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Abstract

We classify all strongly real conjugacy classes of the finite unitary group U(n,F,) when
g is odd. In particular, we show that g € U(n,F,) is strongly real if and only if g is an
element of some embedded orthogonal group O*(n,F,). Equivalently, g is strongly real in
U(n,F,) if and only if g is real and every elementary divisor of g of the form (¢ & 1)*™ has
even multiplicity. We apply this to obtain partial results on strongly real classes in the finite
symplectic group Sp(2n,F,), ¢ odd, and a generating function for the number of strongly
real classes in U(n,F,), ¢ odd, and we also give partial results on strongly real classes in
U(n,F,) when ¢ is even.
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1 Introduction

An element g of a group G is called real in G if g is conjugate to g~ ! in G. A real element g of G is

called strongly real in G if there exists some s € G such that s?> = 1 and sgs = g~ '. Equivalently,
g € G is strongly real if we may write g = s1so for some s1,s2 € G such that s7 = s3 = 1.
Since these properties are invariant under conjugation in G, we may speak of real and strongly
real conjugacy classes of G. The terminology comes from the representation theory of finite
groups, as it is known that the number of real classes of a finite group G is equal to the number
of irreducible complex characters of G which are real-valued. There are connections, found by
Gow [10], between the strongly real classes of G and the real-valued irreducible characters of G
which are characters of real representations, although it is known that these two sets are not
in bijection in general. It is one long-term goal to better understand the connection between
strongly real classes of a finite group, and the irreducible complex representations of that group
which are realizable over the real numbers.

There is an active program of classifying the real and strongly real classes of finite groups.
Tiep and Zalesski [16] have classified all finite simple and quasi-simple groups with the properties
that all of their classes are real. Vdovin and Gal’t [17] have finished the proof that for any finite
simple group G with the property that all of its classes are real, must also have the property
that all of its classes are strongly real, which requires a case-by-case analysis, including results
in papers of Ellers and Nolte [1], Kolesnikov and Nuzhin [14], Gazdanova and Nuzhin [7], Gal’t
[6], and R&m& [15]. Since these cases naturally center around the study of finite simple groups
of Lie type, there is interest in understanding the real and strongly real classes of finite groups of
Lie type in general. Gill and the second-named author of this paper have completely classified
the real and strongly real classes of the finite special linear groups, the finite projective linear
groups, and the quasi-simple covers of the finite projective special linear groups [8, 9].

The main result of this paper, given in Theorem 5.1, is a classification of the strongly real
classes of the (full) unitary group U(n,F,) over a finite field F, with ¢ elements, where ¢ is odd.



The case of the finite unitary group is of particular interest, since it is closely related to the
finite general linear group GL(n,[F,) in structure, and in fact the real classes of GL(n,F,) are
in natural bijection with the real classes of U(n,F,) (noticed by Gow [12]). However, while it is
known that all real classes of GL(n,F,) are strongly real, this does not hold for the finite unitary
group. The problem of finding real classes of U(n,F,) which are not strongly real was addressed
in part in a paper of Gow and the third-named author of this paper [13], with applications to
character theory, where the classification question is answered for regular unipotent elements in
the finite unitary group.

The organization of this paper is as follows. In Section 2, we first establish notation, give
a parametrization of the conjugacy classes of U(n,[F,;), and explain which of these conjugacy
classes are real. We then give two known results, Propositions 2.3 and 2.5, which give subsets
of these real classes which are known to be strongly real, in the cases that ¢ are odd and even,
respectively. Proposition 2.3 states that when ¢ is odd, if an element g € U(n,F,) is conjugate
to an element of an embedded orthogonal group Oi(n,IFq), then g is strongly real. Our main
result is precisely the converse of this statement. Proposition 2.5 states that when ¢ is even, if an
element g € U(2n,F,) is conjugate to an element of an embedded symplectic group Sp(2n,F,),
then g is strongly real. The converse of this statement is false, however, which we show in
Proposition 6.1.

In Section 3, we reduce the problem of classifying strongly real classes in U(n,F;) to classi-
fying the unipotent strongly real classes, for any ¢, in Propositions 3.1 and 3.2. The main work
is then in Section 4, where we concentrate on unipotent classes. The main tool for our argument
is Proposition 4.1, which roughly states that if a unipotent class of one type is strongly real in
U(n,Fy), then specific unipotent classes in U(n?, [Fy), for certain n# < n, are also strongly real.
This statement allows for an induction argument, in that if we know certain small unipotent
classes are not strongly real, then we may conclude that many larger ones are also not strongly
real. This argument is a generalization of the ideas used in the induction proof of [13, Proposi-
tion 5.1], where it is shown that regular unipotent elements in U(n,F,) are not strongly real if
either n is even and ¢ is odd, or n is odd and ¢ is even.

In Section 5, we prove our main results. As mentioned above, the proof of the main theo-
rem, Theorem 5.1, is an induction proof using Proposition 4.1. We are reduced to proving that
unipotent classes of type (2™21™1) are not strongly real in Lemma 5.1, which is where we must
use the assumption that ¢ is odd. After the proof of the main result, we are able to obtain
Corollary 5.1, which gives certain classes of the symplectic group Sp(2n,F,), ¢ odd, which are
not strongly real. We also give a generating function for the number of the strongly real classes
in U(n,Fy), ¢ odd, in Corollary 5.3. Finally, in Section 6, we conclude with some partial results
on strongly real classes in U(n,F,) in the case that ¢ is even.
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2 Real conjugacy classes of finite unitary groups

2.1 Finite unitary groups

Let Fy be a finite field with ¢ elements, where ¢ is the power of a prime p. We will not restrict
p at the moment, as many results we state hold for all p. Let F 2 be the quadratic extension of
Fgy, with F': a — a“ the unique nontrivial automorphism of [ /F,, which we will also denote
by F'(a) = a. Given some matrix g = (a;;) with a;; € Fp2, we also write g = (agj). We define



the finite unitary group over Fy, denoted U(n,F,), as

71 _
U(n,Fy) = {g € GL(n,Fp2) | "¢ =g}
If V' is an n-dimensional Fg-vector space, define H : V x V. — Fp. by H(v,w) = Tow, so
that H is a non-degenerate Hermitian form on V/, that is, H is 2 /F,-sesquilinear and satisfies

H(v,w) = H(w,v) for all u,v,w € V. We may equivalently define U(n,F,) as
U(n,Fy) = {g € GL(n,F,2) | H(gv,gw) = H(v,w) for all v,w € V}.

