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ABSTRACT. We show that the Jordan decomposition of characters of finite reductive groups can be
chosen so that if the centralizer of the relevant semisimple element in the dual group is connected,
then the map is Galois-equivariant. Further, in this situation, we show that there is a unique
Jordan decomposition satisfying conditions analogous to those of Digne-Michel’s unique Jordan
decomposition in the connected center case.
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1. INTRODUCTION

Given a finite group G, the fields of values of the irreducible complex characters of G, Irr(G),
have revealed themselves to be valuable and interesting number-theoretic data corresponding to
the structure of G. Numerous examples of results demonstrating this involve the rational-valued
characters of (G, real-valued characters of G, and the question of whether a representation of GG
can be realized over the field of values of its characters. Thus, the Galois action on these fields of
character values becomes a key problem in the character theory of finite groups.

In this paper, we study the action of G := Gal(Q*/Q) on the set Irr(G), where G is a finite
reductive group. This family of groups is of particular interest because of their role as algebraic
groups, their actions on finite geometries, and their relation to finite simple groups. In particular, for
finite groups of Lie type, a key to understanding the action of G on the set Irr(G) is understanding
how various parametrizations of the set Irr(G) behave under the action of G. In [26, 27], Srinivasan
and the third-named author study this question for the Jordan decomposition of characters, in the
case that the underlying algebraic group has a connected center. In [22], the first-named author
studies this question for the Howlett—Lehrer parametrization of Harish-Chandra series. More results
have been obtained in [8] for the case of connected center, and the authors have studied the question
of fields of values of characters in [25, 24].

The question of the action of G on Irr(G) is particularly difficult in the case that the underlying
algebraic group has disconnected center, and will play a crucial role in, for example, proving the
inductive Galois-McKay conditions of [18] to prove the McKay—Navarro conjecture for odd primes.
(Note that for the prime 2, this was finished in [20, 21].)

The results of [26, 27] make essential use of the unique Jordan decomposition proved by Digne
and Michel in [6] in the case of connected center. The goal of the present paper is twofold: we
extend the results of [27] on the action of G on Jordan decomposition to the case that the underlying
group does not necessarily have a connected center, but that the semisimple element in question
has a connected centralizer in the dual group; and we extend the results of [6] to show that there is
a unique Jordan decomposition satisfying certain properties in the same situation. In this context,
we may embed the underlying connected reductive group G into another connected reductive group

The authors gratefully acknowledge support from a SQuaRE at the American Institute of Mathematics. The first-
named author also gratefully acknowledges support from the National Science Foundation, Award No. DMS-2100912,
and her former institution, Metropolitan State University of Denver, which holds the award and allows her to serve
as PI. The third-named author was supported in part by a grant from the Simons Foundation, Award #713090. The
authors also thank Gunter Malle for comments on an earlier draft of the manuscript.

1



2 A. A. SCHAEFFER FRY, JAY TAYLOR, AND C. RYAN VINROOT

G with a connected center, using a so-called regular embedding ¢t: G < é, which in turn yields a
dual surjection ¢*: G* — G* of the dual groups. Our main result is the following:

Theorem 1.1. Let G be a connected reductive group and F: G — G a Frobenius endomorphism,
and let G = G be the corresponding group of Lie type. Let (G*, F*) be dual to (G,F) and s €
G* = (G*)E" a semisimple element such that (Cg-(s)/Ce%.(s))" =1, or equivalently Cg-(s)F" <
Cg(s)-

(1) Given any reqular embedding .: G — G, there is a Jordan decomposition map Js.: E(G,s) =
E(Cg+(s),1) that is invariant under the choice of preimage 5 € (G*)F" such that 1*(3) = s,
and such that the collection {Js, | Ca=(s)f" < Cg.(s)} is G-equivariant (in the sense of
Lemma 4.2 below).

(2) Further, there exists a unique Jordan decomposition map Js: E(G,s) = E(Ca=(s), 1) satisfy-
ing properties (1)-(7) of Condition 5.1 below. (In particular, the collection {Js | Cq+(s)F <
Cg«(9)} is also G-equivariant.)

1.1. Notation. For any group G and element g € G we denote by Ad, : G — G the inner
automorphism defined by Ad,(z) = grg~'. If H < G is a subgroup, then we obtain an isomorphism
Ad, : H —9H = gHg™!, which we also denote by Ad,.

