemma 3.3,
(_1)r(r+1)/2ur

[0+ w/Ca) =2 oy

i>1 r>0
and
r(r+1)/2,,r
T q U
(1—u/(—q) ") = :
Z.l;[l ,,Zzo(qul)'“(qr—(—l)’”)

So, we have

Poy(, (=) (=) 7% )

g = (—1)r(r+1)/2g(m—r)(m—r+1)/2
(—12= g+ 1) (@ = (D) + 1) (@ — (D" 7)’
For example, to compute the sum of the real character degrees of U(2, q),

for ¢ even, then by Theorem 4.6, the only partitions in the sum are A = (2)
and A = (1?), so this sum is

(@ = D@+ [¢7" Poy(L, (~9) " (=) 2507
+q72P(12)(17 (_Q)ilv (_Q)727 s qil)] :
Directly from (16) and (15), we may compute that

q(¢* +1)
(¢+1)(¢* =1)

(16) =

P(2)(1a(*Q)_la(*Q)_a-“;q_l) = and

-1 -2 A —QQ
Pazy(L,(=q) 5 (=q) 507 ) CESNCESL

from which it follows that the sum of the real character degrees of U(2,q),
q even, is ¢>. By Proposition 4.4, this is also the number of involutions in
U(2,q), meaning that e(x) = 1 for every real-valued irreducible character
x of U(2,q), q even. This is mentioned in the last paragraph of a paper of
Gow [7], and this is also implied by a result of Ohmori [13, Theorem 7(ii)]
(every character of U(2,q) is either regular or semisimple, and the result
states that such real-valued characters satisfy €(x) = 1 when ¢ is even).

Now consider the sum of the degrees of the characters of U(3, q), q even,
with Frobenius-Schur indicator 1. Note that if we apply Corollary 4.7, we
need the value of P\(1,(—q)™ 1, (—q)72,...;¢7 1) for A = (3),(2,1), and (13).
However, using Corollary 4.8, we only need this value for A = (1) and (2).
That is, Corollary 4.8 makes this calculation a bit easier, and from that
result the sum of the degrees of the characters of U(3,¢) with Frobenius-
Schur indicator 1 is equal to —(¢ +1)(¢? — 1)(g + 1) times

3| X oo ) (5h)

£(No)+IA|=2 ¢+1
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Pyy(L, (=) (=) % 5a7 ) + Poy(L, (=) (=) %507 )
—2q(q+1)
-1 < q q(¢> +1) > —¢*
2¢(¢+1) \g+1  (¢+1(@@-1)) (¢+1)%(¢*-1)
This gives that this character degree sum is ¢* — ¢ + ¢>. By Proposition
4.4, this character degree sum, minus the sum of the degrees of characters
with Frobenius-Schur indicator —1, is ¢* —¢> 4 ¢. So, the sum of the degrees
of characters with Frobenius-Schur indicator —1 is ¢> — q. By the result
of Ohmori [13, Theorem 7(ii)], every real-valued semisimple and regular
character of U(3,¢) has Frobenius-Schur indicator 1, and the only other
real-valued character is the unique cuspidal unipotent character, which has
degree ¢> — ¢, and this character must thus be the unique character of U (3, q)
with Frobenius-Schur indicator —1. The fact that this unipotent character
has Frobenius-Schur indicator —1 is also consistent with the general result
for unipotent characters [14].

4.3. Odd characteristic. As in the case that ¢ is even, we begin by count-
ing the involutions in U(n, q) when ¢ is odd, which again may be viewed as
an occurrence of Ennola duality when comparing to the count for involutions
in GL(n,q) in Theorem 3.6.

Proposition 4.9. Let q be odd. Then the number of involutions in U(n,q)

s equal to
n

>
WrWn—r

r=0

and also to (—1)"+(g)(q” —(=1)")---(g+ 1) times the coefficient of u™ in:

(1+u/(=9)")?
I e

Proof. For q odd, an involution in U(n,q) has eigenvalues 1 and —1, with
each Jordan block having size 1. If such an element has eigenvalue 1 with
multiplicity » and —1 with multiplicity n — r, then it is conjugate over an
algebraic closure to a diagonal matrix. Such an element has centralizer
isomorphic to U(r,q) x U(n — r,q), by [18]. Thus, the total number of
involutions in U(n, q), ¢ odd is

n wn, n (_1)nqn(n—1)/2

> (1)) g+ DY
r=0 T r=0
()M — (1)) (g + Dnla)

Then one checks that we have

WrWn—r

n(n—1)/2

" g
I(—q) = (—1yn-02 N~
(o) = (e Dy S
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Now, we know from Corollary 3.7 that >~ 2(7; U is the coefficient of u”
in
H (1+u/q')?
1—u?/q
and by substituting —q for ¢, the result follows. ([l

By precisely the same argument as in the ¢ even case, we obtain the
following result.