In fact, we may replace H by any non-degenerate Hermitian form on V', and the stabilizing group
of such a form in GL(n,F,2) is still isomorphic to U(n,FF,) as defined above, a fact following
from the Lang-Steinberg theorem. In terms of matrices, this means that if J is any invertible
Hermitian n-by-n matrix over F 2, so satisfies TJ = J, then we also have

U(n,Fy) = {g € GL(n,Fp2) | "gJg=J}. (2.1)

In the case that ¢ is odd, any non-degenerate symmetric bilinear form on an n-dimensional
[Fg-vector space may be extended to a non-degenerate Hermitian form on an n-dimensional F -
vector space. Also, any isometry of the symmetric form may be extended to an isometry of the
Hermitian form, which means we may embed any finite orthogonal group O* (n,F,) (either split
or non-split) in the group U(n,F,).

Similarly, in the case that ¢ is even, any non-degenerate symplectic bilinear form on a
2n-dimensional [F4-vector space may be extended to a non-degenerate Hermitian form on a 2n-
dimensional [ -vector space, and any isometry of that symplectic form may be extended to an
isometry of the Hermitian form. Thus, we may embed the finite symplectic group Sp(2n,Fy), ¢
even, in the group U(2n,F,).

2.2 Conjugacy classes in finite unitary groups

The conjugacy classes of U(n,F,), as described in [2, 18], are determined by the theory of
elementary divisors, similar to GL(n,F,). Let Fq be a fixed algebraic closure of F,, and extend
the definition of F' on F, as F(a) = a?. Define the map Fi; on F, as Fyy(a) = a~%. Recall that
monic irreducible polynomials with nonzero constant in F,[t] are in bijection with F-orbits of
F;, via the correspondence

{a,aq,aQQ,...,aqdil} +—— (t—a)(t—a)---(t— ad”!

),
and lists of powers of irreducible polynomials, or elementary divisors, whose product has degree
n, determine conjugacy classes of GL(n,F,). For the group U(n,F,), we obtain conjugacy classes
by replacing F' by Fyy. That is, consider Fy-orbits of F, and the correspondence

{a,a™9,a”,...,a"D" Y e (t—a)t—a )t —aT) - (t—aDT. (2.2)

The polynomials obtained in this way are monic polynomials in Fp[t] with nonzero constant
which we call U-irreducible polynomials (following [2]). The conjugacy classes of U(n,F,) then
correspond to lists of powers of U-irreducible polynomials (the elementary divisors in this case),
the product of which has degree n.

To be more precise, let U be the set of U-irreducible polynomials in F2[t], and let P be
the set of all partitions of non-negative integers. Given f € U, let d(f) denote its degree, and



given a partition p € P, with p = (p1, po, ..., ), let |u| = Zizl wi. Let O € P denote the
empty partition, where |} = 0. The conjugacy classes of U(n,F,) are parametrized by functions
p U — P such that

> dDlu)] = n.

feu

Let ¢, denote the conjugacy class parametrized by p, and let U, be the support of u, the set

of all f €U such that p(f) # 0. Given any f € Uy, with pu(f) = (u(f)1, #(f)2,- .-, w(f)), any
element g € ¢, has as elementary divisors

e g2

)

and moreover,
H Hfl—t(f)z‘
felt, i

is the characteristic polynomial of g € U(n,F,).

Given any conjugacy class ¢, of U(n,Fy), let ny = d(f)|p(f)|, and let py : U — P be
defined by ps(f) = pu(f), and ps(h) = 0 for any h € U, h # f. Then ¢, contains an element
g which is in block diagonal form, g = (gy) ey, , where gy € U(ny,F,) such that g € Cu,;- In
the case f =t —1, g5 is a unipotent element of U(ns,F,). Given this notation, let C(g) denote
the centralizer of g in U(n,F,), and let Ct(gs) denote the centralizer of g; in U(ns,Fy). The

following comes directly from the description of the orders of centralizers in finite unitary groups
due to Wall [18, Sec. 2.6, Case (A), proof of (iv)].

Proposition 2.1. Let g € U(n,Fy) with g € c,. The centralizer of g = (9f) feu in U(n,Fy) is
the direct product of the centralizers of gy in U(nys,Fy). That is,

Clg) = I Crlop)-

feu,

2.3 Real conjugacy classes

The real conjugacy classes of U(n,F,), given in [12], are described as follows. Let f € U
correspond to the Fy-orbit of a € I_F; as in (2.2),s0 f(t) = (t—a)---(t — a(_q)dfl). Define
f € U to be the U-irreducible polynomial corresponding to the Fp-orbit of a™!, so f (t) =
(t—a 1) (t—ad) - (t— a_(_‘I)dil). Then the real conjugacy classes of U(n,F,) are exactly those
cu such that p(f) = u(f) for all f € U. Note that we may have f = f, such as the case
f=t+x1. If u(t) is any product of U-irreducible polynomials, then we may define @ to be the
product of f for all U-irreducible factors of u(t) (the factorization of which is unique [2]).

If A(t) is a monic irreducible polynomial in Fy[t] corresponding to the F-orbit of a € I_qu,

we may similarly define h(t) as the monic irreducible polynomial with nonzero constant cor-
responding to the F-orbit of a~!. We may then extend the definition of H (t) for any monic
H(t) € F,[t] with nonzero constant as the product of (t) for all irreducible factors h(t) of H (t),
and moreover this is consistent with the extension to products of U-irreducible polynomials
given in the previous paragraph. It is observed in [12] that the real conjugacy classes of U(n, ;)
are in bijection with real conjugacy classes of GL(n,F,), which follows from the fact that for
any a € IF‘qX, the union of the Fyr-orbits of a and a™! is equal to the union of the F-orbits of
a and a~'. In particular, any polynomial u(t) € F[t] which is the product of U-irreducible
polynomials and satisfies & = w, is a monic polynomial with nonzero constant in F,[t] which

satisfies 4 = u, and vice versa.



As in Section 2.1, in the case that ¢ is odd, we may embed any finite orthogonal group
O*(n,F,) in U(n,F,). The following results are due to Wonenburger [19] and Wall [18, Sec. 2.6,
Cases (A) and (C)], respectively.

Proposition 2.2. Let g be the power of an odd prime.
(i) Bvery element in an orthogonal group OF(n,F,) is strongly real.

(i1) An element g of U(n,Fy) (or GL(n,F,)) is an element of an embedded orthogonal group
O*(n,F,) if and only if g is real and every elementary divisor of g of the form (t & 1)2™
occurs with even multiplicity.

Another way of stating Proposition 2.2(ii) is that a conjugacy class ¢, in U(n,F,) consists of
elements from a subgroup isomorphic to an orthogonal group O*(n,F,) if and only if u(f) =

wp(f) for every f € U, and for f = ¢+ 1, any even part of u(f) has even multiplicity.
The next statement, which follows directly from Proposition 2.2, is given in [13, Proposition

5.2(a)].

Proposition 2.3. Let g be the power of an odd prime. Let g € U(n,F,) be a real element such
that every elementary divisor of g of the form (t £ 1)>™ occurs with even multiplicity. Then g
18 strongly real.

The main result of this paper, then, is the converse of Proposition 2.3.

