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1. Introduction

Let U(n, Fy2) denote the finite unitary group defined over the finite field Fq, where g is a power
of the prime p. A semisimple character of U(n, Fy2) is an irreducible complex character with degree
prime to p. If an irreducible complex character x of a finite group G is real-valued, then y is called
symplectic if its associated complex representation cannot be defined over the real numbers (oth-
erwise, the real-valued character x is called orthogonal). In [6], it was conjectured that when q is
odd, the group U(2m, Fg2) has exactly g™ ! semisimple symplectic characters. The main result of this
paper is the proof of this conjecture.

In Section 2, we describe the semisimple characters of a connected reductive group over a finite
field, and give some general results. In Proposition 2.2, under certain conditions we establish a bi-
jection between real-valued semisimple characters of a finite reductive group G and real semisimple
classes of a dual group G*. In Section 3, we give an explicit description of the semisimple conjugacy
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classes of the finite unitary groups, and a bijection between the real semisimple classes of U(n, F2)
and self-dual polynomials in Fq[x] of degree n. Together with Proposition 2.2, this gives a bijection
between real semisimple characters of U(n,Fg2) and the self-dual polynomials in Fq[x] of degree n.
In Section 4, we start by stating Theorem 4.1, which says that the Frobenius-Schur indicator of a
real-valued semisimple character of U(2m,Fg.) is given by the value of the corresponding central
character evaluated at a generator of the center of the group. After a few key lemmas needed to
evaluate central characters, we show that the semisimple symplectic characters of U(2m, F), g odd,
correspond to the self-dual polynomials in [Fg[x] of degree 2m with constant term —1, and the proof
of the main result, Theorem 4.2, is completed by counting these polynomials.

For the larger context of the main result of this paper and why it was originally conjectured, we
refer the reader to the introduction of [6].

2. Semisimple characters of finite reductive groups

Let G be a connected, reductive algebraic group defined over Fy, F : G— G a Frobenius morphism
and G = GF the finite reductive group of F-fixed points of G. The main tool in describing the set of
irreducible characters Irr(GF) of GF is Deligne-Lusztig induction, as first given in [3], and presented in
[1,2,4]. If L is an F-stable Levi subgroup of G with L =LF, let v be a character of L. We then have the
Deligne-Lusztig induced virtual character Rf(w) of ¢ to G.If T =TF where T is an F-stable maximal
torus of G, then a unipotent character of G is an irreducible character of G which is a constituent
of R$(1), where 1 is the trivial character of T. We let &¢ denote (—1)"©), where r(G) is the Fg-rank
of G.

As in [2, Chapter 4], [4, 13.10], [1, 8.2], there is a dual group G* to G, with a dual Frobenius
map F*. More precisely, fix an injective homomorphism & :]B_‘; — @; where Qy is the field of ¢-adic
numbers and ¢ # p. The groups G and G* are in duality with respect to an F-stable maximal torus T
of G contained in an F-stable Borel subgroup of G and an F*-stable maximal torus T* contained in
an F*-stable Borel subgroup of G*. We also say G = Gf and G* = G are in duality. Then there is a
well-defined isomorphism ([1, 8.14], [2, Proposition 3.3.6])

(1) = 1re(TF). (21)

This isomorphism can also be defined for other pairs of tori in G and G*, in particular for pairs
in duality in the sense of [2, Proposition 4.3.1]. Any maximal torus in GF is of the form (aTa—1)f
for some a € G and is isomorphic to T"F, for some w € W(T). We say that (aTa~ ") is of type w
and write it as Th, = Ty,. Then we also have a maximal torus of G*f" isomorphic to (T*)F""", where
w — w* is an anti-isomorphism between W (T) and W (T*) (see [4, pp. 104-106]). The tori T*F and
(T*)F*W" are then in duality.