Corollary 4.10. Let q be odd. The sum of the degrees of U(n,q) with
Frobenius-Schur indicator £1 is equal to (—1)"(¢" — (—=1)")--- (g + 1) times
the coeﬂ‘icient of u™ i

)z+j)2

1 —|—u/ (1—u?/(—
H 1+u2/ 2’L 1 H 1+u2/ )’L—‘r]) u2/(_q)7j+j—1)

<—1><3> <1+u/<—q>%>
e | reryer

We now expand the generating function from Theorem 4.1 when ¢ is
odd. In this case, we need the more general result Theorem 4.2 rather than
Corollary 4.3 as in the g even case. We need just a bit more notation. For
any partition v, let / denote the conjugate partition of v. A partition is
said to be even if all of its parts are even. For any c,d, and any integer
m > 1, we define (¢;d)y, by

(c;d)m=(1—-c)1—cd)---(1—cd™1).

We set (¢;d)p = 1. Finally, we note that Py(z;—1) is a symmetric function
studied in [10, III.8].

In the following, we give two expressions for the sum of the real character
degrees for U(n,q) with ¢ odd. While the first is a bit more notationally
manageable, the second could be considered computationally advantageous
as it requires fewer special values of Rogers-Szegé polynomials which have
no convenient factorization.

Theorem 4.11. Let q be odd. Then the sum of the degrees of the real-valued
characters of U(n,q) is (—1)"(¢" — (=1)")--- (¢ + 1) times

Z (_1)|V\/2+E()\g)qf|1/\f(f()\o)+|)\|)/22f(u)/2h)\e(qfl;qfl)h)\o(l;qfl)

Al HvI=n
: P)\(]-a (_q)_la (_q)_2a s ;q_l)PI/(la (_Q)_la (_Q)_2? SRR _1)
=Y ()OI 2= A (H olmi(v /21)
IA|+lv|=n
(No),(ve) even

)

ha(q g7 <H(q_1; q_Q)mi()\a)/2>
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' P/\(lv (_Q)_lv (_Q)_Qv s ;q_l)Pu(lv (_Q)_lv (_Q)_Qv cee _1)'

Proof. By Theorem 4.1, with e = 2, the sum of the degrees of the real-valued
characters of U(n,q) is (—1)"(¢" — (=1)")--- (¢ + 1) times the coefficient of
u” in

)z—l—j)Q

(1 +u/(= (1—u?/(=
H1+u2/ 22 lH 1+u2/ )l+])(1+u2/(_q)i+j—1)

(17)

(1+u/(— 1—u?/(—q)7 1—u?/(—q)7
ey 2’1H1+u2/ == ey
From Theorem 4.2, with the substitutions
a=b=—q V2 = _uql/z(_q)—i7 ———
we have

H<1+axi>2 g i I (14 u/(—a))? 1y 1=/ (=q)""

1— a7 Kj 1 — zjz; L+ u?/(=g)* =t s 1+ u?/(—g)™7 !

_ Z )\o)+|)\\)/2h ( qil)h,\ (qul)
: P)\(la (_Q)_la (_Q)_2a ce q—l)u|>\|'

From [10, II1.5, Example 3|, we have the identity

Hm: > et)P(w;t),

1—xx;
i<j v

v

/ even

v

where ¢, (t) = [[;5,(1 —)(1 — t3) -+ (1 — t™®)=1). We apply this identity
with the substitutions z; = v/—1u(—q)~% t = —1. When ¢/ is even, then
m;(v) is even for every i, and then c,(—1) =[], 2™*)/2 = 2/®)/2. We then
have

— u? H—]
HW Z 2R P,(V=Tu(—q) ™", V=Tu(—q)2,...; -1)

v/ even

= > 2R )MRP, (1, () (=) R 1),

v

v/ even

Substituting the two expansions above back into (17) and finding the co-
efficient of u™ gives the first expression for the sum of the real character
degrees.
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On the other hand, we can also write