In the case that ¢ is even, we may embed Sp(2n,F,) in U(2n,F;). The following results, where
(i) was obtained by Ellers and Nolte [1] and Gow [11], and (ii) follows from the classification of
Wall [18], are results which parallel those in Proposition 2.2.

Proposition 2.4. Let q be a power of 2.
(i) Every element in the group Sp(2n,F,) is strongly real.

(i1) An element g of U(2n,F,) (or GL(2n,F,)) is an element of a embedded Sp(2n,F,) if and
only if g is real and every elementary divisor of g of the form (t — 1)*™t1 m > 1, occurs
with even multiplicity.

That is, by Proposition 2.4(ii), a conjugacy class ¢, in U(2n,Fy), g even, consists of elements
from a subgroup isomorphic to Sp(2n,F,) if and only if u(f) = u(f) for every f € U, and any
odd part of p(t — 1) greater than 1 has even multiplicity. So, from Proposition 2.4, we have the

following statement, which is [13, Proposition 5.2(b)].

Proposition 2.5. Let g be a power of 2. Let g € U(2n,F,) be a real element such that every
elementary divisor of g of the form (t — 1)>™TY m > 1, occurs with even multiplicity. Then g
1s strongly real.

Unlike Proposition 2.3, the converse of Proposition 2.5 is false, which we show in Section 6.

3 Reduction to unipotent elements

In this section, we reduce the proof of the main theorem to proving the statement only for
unipotent elements. We may prove this reduction statement without restricting g, as follows.
Recall the following notation from Section 2.2. Given f € U, and p : U — P, U,, is the set of
all f € U such that p(f) # 0, and for any f € U, py : U — P is defined by p(f) = p(f), and
pg(h) =0 for any h # f.



Proposition 3.1. Fiz g the power of any prime. Let c,, be a real conjugacy class in U(n,Fy).
The conjugacy class c,, is strongly real in U(n,Fy) if and only if the conjugacy classes c,, | and
Cu,,, are strongly real in U(ni—1,F,) and U(niy1,Fq), respectively.

Proof. Let c,, be a real conjugacy class of U(n,F,), and let g = (gr) e, be a block diagonal
element of ¢, where g¢ € U(ny,Fy), with g5 € ¢y, and ny = d(f)|p(f)[, as in Section 2.2. We
must show that g is strongly real if and only if g;—1 and g¢;y1 are strongly real.

Given the real conjugacy class ¢y, and the block diagonal element g = (9f) € cp, for any
f €U, define gy~ = g¢ whenever f = f, and in the case f # f, define gf+ as the block diagonal

element ( 91 g > Likewise, define np« = ny if f = f, and define nge =mng+n; if f+# f.
f

With this notation, we may write g as a block diagonal element g = (g¢) fer = (g¢+), where g=
is a real element of U(ng«,F,). Note that, whenever f # ¢+ 1, but f = f, then the degree of f
is even. Thus, if f # ¢t 4+ 1, then f* has even degree, and it follows from Proposition 2.3 (if ¢ is
odd) and Proposition 2.5 (if ¢ is even) that g« is strongly real in U(ns-,Fy). For each such f*,
let sp« € U(nyg-,Fy) be the element with the property that S?c* =1and spegpspc = g]T*l.

Suppose that g, and g,y are strongly real, and let s;+; € U(nix1,F,) be the elements
such that sfﬂ =1 and S$;41g4+151+1 = gt_ill. Now define the block diagonal element s = (sy+) €
[If Ulng«,Fq) C U(n,Fy). Then s satisfies s> = 1 and sgs = g~', so g is strongly real in
U(n,Fy).

Conversely, suppose that g = (gg+) € [[s U(nygs,Fy) is strongly real in U(n,Fy), and let
s € U(n,F,) be such that s> =1 and sgs = g~'. Since each gy« is a real element of U(n s+, F,),
then for each f*, there is some by~ € U(ny+,[F;) such that bf*gf*b;*l = gJT*l. Letting b be the
block diagonal element b = (bs-), it follows that we must have s € bC(g), where C(g) is the
centralizer of g in U(n,F,). It follows from Proposition 2.1 that C(g) = [[;« Cy+(gs+), where
Cy+(gy+) is the centralizer of g¢« in U(nyg«,Fy). Thus, we have

SEbC Hbf*cf* gf* )
f*

That is, s must be in block diagonal form itself, so s = (sg+) € [[« U(ng+,Fq). For each f*, we

must then have sf* =1and spgpesp = gf* . In particular, taking f =t 4 1, we may conclude
that the elements gq+; are strongly real in U(n41,F,). O

In the case that ¢ is even, since t + 1 = t — 1, Proposition 3.1 reduces the classification of
strongly real classes in U(n, F,) to the classification of strongly real unipotent classes in U(n, Fy).
When ¢ is odd, we say a class ¢y of U(n,F,) is negative unipotent if v(f) = () whenever f # ¢t+1.
To reduce to the unipotent case when ¢ is odd, we need the following.

Proposition 3.2. Let P be the set of partitions such that a unipotent conjugacy class ¢, of
U(n,F,) is strongly real if and only if p(t—1) € P*. Then, a negative unipotent conjugacy class
¢~ of U(n,Fy) is strongly real if and only if v(t +1) € P+.

Proof. Let g be a negative unipotent element of U(n,F,) in the conjugacy class ¢y. Then —g is a
unipotent element in the class ¢, where p(t—1) = y(t+1). If y(t+1) € P*, then u(t—1) € P,
so —g is strongly real. If s(—g)s = —g~! with s € U(n,F;) and s> = 1, then sgs = g~ 1, so g is
strongly real. Conversely, if g is strongly real, then so is —g, so u(t — 1) =~(t+1) e PT. O

Therefore, in order to prove our main result, we need only classify the strongly real unipotent
conjugacy classes of U(n,F,). These conjugacy classes are parametrized by partitions of n. For



any partition p = (p1, 2, . .., ) of n, we will call the corresponding unipotent class of U(n,Fy)
the unipotent class of type p. We will use the notation that m; denotes the multiplicity of the
part i, and we write u = (k™k(k — 1)™k=1...2™M2]™1) where k = p; is the largest part of p.

For example, if u = (5,5,3,2,2,2,1,1), then we may write u = (523'2312). The unipotent
class of U(21,FF,) of type u consists of elements with elementary divisors

(=15 (t—15 t—13 -2t -1t -1t —1,t—1.

4 Reduction of powers

Let V' be an n-dimensional F2-vector space, and let H be a non-degenerate Hermitian form on
V' which defines a finite unitary group U(n,Fy).