The isomorphism (2.1) then gives rise to a homomorphism

A

7(6")" > Lin(6F), zr 2, (2.2)

where Lin(GF) is the group of linear characters of GF (see [1, 8.19] and [4, Proposition 13.30]). These
characters play a key role in our main theorem.
From here, we suppose that G has connected center.

Definition 2.1. (See [2, p. 280].) An irreducible character of G is semisimple if its average value on
regular unipotent elements of G is nonzero.

If p is a good prime for G (see [2]), then the semisimple characters of G are precisely those with
degree not divisible by p.

Definition 2.2. (See [2, p. 281].) An irreducible character of G is regular if it is a constituent of the
Gelfand-Graev character of G.
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The regular characters of G are in natural one-to-one correspondence with the semisimple charac-
ters through Curtis duality (see [2, 8.3.7]).

Since the center of G is connected, then the centralizer Cg+(s) of any semisimple element s € G*
is connected [1, Theorem 13.14]. The set Irr(G) of irreducible characters of G is in one-to-one corre-
spondence with G*-conjugacy classes of pairs (s, y), where s is a semisimple element of G*, and
is a unipotent character of Cg«(s) [1, Theorem 15.8]. This is the Jordan decomposition of characters.
If furthermore Cg+(s) is a Levi subgroup of G* with a dual Levi subgroup L of G, then the character
of G corresponding to the pair (s, 1) is of the form SGSLRE(§¢) [1, Proposition 15.10].

We now describe the semisimple characters in this context. Since such a description in the precise
form that we require is hard to find in the literature, we give it in the following lemma.

Lemma 2.1.
(i) The semisimple characters of G are, up to sign, of the form

1
IW(s)

> RSB, (2.3)

weW (s)

where s is a semisimple element of G*, W (s) is the Weyl group of Cg+(s), and § is the character of each
T corresponding to s.

(ii) Suppose Cg=(s) is a Levi subgroup of G* with a dual subgroup L of G. Then RLG(E) is equal to (2.3) and
EGEL Rf (5) is a semisimple character of G.

Proof. (i) We first note that the T,, where w € W(s) are the tori of G dual to the maximal tori
of C¢+(s), up to conjugacy, and hence the characters § of each T,, are defined. From [4, 14.40] we see
that the regular characters of G are of the form

1

ecer, RS (3).
W s)| W§(S) Tw

Taking the Curtis dual, we get a formula for a semisimple character, up to sign, in the form

1 N
wo L Rh©

weW(s)

since the dual of ecer, RS is RS [4, p. 138].

(ii) We now assume Cgx(s) is a Levi subgroup of G* with a dual subgroup L of G, which will be the
case if the order of s is divisible only by good primes [1, Proposition 13.16]. Then the T,, are precisely
the maximal tori of L up to conjugacy, and the linear character § of L restricts to the characters § of
each of the Ty, in (2.3). From a formula for the trivial character of L [2, 7.4.2] and hence for § we get

S= W Zwew(s> R%W (). By applying Rf to this formula we see that the semisimple characters of
G are of the form RE(§) up to sign. Finally the sign is given by ecep [4, 12.17]. O

Recall that an element of a group is real if it is conjugate to its inverse in the group. A real
semisimple class is thus a semisimple class (s) with the property that (s~!) = (s). The next proposi-
tion shows that the Lusztig map RE behaves nicely on real semisimple classes.

Proposition 2.1. Let G = GF as above and L = LF a Levi subgroup of G, with a dual Levi subgroup L* of G*.
Let s € Z(L*) and let § be the corresponding linear character of L. Let g € G. Then Rf(§)(g*1) = Rf(s”)(g).
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Proof. We denote by G, the subset of unipotent elements of G. Let g =tu = ut be the Jordan de-
composition of g, with t semisimple and u unipotent in G. The Deligne-Lusztig character formula
[4, 12.2] implies