Suppose now that G is finite. We write cf(G) for the space of complex-valued class functions on
G and Irr(G) C cf(G) for the set of complex irreducible characters of G. We let 1 € Irr(G) denote
the trivial character of G. If H < G is a subgroup, then for any ¢ € cf(H) and x € cf(G) we use
Ind%(¢) and Res% () to denote induction from H to G and restriction from G to H, respectively.
Further, we let Irr(G|yp) denote the irreducible constituents of Ind% () and Irr(H|x) denote the
irreducible constituents of Res& (). In particular, Irr(G|x) is the set of irreducible constituents of
x € cf(G).

If ¢: G — H is a homomorphism between finite groups, we write '¢ for the function '¢: cf (H) —
cf(G) defined by 'é(x) = x o ¢. In particular, if ¢ is injective and we identify G with ¢(G), then
this map can be viewed as restriction; similarly if ¢ is surjective then this map can be viewed as
inflation through the quotient map G — G/ker ¢.

2. DIGNE-MICHEL’S UNIQUE JORDAN DECOMPOSITION

In this section, we develop some basic notation and recall the main result of [6]. Throughout,
p > 0 will be a fixed prime integer and F = F, will be an algebraic closure of the finite field of
cardinality p. All algebraic groups are assumed to be affine F-varieties.

If T is a torus, then we denote by X (T) and X(T) the character and cocharacter groups of T.
Recall that for any two tori T and T’ we have bijections

Hom(T, T') X5 Homy, (X(T'), X(T)) = Homg(X(T), X(T)) 2 Hom(T, T)

where Hom (T, T') denotes the set of homomorphisms of algebraic groups. If ¢ € Hom(T, T”) then
X (¢) is the map x — x o ¢ and )?((b) is the map v — ¢ o~.

If G is connected reductive and T < G is a maximal torus, then we denote by ®c(T) C X(T)
and ¢ (T) C X(T) the roots and coroots of G, respectively. We also call W = Ng(T)/T the
Weyl group of G (with respect to T).

Now let (G, F) be a pair consisting of an algebraic group G and a Frobenius endomorphism
F : G — G. Following Steinberg [28, p. 78] we say (G, F) is F-simple if G = G;---G,, is an
almost direct product of quasisimple groups permuted cyclically by F. We refer to the type of
(G, F) as the type of the underlying root system of Gj.
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If G is connected reductive, then we refer to the pair (G, F'), or the finite group of fixed points
G = GF < G, as a finite reductive group. The morphism . = % = Zc,r: G — G, defined by
Z(g) = g~ 'F(g), is called the Lang map of (G, F). It is surjective when G is connected.

Let (G, F') and (G*, F*) be two finite reductive groups and assume (T, T*,d) is a triple consisting
of: an F-stable maximal torus T < G, an F*-stable maximal torus T* < G*, and an isomorphism
§: X(T) — X(T*) satisfying

(2.1) X(F*)od=60X(F).

We say (G, F') and (G*, F'*) are dual if for some triple .7 = (T, T*, J) we have § is an isomorphism
of root data, see [7, Def. 11.1.10]. We call .7 a witness to the duality and D = ((G, F), (G*, F'*), .7)
a rational duality. Note that this induces a duality between the corresponding Weyl groups W =
Ng(T)/T and W* = Ng-(T*)/T*.

Let us fix once and for all an embedding F* < C* and an isomorphism F* — (Q/Z),s. If two tori
(T, F) and (T*, F*) are dual, then each isomorphism ¢ : X (T) — )\(/'(T*) satisfying (2.1) determines
a group isomorphism T*" — Irr(TF ) which we denote by s — §, see [7, Prop. 11.1.14]. This
depends on ¢ and our preceding choices of embedding F* — C* and isomorphism F* — (Q/Z),.

Assume we have a rational duality and let G* := G*" be the finite dual group. Given a
semisimple element s € G*, we denote by £(G, s) C Irr(G) the rational Lusztig series corresponding
to the G*-conjugacy class of s, see [7, Def. 12.4.3]. Lusztig [15] has shown that there exists a
(not necessarily canonical) Jordan decomposition map £(G,s) — E(Cg=(s),1). Assuming Z(G) is
connected, Digne and Michel [6] have shown that this map can be chosen uniquely to satisfy certain
nice properties.