Throughout this section, let « be a unipotent element of U(n, Fy) of type = (k™ - . 2m21™1),
For each elementary divisor (¢t — 1)l of x, we may choose vectors v; € V, i =1,...,[, with the
property that zvy = v1, and xv; = v; + v;—1 for ¢ = 2,...,l. This follows from the fact that
x € U(n,[F,) is also a unipotent element of type y in GL(n,F,2). If we choose such vectors for
every elementary divisor of x, label them as follows. If (¢ — 1)! has multiplicity m;, label these
elementary divisors by j = 1,2,...,m;. Let vzl-’j eV, forl1 <j<my1<i<I be the vectors

associated With the elementary divisor (¢t — 1)! with label j, with the property a:vll’j = vll’j and

l

xvz’] =v; Liy vz 1» 2 <i <. Now, the set of vectors

(W | 1<i<k1<j<m,1<i<l}

forms an [F.-linear basis of V. We fix this notation for a basis of V' defined by the unipotent
element = € U(n,F,) of type p = (k™* ---2™21™1) throughout the section.

Lemma 4.1. Let 1 < [,I' <k, 1 <j<my, 1< 7 <ml’ and 1 < r < 1. Then, for any 1,7
such that 1 <i<rand1<i¢ <l —vr, wehcweH( v, )—0

Proof. If r = 1, the claim is that H(v1 ,v, ) =0foralll1 < <!'—1. Then2<¢+1<7,
and since x € U(n,Fq), then z stabilizes the Hermitian form H by definition. We then have

1,7 U5 l,j g
H(vy?,v,7) H(wvlj,xv ’le)
( ? fL +1 + /U ,] )

l7
(1)1 ) z+l)+H(vl ’ zj)’

H
H

which gives H(v1 , Uy ) =0.
Now suppose the statement holds for an r, 1 < r < [ —1, so H(Uﬁ’],vzl-:’],) = 0 for any

1<i<randl<¢ <l -—7r. To prove that the statement for r + 1, it is enough to show that

for any 1 <4 <1’ —r —1, we have H( ohd’ ) = 0. Then, for any such i’, we have ' +1 < I'.
We then have

7‘—|—1’ g

l:’ l/7'/ l:‘ l’
H(vril,vi,il) = H(mvril,xvz il)
H( r—i—l +Ur’vaz '+1 +U o )

l’
_H( T+1’ 7«+1)+H( 7"+17 i )+H( r7]7vz+1)+H( Li U/J>.

From the induction hypothesis, we have H(v:/, iil) H (v vf 7' ) =0, since ¢/ +1 <V —r.
Thus H (Ui’il, vé,’y ) = 0, and by induction, the statement holds for all 1 < r <. d



Lemma 4.2. Let1<ll’<k,1§j§m1,1§j'§ml:.Ifeither0<i’§l/—1, or 0 < <
and I' < 1, then H (v, o), Lt ):0.
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Proof. First, if 0 < ¢/ < I’ — 1, then the claim follows from Lemma 4.1 by taking r = 1. So
suppose i’ = I’ < I. Note that we have H (vl, ll’] ), by the case just covered. We claim that, in

fact, for any ¢ < I’, we have H(vl, ol ) = 0. If the statement holds for an ¢, 1 <i <1’ —1,
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then consider

H(vf,’ﬂ i+1 iif-jl) = H(f’fvll;] i1 33115;’_]1)
= H(v’ iv1 T vl v H—l |+ )
- H(”l/ i+17 z+1) + H(’Uy it1° Vi )+ H(UZ’ o z+1) +H(“l/ - f’J’).
Now, H(vl, Hl,vf ) =0 by the induction hypothesis, and H(vl, o f l) = 0 by Lemma 4.1
with » =1’ — ¢, and so H(Ul, o £+1) = 0. By induction, the statement holds for i = I’, and so
H(vll’],vf, ) =0. O

Now, given some k’ such that 2 < k¥’ < k and my, > 0, define the subspace W of V' as follows:
W =span{ol 7 | K <U' <k1<j <my}. (4.1)

Lemma 4.3. Let 2 < k' < k such that my > 0, and W the subspace as in (4.1). Then zW =W
and W+ =W, and Wt is given by

span{v) 7 | 1<V <k 1<j <mp,0<i <U' andi <l if ' > K}
Proof. Letting
U =span{vh? | 1<V <k 1<j <myp,0<i<land i <I'ifl' > kY,

we have U C W+ by Lemma 4.2. Since dim(U) + dim(W) = dim(V), then we have U = W+,
Since xvll I = vll 7" whenever k' <1’ <k, 1< j' < my, then zW = W. Since x preserves H and
W =W, then 2W+ = W+, O

We now assume that our unipotent element z is strongly real in U(n,F,), so we let s €
U(n,F,) have the property that s> =1 and szs = 21

. g . . . .
Lemma 4.4. For any basis element vi,’j , its image under xs is given by

4t VR I
zsv,” = E (=1)" "'sv; 7.

i=1
-/ l 7.] — ll:j — —1 l 7.] 3 —1 l/7j l 7]
Proof. If i/ = 1, then zv;” = v] x vy, and since svs = 7, then zsv;” = svl
and the statement holds for i/ = 1. By 1nduct10n suppose the statement holds for an i’ < l’
v —1, U v i i U
Then since S:Usv,’j =x 111,’] then z7! ,’J = S (—1) ’v-’j. Since ¢ +1 > 1, then
v,y vt l’,J’ ,J 4 Lhd = it W h
TV = vy vzH,sox Ty = le e now have
,[:/
.5’ -1, U -1, U i'1—i, 5
STSUY | =TT Uy =0 T = — E (—1) v,
=1
v, i1 1—i 1.5 L.
This implies zsv,, il =317 s 7| giving the result. O



We next describe the image under s of any z-fixed vector.
Lemma 4.5. Suppose v € V such that xv =v. Then sv € span{vll’j | 1<I<k1<j<my}.
Proof. Since sxs =z~ and xv = v =z~ v, then zsv = sv, or xsv — sv = 0. Write

k. my

w33 S

=1 j=1 i=1

Then, from the action of x on each basis element vﬁ’] , we have

k my -1
_ l,j l,j l,j 1,3, LJ
TSV = g g E (bi —i—blH)v + b,
=1 7=1 i=1

Subtracting xsv — sv gives
m; [—1

k
TSV — SV = Z Z Z _Hv (4.2)
I=1j=11

=1
Since also xsv — sv = 0, we must then have bz+1 =0forall1<:<I—-1,1<I<k, 1<5<my.
That is, sv = S5, >y b phiyhd, O

We now introduce some notation for the purpose of understanding the image of any basis
vj

vector v;,” under the action of s. Fixing ¢, j',1’, then for any 1, j, 1, define ai Wi € Fgo as
k my
=22 Z i
(. Z’) i’
=1 j=1i=1