1

G C (f) —1 hga

RIO® = e o > |ChL(t)| > Qe (v ey,
{heG|tehL veCh (D

which implies

A f 1 c af
RYG)(g 1)=m > ChL(t)| > chi((tt)> V) ),
{heG|tehL Vel (Hu
and
a 1 C a
REGTN@ = e 2 10n®] 30 Qg v™)s e,
{heG|tehL) veCh (Hu
yielding
o 1 c 1y
RS (S 1)(g)=m > o] Yo R wmsT (v ).
{heG|tehL) veCy; (Ou

But "§(t~1v) ="5(t") and "$~1(tv) =h5(t~") since § is a linear character. Thus the lemma is true

if QCC((?) @ Lvh= QCC:((tt))(u, v). This follows from the definition of the Green functions and the
L

fact that their values are rational, in fact in Z (see [4, 12.1]). O

Under appropriate conditions, we may now define a bijection from semisimple classes of G* to
semisimple characters of G, which behaves nicely upon restriction to real semisimple classes.

Proposition 2.2. Suppose that for any semisimple element s of G*, Cg«(s) is a Levi subgroup of G* with a
dual subgroup L of G. Define amap ® by ® : (s) — egeLRfG). Then © is a bijection from semisimple classes
of G* to semisimple characters G, and @ (s) is a real-valued semisimple character of G if and only if (s) is a
real semisimple class of G*.

Proof. First, it follows directly from Lemma 2.1 that © is a bijection. By Proposition 2.1, for any g € G,
O@s)(g™H) =O(s7)(g), that is, ©(s) = ©(s"). This implies that @(s) is real-valued if and only if
Rf(§) = Rf(s—1), which occurs if and only if (s) = (s~!) by the Jordan decomposition of characters,
and hence if and only if (s) is a real class of G*. O

Finally, we state a result as in [1, (8.15)] regarding the values of linear characters of the form §.
Consider the fixed maximal torus T and an F*-stable maximal torus T* in duality with T. Let X(T) =
Hom(T, IF‘qX) and Y(T) = Hom(]P‘qX,T) be as usual the groups of roots and coroots with pairing (-, -)
as in [2, Section 1.9]. We make the identifications X(T*) = Y(T), Y(T*) = X(T) with T* as above. We
choose d such that F¢ acts as t — t4° on T and T*. For any s € Y et e X(T) = Y(T*) map
to s by a norm map in the short exact sequence in [1, (8.11)] (with T replaced by T*), and for any
t e T%F, let t correspond to n € Y(T) = X(T*) in the same way. Thus t = NFd/WF(n({)), where NFd/wF
is defined on T by

d-1

Nea w0 =] ™',
=0
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and is defined on Y(T) as

d—1

Npawr() = Z Wby,
i=0

Given these s e T*F""", t e TWF, A € X(T), and 7 € Y(T) we have
5(6) = e (¢ Neapwr ) (2.4)

which gives the more general version of [1, (8.15)] where F* and F are replaced by (WF)* = F*w*
and wF, respectively.
The following lemma will be used in the proof of the main theorem.

Lemma 2.2. Let T be any F-stable maximal torus of G and T* an F*-stable *maximal torus of a dual group G*,
dual to T. Let s € TF and t € TF" and let § and t be linear characters of T*F" and TF as described above. Then
5(t) =t£(s).

Proof. We use the construction of the characters § and £ given above. As before, choose d such that

Fé acts as t — t4° on T and T*. Let s correspond to A € Y(T*) = X(T), and t correspond to 71 €
Y(T), in the sense that, as in [1, (8.8)], N1(A) =s and Nj(n) =t. Fix dual bases {u1,..., un} and

{vi,...,vn} of Y(T) and X(T), respectively, so that (u;, vj) = ;. By (2.4), $(t) = K({OL’NFd/F(n))) and
£(s) = (¢ Netr My \where ¢ € Fx has order g — 1. Suppose that i = 2?2—11 miu; and n = Z?;] kiv;

as elements of Y (T) = X(T*) and Y (T*) = X(T). Now, NFd/F(n) = Z?:_l] Fi-1 n and so we may calculate
that

d—1
i+j—2
()"NFd/F(n)): Z kimj(qd) ={n. NFd/F()‘)>'

i,j=1
Hence 5(t) = £(s), as desired. O
3. Real semisimple classes of finite unitary groups

