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Abstract

Let H,(t) denote the classical Rogers-Szegé polynomial, and let ﬁn(tl, ..., t;) denote
the homogeneous Rogers-Szeg6 polynomial in [ variables, with indeterminate q. There is a
classical product formula for Hy(t)H,(t) as a sum of Rogers-Szeg6 polynomials with coeffi-
cients being polynomials in q. We generalize this to a product formula for the multivariate
homogeneous polynomials I:In(tl, ..., t). The coefficients given in the product formula are
polynomials in ¢ which are defined recursively, and we find closed formulas for several inter-
esting cases. We then reinterpret the product formula in terms of symmetric function theory,
where these coefficients become structure constants.
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1 Introduction

For any q # 1, and any positive integer n, we let (q), = (1 —q)(1—¢?)---(1—¢"), (¢)o = 1, and
for any non—neﬁ;atlve integers n and r with n > r, we denote the standard g-binomial coefficient

by (7),
( ) (I)n r
The Rogers-Szegd polynomial in a single variable, denote H,(t), is defined to be

Hyo(t) = znj (’Z) qﬂ".

r=0

The Rogers-Szeg6 polynomials appeared in the proof of the famous Rogers-Ramanujan identities,
in papers of Rogers [11, 12], and were later studied by Szegé as orthogonal polynomials [13].
One of the key properties which the Rogers-Szegé polynomials satisfy is the following identity
giving a way to write the product of two Rogers-Szegd polynomials as a sum of others (see [1,
Example 3.7]):

HOH0 =Y <k) <”)q<q>rtfHk+n_2r<t>- (1)

T T
r=0

For any non-negative integers rq, ..., r, such that vy +-- -+ r; = n, define the g-multinomial

coefficient to be (7,1 " rz)q = ﬁ. We then may define a homogeneous multivariate version
yeeey r1 T

of the Rogers-Szegd polynomials in [ variables, which we define to be

Hy(t,....t) = Z <T1 " 7“5) R 7SR A
T

it +r=n



In particular, note that H,(t,1) = H,(t). The non-homogeneous version of the multivariate
Rogers-Szegé polynomial, H (t1,...,t—1) = fl(tl, ...,t;—1,1), is considered in the book of G.
Andrews [1, Example 3.17], while the homogeneous version was initially defined by Rogers
[11, 12] in terms of their generating function, and some of their basic properties are given in
the monograph of N. Fine [4]. These have also been studied by K. Hikami in the context of
mathematical physics [5, 6]. In terms of orthogonal polynomials, if one takes | = 2 with ¢; = et
and ty = e~ then H,(t,t) is the continuous ¢-Hermite polynomial (see [8, Sec. 13.1]), in
which case the product formula (1.1) is given by [8, Theorem 13.1.5].

The main result of this paper is a generalization of the product formula (1.1) to the case of
homogeneous multivariate Rogers-Szegé polynomials. In order to state this result precisely, we
need a bit more notation. First, let m € Zl;Ol be a vector with [ — 1 non-negative integer entries,
whose coordinates we write as 17 = [ma, ms, . .., my| (so that the ith coordinate is labeled m;1),
and let |m| = 22:2 m;, and define wt(m) = >, _,4m;. For any i = 1,...,1 — 1, let u; denote
the unit vector with 1 in the ¢th coordinate and 0 elsewhere. Now, given any n, k > 0, and any
m e Zl>_01, we define polynomials in ¢, 6,3 1, (q), recursively as follows. If |m| > min{k,n}, or
wt(1) > k+n, define 05 1., = 0, and define 96719,71 =1 for any k,n > 0. The recursive definition
for 0 k.n = O k.n(q) is then given by

-1 = . -1
O k1.0 = Ok + Z (n ok Wt](.m) A 1) (@)0m—a; ki — Z (l;;) (@)0m—a; k—jn>
j=1 q j=1 q
(1.2)
where we take 6z . = 0 if any of b, ¢, or any coordinate of @ is negative.
Define e;(t1, ..., ;) to be the ith elementary symmetric polynomial. The main result of this
paper is Theorem 2.1, which is a product formula generalizing (1.1), may be stated as follows:

Hi(ty, ..., t)) Hp(t1, ..., 1)

l
= > D05 1n(0) (Hei(t17.--7t1)mi> Hyppmw oy (15 - - 1)
=2

- -1
mEZZO

We prove the above formula in Section 2, and we also give several properties of the poly-
nomials 0y 1 ,(q) there. In particular, we give several cases of closed formulas for 6 1 (q),
including the case that 0,4, 1. (q) = (f)q(:})q(q)r in Proposition 2.4, explaining how the gener-
alized product formula implies (1.1).