. l/ =/
Lemma 4.6. For any basis element vi,’j , we have

m; min{¢,l}

k

=22 X gy’
l’jz Ui~

=1 j=1 =1

l/j/

Proof. Consider the case ' = 1. Then :m)ll/’j = v;” , and so by Lemma 4.5 we have

k my k  m; min{1,l}
Uy _ J Li _ oI
sU; ZZ“ .5,V ZZ Z vl
=1 j=1 =1 j=1 =1

That is, the result holds for ¢/ = 1 by Lemma 4.5. By induction, suppose for an r < I,

then statement holds for all i/, 1 < ¢/ < r, and we consider vifl By Lemma 4.4, we have

xsvi_fl - svi/_’gl Yo (=1 15!’ and by the induction hypothesis, for each 7, 1 < 7 <r,

we have
k  my min{7,l}

g ZZ Z Lj Lj
S'UT’J - a’i,‘zl/,j/,T),UZ']'

=1 j=1 =1
Also, just as in the calculation in the proof of Lemma 4.5 resulting in (4.2), we have

k my; -1

.y .y (1,5) 1,
TSV — SV = E ,E :E :a1+1 W' )%

=1 j=1 i=1
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Equating the two resulting expressions for wsvi/jrji svT +1 ylelds

k. mp 1—1 r k  my min{7,l}

l,] lv]_ ) T+1
S NI Ut o) o S TR
=1 j=1i=1 T=1 =1 j=1 =1

On the right side of (4.3), every vector v appearmg in the sum satisfies 4 < r. So, from the
left side, we must have aiH W jrtl) = = 0 whenever ¢ > r, ¢ <[ —1. That is, ab (l,j/ 1) # 0 only

if i <min{r + 1,1}, as claimed. O

In the case of a basis vector of the type v; v’

form.

, we may strengthen Lemma 4.6 in the following

Lemma 4.7. For any basis vector of the form vlll’jl, its image under s is given by

kK my

vy _ Lj Lj
57 = ZZ%,w,janvl :

1=l j=1

Proof. Consider a general basis element véi’j /, such that 1 < i < !’. Then, by Lemma 4.6, and
the same calculation as in the proof of Lemma 4.6 giving (4.3), replace r + 1 with 4’ to obtain

l l/ -/
the following equation, where each side is equal to xsv ,’J svi,’J :
E my 1-1 i'—1 k. m; min{7,l}
7j _ 2 —T 7]
Z Z Z al—l—l V4", vt = Z Z Z Z Clz (.5 7_) i (44)
=1 j=11i=1 T=1 =1 j=1 i=1

For any [ such that i/ — 1 <[, and any j < my, consider the coefficient of v, ", on each side of

(4.4). This gives al, W 30) = —ai’{l’(l/ﬂ/’l_l) In particular, for [ = i, the for any j < m;, we
have ai,’(l,7j,7i,) = — z zl,(l’,j’,i’—l)’ Since this holds for any i’ such that 1 < ¢/ < l’, we have
i'.j _ i'.j _ i _ _ i'—1 i',j
@ iy =~y @ gra—1y T Gawgra-z) = = (FUTTa [ iy (4.5)
Now consider the vector Uf s and the equation obtained like that in (4.4), by considering
the two expressions for :Usvl,’il — svl +1 This is
E my 1-1 i’ my min{7,l}
Lj Y - i'+1—1 Ly b
ZZ Z Z+1 l, j, 7 +1) i - Z<_1) Z Z Z a l/,j T ’L . (46)
=1 j=11i=1 T=1 =1 j=1

Consider the coefficient of vf,/’j , for any j < my, on both sides of (4.6). This vector does

not appear on the left side of (4.6), while the coefficient on the right side is a, ) and so

4 (l’ j 3
az/’zl, = 0. We note that this holds also for ¢/ = 1 from this argument. For 7/ > 1, from

(4.5), we have a, g,], n =10 for any 7 < ¢/. In particular, letting ¢/ = [, then for any [ < I’ and

any j < my, we have al L = =0, as desired. O

Lemma 4.8. Let s € U(n,F,) be such that s> =1 and sxs = =" for the unipotent element x,
and for some k' such that 2 < k' <k and my > 0, let W C V be the subspace as in (4.1). Then
sW =W and sWt =W+,

10



Proof. Let vlll’j " be any basis element of W as in (4.1). By Lemma 4.7, svlll’j "is a linear combi-
nation of other such basis elements, hence sW = W. Since s preserves the Hermitian form H
and sW = W, it follows that sW+ = W+ as well. O

We may now state and prove the main result of this section, which is the crucial step for the
induction proof of the main result of the paper.

Proposition 4.1. Suppose the unipotent class of type p of U(n,Fy) is strongly real, where
p= (K7 (= A PP 12T,
with my > 0, 1 > 2. Consider the unipotent class of type u#, where
i = (k= 2™ (L Ly = Ty g gt g )

if3<I<k, or
,u# _ ((k _ 2)mk L 2m41m1+m3) 7

ifl=2, or
N# — ((k _ 1)mk—1(k. _ 2)mk—2+mk (k’ _ 3)mk—3 . 1m1) ,

if | = k. Then the unipotent class u# of U(n#,IFq), where n* =n —2 Zl'zl my, is strongly real.

Proof. We are assuming the unipotent element z € U(n,F,) of type p is strongly real, so let
s € U(n,F,) be such that s> = 1 and sxs = =%, Given [, 2 <[ < k, define W C V as in
(4.1) with k' = 1. By the basis for W+ given in Lemma 4.3 and the definition of W, we have
W c W+, Consider the quotient space W= /W. From this definition, and from Lemma 4.3, a
basis for W+ /W is given by

T W | 1<V <1< § <mp,0<d <UL+ W [ 1<V <k 1< <mp,1<i <I'}.

In particular, this gives
dim(W* /W) =n -2 my =n¥.
>l

Define a Hermitian form induced by H, Hy, on W+ /W by Hi(u + W,v + W) = H(u,v).
Since 2W = W and W+ = W' by Lemma 4.3, then « has an induced action of W /W, giving
an element x; defined by x1(v+ W) = v+ W, where x; is in the finite unitary group U(n#,F,)
defined by the Hermitian form H;. From the action of xz; on the basis for wt /W above, it
follows that 7 is a unipotent element of U(n#, [Fy), where the partition describing the class of
x1 is obtained from that of z by subtracting 2 from every part of p which is [ or larger. That
is, 1 is a unipotent element of type u”.

Now, since s also satisfies sW = W and sW+ = W, there is an induced action of s on
WL /W, giving an element s; in U(n#,F,) defined by H;. It follows immediately that s = 1
and s1z151 = xl_l, and so 1 is strongly real in U(n#,Fq). O

For example, Proposition 4.1 says that if a unipotent element of type u = (8°645241322813)
is strongly real, then so is a unipotent element of type (6°4*322'1%), by taking I = 2, and so is
a unipotent element of type (6°44342913), by taking | = 4.

11



5 Main Results

5.1 Proof of the main theorem

The following result is a base case for the induction argument in the proof of the main theorem.

Lemma 5.1. Let g be odd. Then every unipotent class in U(n,F,) of type (2™21™"), with mq
odd, is not strongly real.