Let G = GL(n,IF‘q), and for g = (a;) € G, let Tg denote the transpose of g, so g = (aj;). De-

fine the map F on G by F(a;j) = T(a?j)‘l. The finite unitary group, denoted U(n, Fy2), is defined as
U, Fp) = GF. In the rest of the paper we denote U(n, Fg2) by Un.

Identifying GL(1, Fy) with F, consider the action of the map F on F¢, where F(a) = 9. Then
F? is the Frobenius endomorphism of I_qu with fixed field Fpo. If A is an F2-orbit of I_qu, then so are

Al =]a|aeA}, A’lz{a’1|aeA}, and Al={a?|aeA}.

The elementary divisor theory in [5, Section 1] parameterizes semisimple conjugacy classes (s) of
Un by functions v from F2-orbits A of Fg to non-negative integers such that

V(D) =v (A7) forall A, and Zv(s)(A) =n.
A
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Here, (s) has characteristic polynomial

fo@=]Jeca ©o®,
A

where ca(X) = [[pea X — @).

Let K be any field such that char(K) # 2, and fix an algebraic closure K of K. A non-constant
polynomial g(x) € K[x] is called a self-dual polynomial if it is monic, and has the property that any
a € K is a root of g(x) with multiplicity m if and only if = is a root of g(x) with multiplicity m.

Consider a semisimple class (s) of U,. Then (s) is a real semisimple class if and only if, for all
F2-orbits A,

Vs (A) = V(5 (A7) = vy (A7) = v (a79). 31

If (s) is real, then f(s (x) is self-dual. Moreover, f(5)(x) € Fq[x] since ca (X)caa(x) € Fg[x] when A # A9,
Thus f(5)(x) is a self-dual polynomial of degree n in IFg[x]. Conversely, if f(x) is a self-dual polynomial
of degree n in Fy[x], then f(x) factors in Fplx] as a product of the cs(x)’s since the ca(x) are the
monic irreducible polynomials in Fga[x]. Since f(x) is self-dual, cA(x) and c,-1(x) have the same mul-
tiplicity in f(x), and since f(x) € Fq[x], ca(x) and c,-1(x) have the same multiplicity in f(x). Thus
(3.1) holds and f(x) = f(s)(x) for a real semisimple conjugacy class (s) of U,. Hence real semisimple
conjugacy classes (s) of U, are in bijection with self-dual polynomials f(s)(x) of degree n in Fg[x].
Note that such self-dual f()(x) satisfy the following properties:

@) fi5(0) = (1Yo,
(b) fio® = fis (@) x" frsy(x 1),
(©) v ({1) = v ({—1}) (mod 2) if n is even, since a # a~! for « a zero of f(5)(x) and & # +1.

4. Proof of the main theorem

We now take G = GL(n,IF‘q) and GF = G = U, for the rest of this section. In this case we may
take G* =G, F* = F and G = G*. We also have that the center of G is connected, the prime p is
always a good prime of G, and the centralizers of semisimple elements of G are Levi subgroups. By
[5, Proposition (1A)], the centralizer of a semisimple class (s) in Uy is isomorphic to a direct product
of general linear groups and unitary groups over extensions of Fg.

The irreducible characters of G were first described in [7], and the theory is given concisely in
[5, Section 1], which we follow here. We can apply Lemma 2.1 to describe the semisimple characters
of G as characters of the form 858,_Rf(§) where s runs over a set of representatives of the semisimple
classes of G and L = Cg(s). However, in this case we can see this directly as follows. Any irreducible
character of G is of the form sGELRLG(ﬁl//) where v is a unipotent character of L = Cs(s) and has
degree (G : L)y (1) [5, pp. 113, 116]. But ¥ (1) is divisible by p if and only if ¥ is the trivial character
of L (see [5, (1.15)]).