In Section 3, we reinterpret our results in terms of symmetric functions, giving an interpre-
tation of the polynomials 0y 1 »(q) as structure constants with respect to a linear basis for the
graded algebra of symmetric functions over Z[g]. More specifically, if A = (1712™23™3 ... ) is an

integer partition, let Ry be the symmetric function given by

m m,
Ry = Hp,e5%e5? -+,

where e; is the elementary symmetric function, and lEIm1 is the Rogers-Szeg6 symmetric function.
In Theorem 3.1, we prove that the set of all Ry form a basis for symmetric functions over Zlg],
and conclude from this that we have 6 1. ,,(¢) = 0,3, 1(¢) in Corollary 3.2.

We remark that there should be several families of generalizations of the multivariate prod-
uct formula we obtain, for example, by either considering a variation on the basis of symmetric
functions which we consider in Section 3, or by considering some multivariate version of the
g-ultraspherical polynomials (see [8, Equations 13.2.8, 13.3.10]).
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2 The Product Formula

We begin with a recursion for the homogeneous Rogers-Szegd polynomials fIn(tl, .oy ty), due
to Hikami [5, 6]. We provide a proof below for the sake of self-containment. This recursion
generalizes the three-term recursion for the classical Rogers-Szegd polynomials ([1, Example
3.6]), and for the g-Hermite polynomials ([8, Equation 13.1.1]).

Proposition 2.1. Take ﬁj(tl, .. 1) =0 for j <0, and we have Hy(t1,...,t;) = 1. For any
n, we have

-1

For(t o t) = 3 (= 1esaalt, . . ,m(?f‘) (@3 Fn (b1, 1),

=0 J

Proof. We use the notation (a)eo = [[32(1 — ag'). It may be seen that a generating function
for H,(t1,t2,...,t;) is then given by (see [4, Equation (21.11)])

00 77 l
Ho(ty, ... t _
Z n((l ) l)xn:H(tim)(X}’
n=0 n i=1
which we will also denote by F(z,t1,...,t). Since (1 — t;x)(t;r) ! = (t;xq)z!, then we have

l
(1= taz)-- (1 - ti)Fx, 1, ... 4) = [[(tizg) ) = Flag t,..., t). (2.1)

i=1
From the definition of the elementary symmetric polynomials, we also have

l l

[ = tiw) =D (=Dfeilts, ..., t)a'.

i=1 =0

Substituting this into (2.1) and moving terms gives

[e9) ke -1 0 7
]._ nHt,...,t n Z Z Hnt,...7t n
Z ( q ) ( ! l)ac = Z(—l) ei_:,_l(tl,...,tl)l' +1 Z—( ! l)l' .
n=0 (Q)n i=0 n—0 (q)n
Comparing the coefficients of 2"*! on both sides of the above gives the result. O

Using the recursion in Proposition 2.1, and the recursive definition (1.2) of the polynomials
03.n.k(q), we may prove our main result.

Theorem 2.1. For any k,n > 0, we have

Hy(ty, ..., t)) Hp(t1, ..., 1)

I
= Z (=)™ ™M 1 (q) (Hei(t17---7tz)mi> ﬁk+n—wt(m)(t1,-~,tz)-

ezl i=2



Proof; To sjmplify notation, we will suppress the variables ¢1,...,%;, so that e; = ¢; (t1,...,1)
and H; = Hj(ty,...,t;). Let n > 0. Then HoH, = H,. Since 0, = 0 whenever 7 # 0, and
0500 = 1, the statement holds for k£ = 0. Now fix £ > 0, and assume the statement holds for all

indices 7 < k, so holds for products ﬁiﬁn for 0 < ¢ < k and all n > 0. Consider the product
Hy1H,. By the recursion in Proposition 2.1, we have