Proof. For notational convenience, let ms = r and m; = m, so n = 2r +m and r is odd.

As in (2.1), we are free to choose the matrix J defining the Hermitian form for the finite
unitary group. For any positive integer d, let I; denote the d-by-d identity matrix, and let Ny
denote the d-by-d matrix with 1’s on the anti-diagonal, and 0’s elsewhere, that is,

1
Ng =
1

Then we define U(n,F,) by the Hermitian form corresponding to the matrix

N,
J _ |: N27‘ I :| — Nfr
m Im

It is enough to show that any particular unipotent element of type (2"1™) in U(n,F,) is not
strongly real. One such element is

I, al,
g = IT )
I,

where a € F2 such that a +a@ = 0 and a # 0. Suppose that g is strongly real, so that there is
some s € U(n,F,) such that 5?2 =1 and sgs = g~'. Writing s in block form, a direct computation
gives that the condition sgs = ¢g~! forces s to be of the form

where s1; and s12 are r-by-r, s13 is r-by-m, s32 is m-by-r, and ss3 is m-by-m. From the condition
s? =1, it follows that s3; = 1, so that det(s11) = +1. Further, the condition s € U(n,F,), so
that T5Js = J , implies that we must have TN, s11 = —N,.. Taking the determinant of both
sides of the last equation gives 1 = (—1)". Since r and ¢ are both assumed to be odd, this is a
contradiction, and so the element g of type (2"1") is not strongly real. O

Finally, we arrive at the main result.

Theorem 5.1. Let ¢ be odd. A real element g of U(n,F,) is strongly real if and only if every
elementary divisor of the form (t +1)2™ of g has even multiplicity.
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Proof. By Proposition 2.3, we know that if a real element of U(n,F,) satisfies these conditions,
then it is strongly real. By Propositions 3.1 and 3.2, it is enough to prove the converse statement
for unipotent elements.

So, we consider a unipotent element of type p = (k™* - --1"1). We first show that if my is odd,
while my; is even for any ¢ > 1, then the unipotent class of type u is not strongly real. We prove
this claim by induction on the largest part k of u. For k = 2, the statement is exactly Lemma 5.1.
So suppose the statement holds for any k < i, where ¢ > 3, and consider p = (¢ ... 2m21™1)
where m; # 0. If an element of type u is strongly real, then we may apply Proposition 4.1, and
consider three cases. If i = 3, so p = (3™32™21™1)  then a unipotent element of type p cannot
be strongly real, otherwise unipotent elements of type u# = (2721™17™3) are strongly real,
contradicting Lemma 5.1. If i = 4, then p = (4™43™32™21™1) where my is even by assumption.
Then unipotent elements of type p cannot be strongly real, otherwise unipotent elements of type
p = (2m2tmalmitms) are strongly real, where msg +my is odd, again contradicting Lemma 5.1.
Finally, if ¢ > 4, with

o= (8™ (i — 1)1 (5 — 2)™Mi2 .. g2 )

then if unipotent elements of type p are strongly real, so are unipotent elements of type
:U# — ((Z _ 1)mi—l(i _ 2)mi—2+mi (Z _ 3)mi—3 ..Lgme2 1m1) ’

where m;_o + m; # 0, and is even if ¢ is even, since ¢ > 2. This contradicts the induction
hypothesis, giving the claim.

Now, with g = (kK™ -.-2™21™1) we must show that if there exists some even j such that m;
is odd, then the unipotent element of this type is not strongly real. We prove this by induction
on the largest such j. The statement for j = 2 is exactly the claim just proved above. Assume
it holds true for all even j < ¢, for some even i > 4.

Consider a class of type pu = (k™* -..2™21™1) where the largest even part with odd multi-
plicity is ¢ > 4. If the class of type u is strongly real, then by Proposition 4.1, the class of type
u#, where

= (e = 2 (= 1) (= 2) )

is also strongly real. However, the largest even part of u# with odd multiplicity is j — 2, since
we know m,, is even for any even w > j. This contradicts the induction hypothesis, completing
the proof. O

5.2 Symplectic groups

Let g be odd. If V is a 2n-dimensional F4-vector space, with a non-degenerate alternating
bilinear form, then this form may be extended to a non-degenerate Hermitian form on the 2n-
dimensional F -vector space obtained by extending V' by scalars. In other words, the finite
unitary group U(2n,F,) contains the finite symplectic group Sp(2n,F,) as a subgroup. Here,
we obtain partial results on strongly real conjugacy classes in Sp(2n,F,) by applying this fact
and Theorem 5.1.

The conjugacy classes of the finite symplectic group are described by Wall [18] (see also [4] for
a concise description). Using these results, we can describe the conjugacy classes of Sp(2n,F,)
in terms of the classes of U(2n,[F,) as follows. Given a conjugacy class of U(2n,F,) labelled by
p, then this class contains elements in Sp(2n,F,) if and only if the following hold:

1. The class ¢, is a real class of U(2n,F,), that is, u(f) = p(f) for every f e U.

2. For f =t 41, every odd part of the partition p(f) has even multiplicity.
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Given a class of U(2n,F,) which satisfies the above, we may further describe precisely how
it splits into distinct classes in Sp(2n,F,). In particular, if ¢, is such a class, and ki and ko are
the number of even integers with nonzero multiplicity in the partitions p(t — 1) and p(t + 1)
respectively, then c,, splits into 2k1tk2 distinct classes in Sp(2n,Fy).

This fact prompts the following definition. Given a partition A, let m;(\) denote the mul-
tiplicity of the part j in A. Define a symplectic signed partition to be a partition A, satisfying
m;(A) is even whenever j is odd, together with a function

§:1{2i>0 | ma(N) # 0} — {£1},

which assigns a sign to each even integer which has nonzero multiplicity in A. Let P* denote
the set of all symplectic signed partitions. For example,

v =(505,4",47,3,3,27,2% 2% 1,1,1,1) = (5%,472,3%,273 1%

is a symplectic signed partition, where the parts of size 4 are assigned the sign — and the parts

of size 2 are assigned the sign +. Given v € P*, let v° denote the partition obtained by ignoring

the sign function 6. So, given 7 in the example above, we have 7° = (52,42, 32,23, 1%).
Summarizing all of this, we have the following.

Proposition 5.1. The conjugacy classes of Sp(2n,Fy), q odd, are parametrized by functions
il —PUPE
such that u(f) € P and p(f) = u(f) if f #t+1, u(t+1) € PE, and

It + 1)+ lpt -1+ > df)(f)] =2n.
feu, fAt+1

The conjugacy class of U(2n,Fq) to which p corresponds is the class cyo, where p° : U — P is
defined by p°(f) = p(f) if £ # ¢+ 1, and po(t 1) = p(t £ 1)°.

From Theorem 5.1 and Proposition 5.1, we may immediately conclude the following.