Theorem 2.1 (Digne-Michel, 1990). For each rational duality D = ((G, F),(G*, F*), %) with
Z(G) connected and each semisimple element s € G*F™" | there exists a unique bijection

JSG E(G,s) — E(Cga+(s),1)

such that the following properties hold:
(1) If T < G and T* < G* are dual mazimal tori with T* < Cg=(s) then for any x € £(G, s)
we have
(6 RE () = (JE (), eaeoge (o B (1)
(2) If s=1 then:

(a) Let d be the smallest positive integer such that F? is a split Frobenius endomorphism,
see [7, Def. 4.3.2]. The eigenvalues of F? associated to x are equal, up to an integer
power of ¢%/2, to the eigenvalues of F** associated to ch’(x).

(b) Ifx is in the principal series then J&(x) and x correspond to the same character of the
Hecke algebra Endcg(Ind$ (1)), where B = B and B is an F-stable Borel subgroup
of G.

(3) If z € Z(G*) is central and x € £(G, s), then JS(x ® 2) = J&(x).
(4) If L < G and L* < G* are dual Levi subgroups with Cg+(s) < L* then the following
diagram is commutative:

ZE(G,s) —s ZE(Cen(s),1)

[ ng |
ZE(L,s) —Ls ZE(Cpe(s),1)

Here RS denotes Lusztig’s twisted induction and we extend JSG by linearity to a map on
class functions.
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(5) Assume (G, F) is F-simple of type Eg and (Cg=(s),F™) is of type E7.A1 (respectively,
Eg.As, respectively 2FEg.2As). If L < G and L* < G* are dual Levi subgroups of type Fr
(respectively, Eg, respectively Eg) with s € Z(L*) then the following diagram is commutative:

ZE(G,s) —E 28(Cyn(s),1)

o e

L
ZE(L,s)* —  ZE(L*1)*
where the superscript e denotes the cuspidal part of the Lusztig series.
(6) Given an epimorphism ¢ : (G, F) — (Gq,F1), with kernel ker(¢) a central torus, the
following diagram is commutative:

£(G,s) — £(Cean(s),1)

T 7

Gy

Js
g(Gl, 81) ——1——> g(CGT (81), 1),

where s1 € G is the unique semisimple element such that s = ¢*(s1) € G*.
(7) If G =11, G; is a direct product of F'-stable subgroups, then Jl% o = IL JS”

We close by making a few remarks. Let .7 = (T, T}, dp) be the witness to the duality occurring
in the statement of Theorem 2.1. In (1) of the theorem, we must choose an isomorphism ¢ : X(T) —
X(T*) for the map s — 3 to be defined. In other words, such a choice is needed to make (T, F)
and (T*, F*) dual. Moreover, in (4) and (5) of the statement, we must choose a witness to the
duality of (L, F') and (L*, F’*) for the bijection J¥ to be defined. We briefly recall how this is done.

For any (g,¢") € G x G* we may consider the tuple
(9,9%) - To = (9T, T, X (Ady+) 0 6 0 X (Ady)).
In general, this will not be a witness to the duality between (G, F') and (G*, F*). Precisely when
this is the case is described in [5, Lem. 4.3.3].

To say that two Levi subgroups L < G and L* < G* are dual is to say that some .7 = (g,9%)- %
is a witness to the duality between (L, F') and (L*, F*). If 7 = (T, T*, ) then this is equivalent
to requiring that: .7 is a witness to the duality between (G, F) and (G*, F*), T < L, T* < L*,
and §(®,(T)) = Pp-(T*).

Finally, let us point out that condition (2a) of Theorem 2.1 has been strengthened by Srinivasan—
Vinroot in [27] to the following:

(2a*) If s = 1 then the eigenvalues of F? associated to y are equal, up to an integer power of ¢<,
to the eigenvalues of F*? associated to J&(x).

3. CLIFFORD THEORY IN THE CONNECTED CENTRALIZER CASE

Given a semisimple element s € G*, we write Ag(s) = Cg+(s)/Cg=«(s). Here Cg.(s) :=
Cg+(s)°. (When there is no confusion, we simply write A(s) := Ag(s).) In the present paper, we
adjust Digne-Michel’s unique Jordan decomposition in the case Z(G) is connected (Theorem 2.1) to
allow for the case that Z(G) is disconnected but A(s)f" = 1. That is, the case Cg+(s)" = Cg.(s)T".
To do this, we use the concept of a regular embedding, as in [15, Section 7].