(1 +u/(= (1 —u?/(=q)"*)*
g H (@)1 + ] (—a7 )
1+u?/( 1 —u?/(—q)7
(18) = H 1 ++u2// 2i—1 H 1 +u2// z)—l-j—l

I (1+u/(=9)")? yp 1 — /(=)

(19) 11 uw2/(—q)% 1 +uZ/(—q)iti

For the product in (18), apply Theorem 4.2 with
a = (_Q)_1/2a b= _(_Q)_1/27 €Tq = _uql/Q(_Q)_ia = q_la
and we obtain
1+u?/(— 1—u2/(—q)itI
H1_|_u2/ 2z 1H1+u2/ yiti—1
= DD ORI (¢ (157
: P/\(la (_Q)_la (_Q)_Za ce q_l)ulM'

From [1, Equation (3.3.8)], we have

-1. -2 . :
—1-0°H = (@547 )mye  if mis even,
Hm(=tia )_{0 it m is odd.

So, the only A which will appear in the expansion of (18) above are those such
that odd parts have even multiplicity, so (\,)" is even. Thus the coefficient
of u™ in the expansion of (18) is

Z (_1)K()\o)/Qq—(Z(Ao)+\)\|)/2h/\e(q—l;q—l) (H(q—l; q_2)mi(>\o)/2>

[A|=m i
(Mo)’ even

: PA(L (*Q)_lv (*Q)_2a cee ;q_l)'

For (19), we apply Theorem 4.2 with a = b = —/—1, x; = uy/—1(—q)7%,
t = —1, to obtain

H(l +u/(=9)")? H 1—u?/(—q)"™

L+ u?/(—q)% LA T+ u?/(—q)"t
- Z )3 /2 D2 (—q) MRy, (=1; =1)hy, (1; -1)

: Py(17 (_Q)717 (_Q)727 R _1)u|y"
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One may compute directly from the recursion for H,,(z;t) (see [1, Chapter
3, Example 6]) that we have

(22 4+ 1)™/? if m is even,

Hp(z-1) = { (z+1)(22 +1)m=D/2 if m is odd.

So, H,,(1;—1) = 2[™/21 and when m is even, H,,(—1;—1) = H,,(1;—1).
Since Hy,(—1; —1) = 0 when m is odd, then the only v we need consider are
those such that all even parts have even multiplicity, that is, (ve)" is even.
It follows now that the coefficient of u* in the expansion of (19) is given by

S (—n)let i 2gl (H 2“”*”)/21) P(L(—a) ™ (—a) 2,5 -1).

lv|=k
(ve)! even
Using the expansions for (18) and (19) we have obtained gives the second
desired expression for the real character degree sum. (]

We note that we could now give results for ¢ odd which parallel Corollaries
4.7 and 4.8, but we omit them here.

4.4. Example for ¢ odd. We conclude with an example of applying The-
orem 4.11 to U(2, q) with ¢ odd. We use the second expression in Theorem
4.11, which is a sum with three terms, corresponding to A = (2) with v = (0),
A = (12) with v = (0), and A = (0) with v = (12). We can use the previously
calculated values of Hall-Littlewood functions (recall that Pym)(;t) is in-
dependent of ), and together with the facts that h ) (YY) =(¢+1)/q,
and (¢7';¢72)1 = (¢ — 1)/q, we find that the sum of the degrees of the
real-valued characters of U(2,q), ¢ odd, is:

2 @ +1 1 —2 )

@ =000+ (= * s G ey) =
From Proposition 4.9, the sum of the degrees of characters with Frobenius-
Schur indicator 1, minus the degree sum of those with Frobenius-Schur indi-
cator —1, is ¢> — ¢+ 2. This gives that the sum of the degrees of characters
with Frobenius-Schur indicator —1 is ¢ — 1. From the character degrees of
U(2,q), this is the minimal possible degree greater than 1, which means
there is a unique character of degree ¢ — 1 with Frobenius-Schur indicator
—1. This is known from the character table of U(2, q), as mentioned at the
end of the paper of Gow [7]. More generally, it is known [16] that U(2m, q),
q odd, has ¢™ ! semisimple characters with Frobenius-Schur indicator —1,
which is exactly this character when m = 1.

There are other small cases which we could calculate, with considerably
more effort, most of which could be confirmed by pasting together various
known results. Instead of pursuing these, we remark that the methods pre-
sented seem to be flexible enough to obtain some more general information
on the Frobenius-Schur indicators for the finite unitary groups, which we
hope to carry through in the sequel.
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