Recall that if H is a finite group, and 7 is an irreducible complex representation of H with char-
acter yx, then the Frobenius-Schur indicator of x (or of mr), denoted e(x) (or e€(;r)) is defined to be
e(x)= ‘17‘ > heH x (h?). By classical results of Frobenius and Schur, &(x) always takes the value 0, 1,
or —1, and ¢(x) =0 if and only if x is not a real-valued character. Furthermore, if x is real-valued,
then €(x) =1 if and only if 7 is equivalent to a representation over R. If x is a real-valued irre-
ducible character of H, then x is called an orthogonal character of H if €(x) =1, and x is called a
symplectic character of H if e(x) = —1.

The following result, proven in [10], gives the Frobenius-Schur indicators of the real-valued
regular and semisimple characters of U,. We note that Theorem 4.1(1) below also follows from
[9, Theorem 7(ii)].
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Theorem 4.1. Let x be a real-valued semisimple or regular character of G.

(1) Ifnisodd or q is even, then e(x) = 1.
(2) If nis even and q is odd, then &(x) = wy (2), where z is a generator for the center of G, and wy is the
central character corresponding to x.

Hence G has semisimple (or regular) symplectic characters only when n is even and q is odd. We
remark that it follows from [10, Corollary 3.1] that the number of semisimple symplectic (respectively,
orthogonal) characters of G is equal to the number of regular symplectic (respectively, orthogonal)
characters of G.

In order to prove our main result, we also need to understand the central characters corresponding
to the irreducible characters. The following is [5, Lemma (2H)].

Lemma 4.1. Let x € Irr(G) correspond to the G-conjugacy class of the pair (s, y). Then for any elements
z€Z(G), geqG,

X (28) =3(2) X (8)-
In particular, the central character w,, of x is given by w, (z) =5(2).

We now apply Lemma 2.2 to evaluate $(z), where z is a generator for the center of G.

Lemma 4.2. Let (s) be a real semisimple class of G and z a generator for Z(G). Suppose that the semisimple
class (s) has —1 as an eigenvalue with multiplicity k. Then §(z) = (—1).

Proof. Since s and z may be viewed as elements of some common maximal torus, then by Lemma 2.2,
we have $(z) = z(s), where we may consider Z to be a linear character of U,. There are exactly
|Z(G)| =q+ 1 linear characters of G, which are given by powers of the determinant, composed with
a fixed injective homomorphism from Fy to C*. It follows from [1, 8.19] that in the case GF =u,,
the map (2.2) from Z(G)F to the group of linear characters of Gf is an isomorphism, which implies
that Z is the determinant map composed with the fixed injective homomorphism from Fg to C*.

Since (s) is a real semisimple class of Uy, then from the description in Section 3, each eigenvalue
of s in qu occurs with the same multiplicity as its inverse, and so det(s) = (—1)¥, where k is the
multiplicity of —1 as an eigenvalue. Therefore 5(z) = 2(s) = (—=1¥. O

Finally, we arrive at the main result.
Theorem 4.2. Let n = 2m, and let q be odd. The number of semisimple symplectic characters of Uy is ¢q"~ 1.

Proof. By Theorem 4.1, if x = @ (s) is a real-valued semisimple character of G = Uy, where q is odd,
then £(x) = wy (z), where z is a generator of Z(G). By Lemma 4.1, £(©(s)) = $(2), and by Proposi-
tion 2.2, (s) is a real semisimple class of G. By Lemma 4.2, §(z) = (—1)¥, where k is the multiplicity
of —1 as an eigenvalue of any element of (s). By Section 3, the characteristic polynomial f corre-
sponding to (s) is a self-dual polynomial in Fy[x] of degree 2m. From observations (a) and (c) at the
end of Section 3, the constant term of f(s) is (=1, where k is the multiplicity of the factor x + 1.
So, the semisimple characters with Frobenius-Schur indicator —1 are exactly those semisimple char-
acters @ (s) such that the characteristic polynomial f() of (s) has constant term —1. That is, to count
semisimple symplectic characters of G, we must count self-dual polynomials in Fg[x] of degree 2m
with constant term —1.