-1
. . k 5 5
Hy 1 Hy = E (—1)]€j+1<j> (q)jHy—j | Hn.
i=0 a

We may apply the induction hypothesis to each of the products H, k_jfln, so that we have

Hk+1H Z €J+1< ) (Q)j Z (_I)Wt mk —jn (He )Hk —j+n—wt(m)

S -1
mEZZO

l
= Z (_1)wt(rﬁ)‘9m7k7n (H 67%) elﬁk+n—wt(m)

ezl i=2

-1
k +1 -
+ X X o o () @i | L e | oo 22
=1 ezl 1/q i
From Proposition 2.1, we have
N = k+n — wt(im)
e1Hyin—wi(m) = Higns1—wi(m) + Z(—l)ﬁl@jﬂ( ;

) (@) Hyesnj—wi(im)-
i=1 a

Substituting this into (2.2), we obtain

Hyp1Hy =
> D) 05 4 (He )Hk+n+1 wh(172)
MeZL )
L k+n— wt(m) +1
. - — ma -
+> > (_1)]+1+Wt(m)67ﬁ,k,n< , ) (@)je;1" 1T & | Hrsnmjmwiimy
j=1 megi-1 J q 2<i<l
>0 i#£j+1
-1 k 1
mi4+1+ i r
+ Z Z +Wt( )erﬁ,kj,n< ) (Q)jej_ﬁfl H e;n kaj+nfwt(fr'z)‘
7j=1 mEZl 1 J q i%;fi

In the second and third sums above, we shift the index by replacing 7 with m — ;. Since we
define 05 . = 0 if any coordinate of @ is negative, this does not alter the terms which occur in
the sum. Note also that wt(m — ;) = wt(m) — j — 1. So, after this re-indexing, we have

I
HppHy = ) (=)™ 05, (H&) Hyfny1—wi(m)
- 1=2



J

il k- n —wt(im) + j +
+ Z (—1) t( )em u],kn< ( ) J ) (He )Hk—l—n—i—l—wt(m)
-1
_Z Z (_1)W( )Hr_n' ij,k—j,n < ) (He )Hk+n+1 wt(m)-

By the recursive definition (1.2) of 05 1, we may write the above as

Hy Hy, = Z (—1)* m)kaHn(H@ >Hk+1+n wt(i)

mezlgol
completing the induction. O

Although we do not have a closed formula for the polynomials 0 j ,(¢) in general, we do
have closed expressions for several interesting cases.

Proposition 2.2. For any j > 1, n,k > 0, we have

Hﬁj,k,n(Q) = (q); kz:l <n;i>q - <;> tj '

i=0
Proof. The statement holds whenever k = 0, since then 1 = [u;| > min{k,n} =0, so 07,0, =0
by definition. Suppose the statement holds for k, for any j > 1, n > 0. From the recursive
definition (1.2), and from wt(u;) = j + 1, we then have

n—+k k
O, k+1n = O, kn + (Q)j< . ) — (Q)j< )
q q

J J

(7),-C))

which completes the proof. ]

k

= (@); Y

1=0

The following is a special case with a slightly more involved argument.

Proposition 2.3. Suppose m € Z>0 , k,n >0, such that |m| =mao+---+my=k. Then

k n
Hrﬁ,k,n(Q) N <m2, ms, ... ,ml> <Wt( _‘) — k) (q)Wt(ﬁl)ik.

Proof. First, denote the standard multinomial coefficient (T2 ra ) (k), where 77 = [ro,73,...,7]
and |7 =ro+r3+---+ 1 =k. If any r; <0, define (F) :0.
The proof is by induction on ||, where if |7| = 0, then m = 0, and 054, = 1 for any

k,n > 0 by definition. In particular, when k = |6| = 0, the claimed formula also yields 1
Assuming the formula holds when |m| = k, suppose that |m| = k + 1, and recall from
definition that if || > min{h,n}, then 6 ,(¢) = 0. In particular, if [7i| = k + 1, then
Ok = 0, and Oz 7, k—jn = 0 for any j = 1,...,1 — 1. So, applying the recursion (1.2), we
obtain -
Oes1n(a) = Z (n + k Wtém) +7+1

Jj=1

> (Q)jam—ﬁj,k’,n7
q



=) = 0. So,

where, if mji1 # 0, then |7 — ;| = k, and otherwise 67z, 1n = 0, and (m ’

applying this observation and the induction hypothesis, we obtain
-1 .
n+k—wt(m)+j5+1 k n
b = X ( ) D5 (" 2 ) (a1 — ) @iy
j:1 q q

Noting that wt(m — u;) = wt(m) — j — 1, we have

<n+k—Wt;m)+j+1>q<wt(M)—Z’—kz—1> (@)5(@wi(i)—j—k—1

- <Wt(m)n— k— 1)q(q)wt(m)—k_1.