Corollary 5.1. Let q be odd, and consider a conjugacy class of Sp(2n,Fy) parametrized by
U — PUPE IS, for some 2i > 0, either ma;(u(t — 1)°) or ma;(pu(t + 1)°) is odd, then this
conjugacy class is not strongly real in Sp(2n,Fy).

We note that there does not yet seem to be a classification of the strongly real classes of the
group Sp(2n,F,), ¢ odd, and so Corollary 5.1 is a start in this direction. It is known, however,
that when ¢ = 1(mod 4), then all classes of Sp(2n,F,) are real, while there are classes which are
not real when ¢ = 3(mod 4), see [19, 3].

5.3 Enumeration of strongly real classes

Consider a conjugacy class of U(n,[F,) parametrized by p, as in Section 2. For each positive
integer ¢, define a polynomial u;(t) by

ui(t) = H Fe)ym ),

feu

Define a partition v of n as follows. For each positive integer ¢, define n; = > o, d(f)mi(n(f)),
and let n; = m;(v). That is, v = (---3"32"21™)  so that v is a partition of n. We then have
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ni = d(u;), and [, u;(t)" is the characteristic polynomial of the elements in the conjugacy class
parametrized by p. Conversely, given any sequence of polynomials (uj(t),us(t),...), each of
which is a product of elements in U, such that ), id(u;) = n, we may recover a unique p by
factoring each wu;(t) into elements of U, which is a unique factorization by [2]. Thus, such a
sequence of polynomials in IF 2 [t] also parametrizes conjugacy classes in U(n,F,).

Now consider a real conjugacy class of U(n, F,), corresponding to the sequence (u1(t), ua(t),...)
as above. By the discussion in Section 2.3, then, each wu;(t) satisfies 4; = w;, that is, are self-
conjugate monic polynomials, and wu;(t) € F4[t]. So, real conjugacy classes of U(n,F,) (and of
GL(n,F,), as we mentioned in Section 2.3), are parametrized by (ui(t), u(t),...) such that each
ui(t) € Fy[t] is self-conjugate. Consider the factorization of each u;(t) into products of irreducible
polynomials in Fy[t]. Since u;(t) is self-conjugate, each of its irreducible factors must either be
self-conjugate itself, or occur with equal power with its conjugate in IF4[t]. By [5, Lemma 1.3.15],
the only irreducible self-conjugate polynomials in Fg[t] of odd degree are t — 1 and ¢t + 1, and
every monic self-conjugate polynomial has constant +1. Then, the constant term of u;(t) is 1
if and only if the power of ¢ — 1 in its factorization is even, and if this power is even, then the
degree of u;(t) is even if and only if the power of ¢ + 1 in the factorization of w;(t) is even. Since
the powers of ¢ = 1 in w;(t) are precisely m;(p(t = 1)), then we may rephrase Theorem 5.1 as
follows.

Corollary 5.2. Let (ui(t),ug(t),...) correspond to a conjugacy class of U(n,F,), with ¢ odd.
Then this class is strongly real if and only if each u;(t) is a monic self-conjugate polynomial in
[F,[t] with nonzero constant, and whenever i is even, u;(t) has even degree and constant term 1.

We may now use Corollary 5.2 to enumerate the strongly real classes in U(n,F,) when ¢ is
odd. To specify a strongly real class of U(n,F,), we choose (u1(t),u2(t),...) such that, when ¢
is odd, w;(t) is any self-conjugate polynomial in Fy[t] with non-zero constant, of degree n;, and
when ¢ is even, u;(t) is a self-conjugate polynomial in F,[t] with constant 1 of even degree n;,
such that ), in; = n. By [5, Lemma 1.3.15], the number of self-conjugate polynomials in Fg[t]
of degree n; > 1 with non-zero constant is ¢l"/2) + ¢l("i=1/2] "and the number of self-conjugate
polynomials in F,[t] with constant 1 of even degree n; is ¢"+/2. This allows us to compute the
following.

Corollary 5.3. Let T, 4 be the number of strongly real classes in U(n,F,), where q is odd (where
n =0 gives the trivial group). Then a generating function for T), , is given by

oo (e e]
1 2k—1)2
S T = [ S
’ 1— qZQk
n=0 k=1

Proof. From the discussion above, we know that

Thg= E Cni1,qCna,q """ s

lv]|=n
v=(---2"21M1)

where ¢, 4 = glmi/2 4 glni=1/2] when ¢ > 1 is odd, and when i is even, Cnig = g2 if n; is
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even, and ¢, 4 = 0 if n; is odd. So,

00 00
n __ n
E :Tn,qz - E , E Cni,qCnaq """ | #
n=0 n=0 [v|=n
v=(---2"21M1)
00 n
_ n
= E E E Cna,qCna,q " E : Cni1,qCna,q """ z
n=0 | m=0 lo|=m |v|[=m—n
L o=(---4T42M2) ~y=(---3"31M1)
[e's) [e's)
n n
= E E Cnz,qCnayg """ | # E , E Cni,qCnz,q " | # (5.1)
n=0 lo|=m n=0 [v|=n

o=(---4"42M2) 4 L y=(---3M"31M1)

For the first term in (5.1), we have

00 0o

n kj
E : E : CnoqCnayg " | 2 = H E :Ajz 7,
n=0 |ol=m k even j=0

o=(---4T42M2)
where A; = 0if j is odd, and A; = ¢?/? if j is even. So,

>4 =TT 1T 52)

k even j=0 k even =0 k even

For the second term in (5.1), we have

oo o0

n kj
E E CnigCns,g " | 2 = H E :sz 7,
n=0 lyl=n k odd j=0

~=(---3"31M1)

where B; = g2l 4 ¢lG=D/21 if j > 1, and By = 1, so B; = 2¢U=1/2 if j is odd, and
B; = ¢@/? + ¢/27 1 if j > 2 is even. Then we have

H i B2k = H <1 + i 2¢" 221k 4 i(qiﬂ + qi)ZQik>

k odd j=0 k odd i=0 i=1
_ H 2qzk‘zqz 21k’+zqz 21k’+qzqz 2k )
k odd <
1+q+2qz (1+qz)
= ]I ( — g2k _q) =11 1= q22k (5.3)
k odd k odd

Plugging (5.2) and (5.3) back into (5.1) gives

> 1+qz
;;)T”qun_ H _qzzk 11 1_qZ2k; ’

k even k odd

which yields the desired generating function. O
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Let K, 4 be the total number of conjugacy classes in U(n,F,), and let R, 4 be the number of
real classes in U(n,F,) with ¢ odd. In contrast with Corollary 5.3, it is a result of Wall [18, Sec.

2.6, Case (A), part (iil)] that > 07 Ky, q2" = [[he, %, and it follows from the calculation
(5.3) above that > >° ( Ry 42" =[]0, (L+g=1)?