Suppose f(x) € Fg[x], f(x) =x" + an_1X""1 + .-+ a1x + ap, is a self-dual polynomial of degree
n=2m with ag = —1. As in observation (b) at the end of Section 3, we have

f(x):—x”f(x’l):x"—am”’] — e —ap_1x—1. (41)
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Since n = 2m is even, (4.1) implies that we must have a;; = —ap, and so a; =0. For 1 <i<m —1,
we may let a; be any of q elements of g, and then each a,_; = —a; is determined, giving a total of
g™ ! polynomials. O

We conclude by mentioning that our result on symplectic characters extends to regular characters.
As proven in [6, Theorem 4.4], there are exactly g™ + q™~! real-valued semisimple characters of
Um when q is odd. It follows from Theorem 4.2 that there are exactly ¢™ semisimple orthogonal
characters of Uy, when q is odd. From our remark after Theorem 4.1 above, it follows that there are
exactly ¢™~! symplectic regular characters and q™ orthogonal regular characters of Uy, when q is
odd.

Remark. Shortly before publication of this paper, the authors became aware that Proposition 2.2 is
also implied by the stronger result [8, Lemma 9.1].

Acknowledgments

The authors thank Michel Enguehard for some clarifications to [1, Section 8.2], Fernando Rodriguez-
Villegas for helpful communication, and the referee for many useful comments, including a proof of
Proposition 2.1. The second author was supported in part by NSF grant DMS-0854849.

References

[1] M. Cabanes, M. Enguehard, Representation Theory of Finite Reductive Groups, New Math. Monogr., vol. 1, Cambridge Uni-
versity Press, Cambridge, 2004.

[2] R. Carter, Finite Groups of Lie Type. Conjugacy Classes and Complex Characters, Pure Appl. Math. (N. Y.), John Wiley &
Sons, Inc., New York, 1985.

[3] P. Deligne, G. Lusztig, Representations of reductive groups over finite fields, Ann. of Math. (2) 103 (1) (1976) 103-161.

[4] F. Digne, ]. Michel, Representations of Finite Groups of Lie Type, London Math. Soc. Stud. Texts, vol. 21, Cambridge Univer-
sity Press, Cambridge, 1991.

[5] P. Fong, B. Srinivasan, The blocks of finite general linear and unitary groups, Invent. Math. 69 (1982) 109-153.

[6] R. Gow, C.R. Vinroot, Extending real-valued characters of finite general linear and unitary groups on elements related to
regular unipotents, J. Group Theory 11 (3) (2008) 299-331.

[7] G. Lusztig, B. Srinivasan, The characters of the finite unitary groups, J. Algebra 49 (1) (1977) 167-171.

[8] G. Navarro, PH. Tiep, Rational irreducible characters and rational conjugacy classes in finite groups, Trans. Amer. Math.
Soc. 360 (5) (2008) 2443-2465.

[9] Z. Ohmori, On the Schur indices of reductive groups. II, Quart. J. Math. Oxford Ser. (2) 32 (128) (1981) 443-452.

[10] C.R. Vinroot, Duality, central characters, and real-valued characters of finite groups of Lie type, Osaka J. Math. 47 (2) (2010)

523-534,



	Semisimple symplectic characters of ﬁnite unitary groups
	1 Introduction
	2 Semisimple characters of ﬁnite reductive groups
	3 Real semisimple classes of ﬁnite unitary groups
	4 Proof of the main theorem
	Acknowledgments
	References