So,

9mk+1n(Q)—<Wt( )n_k_1> @)t (17)—k— 12( g )
%

j
k1
W)=
induction argument. ]

Recalling the Pascal recursion for multinomial coefficients, ( ;11 (mfﬁj)’ completes the

Finally, we have the following, which explains how Theorem 2.1 implies the classical product
formula (1.1). That is, while we do not have a closed formula for the general coeflicient 0,3 j, .,
we can directly prove that in the case m = rii, we obtain the expected coefficients which appear
in the single variable product formula.

Proposition 2.4. For any k,n,r > 0, we have

@ = (1) (1) 0

Proof. By definition, the statement holds if r = 0, or for any r > 1,n > 0 if £ = 0, since then
r = |rd;| > min{k,n} = 0, and (]:)q = 0 by definition. Assuming the statement holds for k,
then from (1.2), we have

1

Gt ) () o
~a=a(," ) (F21) @

(), ) e

r r r _ gn—r+1 r— —gn—rtl\ p —

k _:1 n ! 11_ qqk+1r (1- 6117")[21 _1qn+qk2r+2) Ve

< r >q<r>1(Q)r < =gt (1—=g"1)(1 —qnt)

(=g =g )
(1 _ qurl)(l _ qn7T+1)

n+k—2r+2 k
Hrﬁl,k-i-l,n = 9rﬁ1,k,n + (Q)l ( > H(T—l)ﬁl,k,n - (Q)l <1> H(T—l)ﬁl,k—l,n
q q




() () o

where the last step is a direct computation. This completes the induction. ]

We would like other properties of the polynomials 6,z j ,,(¢) which further characterize them.
For example, since H.H, = H,Hj, then one might expect that 0 1, = 0 . In fact, with
a somewhat tedious proof, one may obtain this fact directly from the recursive definition (1.2).
However, we prove this statement another way in the next section by a reinterpretation of
Theorem 2.1 in terms of bases of symmetric functions.

3 Rogers-Szegd Symmetric Functions

Recall that a symmetric polynomial f € Z[t1, ..., t,] is a polynomial which is invariant under the
action of the symmetric group 5,, permuting the variables. Let A,, denote the ring of symmetric
polynomials in Z[t1, ..., t,], so Ay = Z[t1,...,t,]%", and A,, is also a Z-module.

As in [9, 1.2], let Afl denote the submodule of A, consisting of homogeneous symmetric
polynomials of degree k. For any m > n, we may map an element f(t1,...,t,) € A¥ by sending
tnti,- -, tm to 0, which gives a system of projective maps

k k k
P Ay — A7,
from which we may form the inverse limit

AF = lim Ak,
H
We then define the ring A of symmetric functions over Z in the countably infinite set of variables
T = {t1,t9,...} to be the direct sum
A =Pk,
k

which is then a graded Z-algebra.
Given an indeterminate ¢, we may define A[g| by either the tensor product

Alg] = A ®z Z[q],

or, if we define Afg]¥, = A ®z Z[q], and extend the projective system as above to define
Alg]F = lim A[q)¥,, we can then equivalently define
H

Alg) = P Alal".
k

We now note that the homogeneous Rogers-Szeg6 polynomial indeed satisfies

H,(t1,...,1,0,0,...,0) = Hy(t1,....t),

where the polynomial on the left has any number of variables more than I. So, the homogeneous
Rogers-Szegé polynomial has an image in the graded Z[g|-algebra A[q] as described above. We
denote this image as ﬁn(T) = H,, and call it the Rogers-Szegd symmetric function. Relation-
ships between the Rogers-Szeg6é symmetric functions and several other important symmetric

functions are known. For example, it is known that the Rogers-Szegd symmetric functions are



exactly the complete symmetric functions in the variables ¢/t;, for j > 0,i > 1 (see [7, Section
2]), and the Rogers-Szegé polynomials are certain specializations of the Macdonald polynomials
(see [10, Section 6.3] and [6]), although we will not need these here.