As in [15], we define a regular embedding to be an injective homomorphism ¢: G < CN-}, where
(G, F) is a connected reductive group defined over F, such that 7(G) is connected, ¢ commutes
with the Frobenius morphisms in the sense that c o F' = Fo t, the map ¢ induces an isomorphism
of G with a closed subgroup «(G) of G, and [1(G),(G)] = [G, G]. Given such a map, there is a
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corresponding dual surjection ¢*: G* - G*, such that ker:* is a central torus, see Definition 7.3
for further details. _ s

Given a fixed regular embedding ¢, we will write G' := GF, G = GF, ¢* .= G*, and
G* = (é*)F . (For the time being, we do not specify the regular embedding, but in Section &,
we will fix a specific regular embedding ¢ to prove Theorem 1.1.) By an abuse of notation, we will
sometimes write simply F' for F, F*, and F*. We will also identify G with +(G)¥', so we view G as

a subgroup of G. Recall that Theorern 2.1 yields a unique Jordan decomposition for G.
By [9, Prop. 2.6.16], if s € G* is semisimple, then (G, s) is exactly the set of irreducible

constituents of the restrictions of characters from £ (G S), where 5 € G* is any semisimple element
satisfying t*(3) = s.

Now, recall that G/@ is abelian and has multiplicity-free restrictions, by [15, Prop. 10] (see also
Theorem 6.7). Let x € £(G, s) and let G denote the stabilizer in G of x. Then y extends to G

and by Clifford theory, the characters of G above x are of the form Indg (xf) where x is a fixed
X

extension of x to éx and [ ranges through characters of éx /G. Note that 5 € Irr(éx /G) can be

viewed as Res& (B) for some 3 € Trr(G/G). Then Indg (xB) = Ind% (x)3 by [10, Prob. (5.3)].
X X X

Now by [6 Prop. 2.6 and 2.7], f is of the form % for some z € Z(G*) and Indg (X)B3 € (G, 3z2)
X
where Ind ( ) € £(G,3).

By [6, Prop. 2.5], £(G,3) and £(G, 5z) are equal if and only if z € [[A, s]], where [[A, s]] = A(s)
is the set of commutators of preimages in G* of a € A(s) and s. In our case, since z € G*, we have
c [[A, s]]F = A(s)F. In particular, we have

Lemma 3.1. Keep the notation above. If |Ag(s)¥| = 1, then every character ofé above x lies in
a different Lusztig series.

Now, given x € £(G, ), the number of constituents of ResG( %) is the number of 8 = % € Irr(G/G)
such that xﬁ X, see [7, Lem. 11.3.9]. But if X2 = X, then the corresponding element z € Z(G*)

satisfies 5z is G*-conjugate to 5. But the number of such z is |A(s)|, as above (see also [3,
Cor. 2.8]).

Hence, if |A(s)F| = 1, then further every x € (G, s) extends to G. That is:

Lemma 3.2. Keep the notation above. Let s € G* be semisimple such that |Ag(s)f'| = 1. Then
for any 5 € G* with .*(3) = s, the restriction map induces a bijection ResS: £(G,3) — £(G, ).

4. DEFINING THE JORDAN DECOMPOSITION

Keep the notation from Section 3. We aim to show that the Jordan decomposition for G may
also be chosen in a nice way when A(s)" = 1. The next lemma establishes the map we will work
with.

Lemma 4.1. Let 1: G — G be a reqular embedding, let s € G* be semisimple, and let s € G* such
that 1*(s) = s. Let Jz be the unique Jordan decomposition E(G,s) — £(Cx.(5),1) guaranteed by

Digne and Michel (see Theorem 2.1). Assume Ag(s)!” = 1. Then the unique map Js, for which
the following diagram commutes:

£(G,3) — £(Cq.(3).1)

lResg TTL*

£(G,s) —y &(Can(s),1)
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is independent of the choice of s.

Proof. Let 5 and 5 be two preimages of s in G* under ¢*. Then § must be of the form 3z for
z € Z(G*), so the characters of £(G,F) are just Y ® % for X € £(G,3). Hence it suffices to note

that Res&(X ® 2) = Res&(Y) and Cg.(8) = C5.(52) and apply property (3) of Theorem 2.1. [

Our next goal is to show that, given a fixed regular embedding ¢, the map J,s, in Lemma 4.1
above yields a G-equivariant Jordan decomposition map. The next lemma shows that the collection
of maps {Js, | A(s)f" = 1} is G-equivariant. By the proof of [23, Lemma 3.4], there is some s° € G*
such that £(G,s)? = £(G,s?). (Namely, if 0 maps |s|th roots of unity to the kth power with
(|s|, k) = 1, then we have s” = s*.) Further, if A(s)" = 1, then A(s°)" =1 as well.