1—qz2Fk

6 Remarks on characteristic 2

In this section, we give some partial results on the strongly real classes of U(n,F,) in the case
that ¢ is a power of 2. Throughout this section, we fix ¢ to be a power of 2. It is useful that
the results in Sections 3 and 4 apply to the characteristic 2 case, but these are not enough to
give a complete classification. The starting point is Proposition 2.5, which gives a collection
of elements in U(2n,F,) which are strongly real. Our first result shows that the converse of
Proposition 2.5 is false, unlike the converse of Proposition 2.3.

Proposition 6.1. A unipotent element of type (3,1) in U(4,F,), q even, is strongly real.

Proof. Define the matrix Ny as in the proof of Lemma 5.1. Define U(4,F,) by the Hermitian
form corresponding to the matrix J = [ Ns ] One unipotent element in U(4,F,) of type

1

1 a
1

= Q o

(3,1) is then an element of the form g = , where b +b = aa, and a # 0. We

1
may assume that the polynomial t? +t+1 € IF,4[t] is reducible over F 2. Let 8 be a zero of this
polynomial in Fg2, and let o = Sa. Then we have a® +aa +a? =0.

1 « «a
Consider the element s = 1 (f . Then "5Js = J, so s € U(4,F,), s> =1, and

a 1
sgs = g1, which follows from the fact that o + ao +a? = @ +aa+a = 0. Thus g is a strongly
real element of U(4,F,). O

By combining Proposition 2.5 with Proposition 6.1, and taking direct sums of elements in
smaller unitary groups, we obtain the following statement, which gives a larger set of strongly
real elements in U(n,F,).

Proposition 6.2. If an element in U(n,F,), q even, has the property that either every elemen-
tary divisor of the form (t —1)2™+1 'm > 1, has even multiplicity, or has t — 1 as an elementary
divisor with positive multiplicity, and every elementary divisor of the form (t — 1)2"+ m > 2,
has even multiplicity, then that element is strongly real in U(n,Fy).

We now find some elements in U(n,F,) which are not strongly real.
Proposition 6.3. A unipotent element of type (3,2) in U(5,F,), ¢ even, is not strongly real.
"

Proof. Define U(5,F;) by the Hermitian form corresponding to J = Then one

w
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—
= Qo

unipotent element of type (3,2) in U(5,F,) is of the form g = , where
1 1
1
b+b = aa and a # 0. Now assume that s € U(5,F,) is such that s> = 1 and sgs =
g~'. Considering first that sgs = ¢g~!, and then that s> = 1, we obtain that s is of the
1 s12 s13 asas  Si5
I so3 525
form s = 1 , where a@siy + asss = b+ b. Since "5Js = J and
S42 sa3 1 ss5
aS42 1
s2 = 1, we have '5J = Js. Applying this fact, we find that s must be of the form s =
1 s12 s13 asep si5

1 si2 8925
1 , where 573 = s13 and 315 = s45. Applying the fact that s? = 1

S5 S15 1 sas

asos 1
again, we find that s;o = 0. But then a@sio + aso3 = b+ b = aa, so asi2 + a2 = 0 = aa. This
implies a = 0, which is a contradiction. O

Proposition 6.4. A unipotent element of type (3"), where r is odd, in U(n,F,), where n = 3r
and q s even, is not strongly real.

Proof. Define U(n,F,) by the Hermitian form corresponding to J = N3,. Then one unipotent

I, al, bI,
element in U(n,F,) of type (3") has the form g = I, al. |,whereb+b=aaand a # 0.
I,

Assume that s € U(n,F,) such that 52 =1 and sgs = g~!. Using the fact that sgs = ¢! yields
511 S12 513
that s must be of the form s = s11 S23 |, where (b4 B)su = aasi] = asi2 + assz, and
511
each s;; is -by-r. Applying that s?2 =1 gives 8%1 =1, $11S12 = S$12511, S11S23 = S23S11, and
$11813 + S12823 + s13s11 = 0. Applying the trace to the last equation, and using the fact that
tI‘(SllSlg) = tr(811813), we have tr(812823) = tr(823812) =0.

Now, since s2; = 1, then s1; is unipotent, and tr(s1;) = 7. Also, since s11 and sj2 commute
and s1; is unipotent, then tr(sj1s12) = tr(si2) (which is observed by making s;; and sj9 simul-
taneously upper triangular over an algebraic closure). Since we are in characteristic two, then
we also have tr(s},) = tr(s12)? (which may also be observed by making s12 upper triangular
over an algebraic closure).

From the fact that '5Js = J and s® = 1, we have '5J = Js. From this, we obtain ss3 =
N, "312N, (among other relations we will not need), from which it follows that tr(se3) = tr(sis).
By taking the trace of aasi;; = asi2 + asa3, we have aar = atr(si2) + atr(si2). We must thus
have tr(si2) # 0, otherwise we have aar = 0, so a = 0.

From aasi; = asio + ass3, we have aasiisias = ds%Q + asozsie. Taking the trace of both
sides, and applying that tr(si1512) = tr(s12), tr(s?y) = tr(s12)?, and tr(s3si2) = 0, we have
aatr(siz) = atr(si2)?. Since tr(si2) # 0 and a # 0, we get tr(s;2) = a. Finally, since aar =
atr(si2) + atr(si2), we have aar = aa + aa = 0, which implies a = 0, a contradiction. O
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We may now apply Proposition 4.1 to Propositions 6.3 and 6.4 to obtain larger sets of classes
which are not strongly real. For example, from Proposition 6.3, we may show that any unipotent
class of type (k, 1), where k is odd and [ is even, and k > [, is not strongly real. From Proposition
6.4, we find that any unipotent class of type (k") where k& and r are odd, is not strongly real,
which generalizes [13, Proposition 5.1] that any regular unipotent element in U(n,F,), where n
is odd and ¢q is even, is not strongly real.

The most general statement we can obtain by applying Propositions 3.1 and 4.1 to Propo-
sitions 6.3 and 6.4 is as follows. As the proof uses exactly the same type of induction argument
used in the proof of Theorem 5.1, we omit it.

Proposition 6.5. Let g € U(n,F,), with q even, and let p be the partition corresponding to the
elementary divisors of g of the form (t — 1)*. Suppose that one of the following holds:

1. The total number of odd parts of p is odd, and if k is the smallest odd part of p, and l is
the largest even part of u (where I =0 if u has no even parts), then k —1 > 3.

2. The partition u has exactly one odd part, say k > 3, and if | is the largest even part of p,
then k —1 =1 and l has multiplicity one in pu.

Then the element g is not strongly real in U(n,Fy).

In the case that g is even, there of course must be either more strongly real classes in U(n,F,)
than are given in Proposition 6.2, or more classes which are not strongly real than are given in
Proposition 6.5, and almost certainly more of both. So the results in this section give only part
of the picture. We leave open the problem of a complete classification of strongly real classes in
U(n,Fy) with ¢ even.
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