There is a large number of linear bases of A as a Z-module (or A[g] as a Z[g]-module) which
are of interest. In general, such bases are parameterized by the set P of partitions of non-
negative integers, where each A* has a basis of partitions of size k. If A € P, we denote A
as either A = (A1, Ag,...), where \; > Aiyq and >, Ay = |A|, or as A = (1"12™2...) where
m; = m;(A) is the multiplicity of j in A, so > . jm; = [A|

One important basis of A (or A[g]) is given by the set of elementary symmetric functions. In
particular, for a positive integer j, define e; to be the symmetric function which is the projective
limit of the elementary symmetric polynomial e;(t1,...,t;) introduced in previous sections. If
A€ P, with A = (A, Ag,...) = (1"12™2...) then define e) as

I __.m1_m2
e)\_e)\le)\z..._el 62

Then {ey | |\ = k} is a Z-basis (or a Z[qg]-basis) for A* (or A[g]*), and {ey | A € P} is a
Z-basis (or a Z[gl-basis) for A (or Alq]) [9, 1.2].

We now consider then fact that H,, € A[g]. Note that Proposition 2.1 turns into the following
in Afgl:

ﬁn-{—l = Z(_l)jej-l—l (?) (Q)jf{n—j- (31)

j=0
We need the following lemma.

Lemma 3.1. If we expand H, € Alq] in the elementary symmetric function basis over Z[q], the
coefficient of e(1ny is 1.

Proof. When considering the expansion of H,, we note that 7 has a coefficient of 1. Amongst
all elementary symmetric functions of degree n, the only one with the term t7 is e(yn). It follows
from the fact that the elementary symmetric functions form a basis that the coefficient of e(;n)
must be 1. O

For any partition A = (1™12™23™3 ... ), define A = (2723™3 ...). That is, m1(\) = 0, while
m;(\) = m;(\) when j > 2 (note that if \ = (1), then X is the empty partition). Now,
for any partition A, we may consider the symmetric function fImle;, where m; = my (), and
ﬁmlex € Alg]* if |\| = k. Denote this symmetric function by R).

We may now reconsider how Theorem 2.1 translates in the language of A[g]. In terms of the
product Hj,H,, given any m with a finite number of positive integer entries, we may think of
m e Zl;Ol with m = [mg,ms,...,my]. If wt(m) < k + n, then m corresponds to a partition A
such that [A\| = k4+n and X = (223" ...), and conversely, any m satisfying wt(m) < k + n
corresponds to a unique partition A of k + n. Now, given any partition A of k + n, we define
Ok (q) as

Ox ke, (0) = Oz (),

where 71 = [ma(\), m3(\),...]. Since wt(171) = || in this correspondence, we may now re-write
Theorem 2.1 as follows.

Corollary 3.1. For any k,n > 0, we have

HyHy = ) (=1)M0ypn(g) R
AeP
I\ =k+n



The next result puts Corollary 3.1 in a satisfying algebraic context.
Theorem 3.1. The set R = {Ry | A € P} is a Z[q]-basis for Alq|, where Ry = FIml(A)e;\.

Proof. We first show that Z[g]-span(R) = Ag]. From the fact that the elementary symmetric
functions form a basis for A[g], and the fact that Ry = e, whenever m;(A) = 0, we only need to
show that, for n > 0 and any v € P with m;(v) = 0, efe, € Z[g]-span(R). When n = 1, since
e1 = 1:11, then eje, = ﬁley, and there is nothing to prove. Supposing the statement holds for
n, we consider 671H_16,/ = ejel'e,, and suppose we have

efe, = Y ax(q)Ra,

AeP

where a finite number of the coefficients ay(q) € Z[q] are nonzero, and |A| = |v| + n for each
such A\. Then we have

eitle, = e Z ax(q)Rx = H, Z ax(@) Hmy (35

AeP \EP
= Z QA(Q)]:Ilﬁml()\)BS\‘
\EP

Now, from Corollary 3.1, ﬁlfIml()\) € Zlg)-span{R, | |n| = 14+ mi(\)}, and for any A € P,
Rye5 = Ry, where |u| = |n|+ IAl. Tt follows that e e, € Z[g]-span(R), so that Z[g]-span(R) =
Alg].