The main result of [27] is that when Z(G) is connected and J is the map as in Theorem 2.1, we
have Jgo (x7) = Js(x)?. We prove the analogous statement for the map defined in Lemma 4.1.

Lemma 4.2. Let s € G* be semisimple with A(s)F' =1, let 1: G — G bea reqular embedding, and
let Js,, be the map in Lemma 4.1. Then for any x € £(G,s) ando € G, we have Jso ,(X7) = Js,.(x)7-

Proof. Let x € £(G,s) and o € G. Letting 3 € G* be such that /*(3) = s, we have by Lemma
3.2 and the discussion preceding it that there is a unique ¥ € £(G,s) lying above y and a unique
character in £(G,s)7 = £(G,37) above x?. By uniqueness, the latter must therefore be equal to

X?. Hence the left-hand map Resg is G-equivariant. The right-hand map is inflation, which is also
G-equivariant. Finally, the main result of [27] gives Jz(X)? = Jz (X?), which forces the claim. [

Next, we show that Js, is indeed a Jordan decomposition.

Lemma 4.3. Let s € G* be semisimple with A(s) = 1, let v be a reqular embedding, and let
T < G and T* < G* be dual mazimal tori with T* < Cg+(s). If Js, is the map in Lemma 4.1,
then Js, 1s a Jordan decomposition, in the sense that

AN C * (S
0GRS ()6 = (o) eaec,. (9 RS (D) ege o)

for any x € £(G, s).

Proof. This statement follows from the more general case covered in [15], also appearing in [4, 15.2],
but we give some details here for the sake of clarity. Let ¥ € £ (é, s) and y = Resg(i). We have

(6 RE())a = (ResE(X), RE(5))e = (%, ndE(RE ())&

by Frobenius reciprocity. We have Indg(R% (9)) = Rg (Ind?(é\)), by [2, Cor. 2.1.3]. Then Ind?(’s\)

is a multiplicity-free sum of linear characters of f, exactly one of which is 3. By disjointness of
Lusztig series, we then have

(4.1) (. R§(@)e = (x. RS (nd}(3)) g = (. RE(3)) -

Now let ¢ € E(Ca.(5),1), and ¥ € E(Cg+(s),1) with ¢ = Yot = T*(). Since /* restricts

to a surjective isotypy from Cg.(5) to Cg+(s) (since A(s)¥ = 1), and from T* to T*, we have

R%ff*(s)(l) o= R;‘E*(g)(l), also by [2, Cor. 2.1.3]. Then

(W@, RE O W)e @ = o, B V(L) 0%, )

Since the kernel of +* is central, on Wthh unipotent characters act trivially, we have

(o, ReS" (1) oMo . ) = (W, By P (1)) e (o)
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Finally, by either a computation of ranks, or noting that both signs come from the length of the
same element of the identified Weyl group, we have €GECg. (5) = EGEC,, (s)- That is,

it C~*(‘5‘) Cax (s
(4.2) (W, gt @RS D). @ = U eaecs,. (9 RrS (D) cg. (o)
Since J; is a Jordan decomposition map, then (4.1) and (4.2) give the result when taking ¢ = J5(X)
so that ¥ = J, ,(x). O

5. TOWARD UNIQUE JORDAN DECOMPOSITION IN CAsE A(s)f =1

The following is a list of conditions along the lines of those in Theorem 2.1, but adjusted for a
more general situation.