For linear independence, it is enough to show that for each k, the set R¥ = {Ry | |\| = k}
is linearly independent over Z[q]. Suppose that by(q) € Z[q|, |\| = k satisfy

> ba(g)Ry =0. (3.2)

A=k

We prove by reverse induction on mj()\) that each by(q) = 0. If mi(\) = k, then A\ = (1%),
and Ry = Hj,. Write each Ry in (3.2) as a Z[g]-linear combination of the elementary symmetric
functions. Then by Lemma 3.1, the coefficient of e(1xy in the expansion of Rory = Hy, is 1,
while e(;x) cannot appear in the expansion of any other R) in (3.2). Since the coefficient of
eqr) in the expansion of (3.2) is b(1x)(¢), and the elementary symmetric functions are linearly
independent, b(1x)(g) = 0. Now let j < k assume that bx(q) = 0 whenever m;(A) > j. We must

show that by(q) = 0 whenever m;(\) = j. We may prove this by reverse induction on X with the
lexicographical ordering. The first case is A = (k—j). As before, expand (3.2) in the elementary
symmetric function basis, and the coefficient of e(1;)€(x—;) must be by;(;—_;)) (), which then must

be 0. Then, if m;(u) = j, and by(¢) = 0 whenever mi(\) = j and A is greater than f in the
lexicographical ordering, we may expand again in the elementary symmetric function basis, and
use the induction hypothesis to see that b,(¢) = 0. This completes the proof. O

We may immediately conclude the following property of the polynomials ) ,, 1 (q).
Corollary 3.2. For any A (orm), and anyn,k > 0, we have Oy p i = Ox k. (07 Oz ko = O kn)-

Proof. We may apply Corollary 3.1 (or Theorem 2.1) to expand both H, Hy, and Hy,H,, in terms
of the R). By Theorem 3.1, for any A, the coefficient of R) must be the same in each. ]



For any R, R, € R, it follows from Theorem 3.1 that R, R, may be written uniquely as a
Z[q]-linear combination of elements in R, or more precisely, if |k| + |v| = j, elements in R? =
{Ry | |7l =7} That is, there are unique O,,4(q) € Z[g] such that Ry Ry, = 3 p Onu~(0) Ry,
where O, ,,-(q) are called the structure constants of the graded algebra Alg] with respect to the
Z[q]-linear basis R. Corollary 3.1 may be applied in this situation as follows. Let k = mq(k),
n =mi(v), so

ReRy = exesHpHy = erer Y (—D)M0ypn(@Ry= D (=)0 gn(@) Raveus,
AEP AEP
[A|=k+n IA|=k+n
where if a, 8 € P, then a U 8 is the partition obtained by taking the union of the multiset of
their parts.
That is, if we write RxR, = ZveP Ok (q)Ry, then the structure constant Oy, ,(q) =

(—1)|S‘|9>\,k,n(q) whenever v = AUk U » for some \ a partition of k +n = mq(k) + m1(v), and
Ok,v~v(q) = 0 otherwise. So, the polynomials )  ,(q) are, up to a sign, exactly these structure
constants.

Remark. If one takes t; =--- =1¢; =1, then

. n
Hn(la’l): Z <Tlv"‘7rl>q7

rit-+rp=n

is the generalized Galois number, which we denote by Gg) (¢). When g is the power of a prime, it
is known that Gg) (¢) is the number of flags of length [ — 1 in an n-dimensional vector space over
a field with ¢ elements (see [3], for example). Then, the product G,(Cl) (q)Gg)(q) is the number
of ordered pairs of such flags, the first from a k-dimensional space, and the second from an
n-dimensional space. Making the substitution t; = --- = ¢; = 1 into the product formula in
Theorem 2.1 gives a curious alternating sum for this quantity, which may have some bijective
proof through an inclusion-exclusion argument. While we were unable to find such an argument,
one would provide some enumerative meaning to the polynomials 0 ,, 1(q) (or 6,3, 1(q)), which
would be a nice direction for future work.
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