Condition 5.1. If D = ((G, F),(G*, F*),.7) is a rational duality, then we denote by Sp C G*
the set of semisimple elements with Cg+(s) < Cg.(s). For each D and set of bijections
JS (G, s) — E(Ca+(s),1),
indexed by s € Sp, we define the following conditions:
(1) If T < G and T* < G* are dual maximal tori with T* < Cg~(s) then for any x € £(G, s)
we have
(6 RE(3) = (I8 (1) cceog. (o B (D).
(2) If s =1 then:
(a) The eigenvalues of F'¢ associated to x are equal, up to an integer power of ¢¢, to the
eigenvalues of F*? associated to J& ().
(b) If x is in the principal series, then J&(x) and yx correspond to the same character of the
Hecke algebra Endcg(Ind%(1)), where B = B¥ | and B is an F-stable Borel subgroup
of G.
(3) If z € *(Z(G*)) and x € £(G, s), then JG(x ® 2) = JE(x). Here 1: G — G is the specific
regular embedding defined below in Definition 8.1.
(4) f L < G and L* < G* are dual Levi subgroups with Cg.(s) < L* then the following
diagram is commutative:

ZE(G,s) —s 7E(Ce(s), 1)

[ |
JL
ZE(L,s) —2 ZE(Cpr-(s),1)
where L := LY and L* := L*f" and we extend J, by linearity to class functions.

(5) Property (5) of Theorem 2.1. (Note: this holds vacuously if Z(G) # Z(G)°.)

(6) Given a surjective isotypy ¢ : (G, F) — (Gq, F}) such that ¢ = & o7, where 7: G — G
is the specific regular embedding defined below in Definition 8.1; ¢ : (é, F) — (él, F) is
an epimorphism with ker($) a central torus; and G1 := 3(i(G)) and t1: G; — Gy are as
in Lemma 8.4, and given semisimple elements s; € G}, s = ¢*(s1) € G*, the maps in the
following diagram are well-defined and the diagram is commutative:

ZEG,s) —s ZE(CG-(s).1)

T 7

G
Jg 1

ZE(Gh, 81) 1 Zg(CGH{(Sl), 1).
(7) If G is a direct product G = [, G; of F-stable subgroups, then Jﬁ_ o =1L JSi



8 A. A. SCHAEFFER FRY, JAY TAYLOR, AND C. RYAN VINROOT

In the next two subsections and in Section 8, we continue to keep the notation from the previous
sections and we prove three propositions that will be key to our proof of Theorem 1.1. We remark
that in Sections 5.1 and 5.2, which deal with properties (1)-(5), we work without any assumption
on the choice of regular embedding ¢: G — G. On the other hand, in Section 8, which deals with
(6) and (7), we will fix a specific regular embedding &.

5.1. On Properties (1)-(3). We begin by considering properties (1)-(3) of Condition 5.1 and
Theorem 2.1.

Proposition 5.2. Let s € G* be a semisimple element and suppose that A(s)¥ = 1. Let 1: G — G
be a regular embedding. Given bijections

fsu: E(G,5) = E(Cg=(s),1)

and
f§: E(é, 8) — S(Cé* (§)> 1)

such that fz = "t* o fs, o Resg for each s € G* such that * (s) = s, we have f,, satisfies properties
(1)-(3) of Condition 5.1 if and only if the collection of fsz satisfies properties (1)-(3) of Theorem
2.1.

We prove Proposition 5.2 by proving the statement for each condition individually.

Lemma 5.3. Keep the hypotheses of Proposition 5.2. Then Property (1) of Condition 5.1 holds
for fs. if and only if Property (1) of Theorem 2.1 holds for fs.

Proof. Let ¥ € (G, 3) with y = Resg(i). Also let T < G and T* < G* be dual maximal tori
with T* < Cg+(s), with T < G and T* < G* dual maximal tori with T < T. By (4.1) and (4.2),
we have

(x.RE(3))a = (X, Rg(§)>(~;, and

~ C'“*(g) C *(S
(fs(X), €gcs. @Bz (D)eq. ) = fsuX)s €aece,, () Brps ( )(1)>cg* (s)>
from which the result follows. O

Lemma 5.4. Keep the hypotheses of Proposition 5.2. Then Property (2) of Condition 5.1 holds
for fs. if and only if Property (2) of Theorem 2.1 holds for fs.

Proof. Let X € £(G,1), x = Res&(X) € E(G,1), ¥ = fi,.(x) € E(G*,1), and ¢ = *(9h) = f1(X).
Consider Condition (2a). Both ¢ : G — G and * : G* = G* are isotypies, which yield our natural
bijections of unipotent characters. By arguments in [12, (1.18)], together with [7, Prop. 8.1.13],
these bijections of unipotent characters from isotypies preserve the corresponding eigenvalues of
the Frobenius, so that the eigenvalues corresponding to x and X are equal, and the eigenvalues
corresponding to ¥ and @Z are equal. The claim for Condition (2a) follows.

For Property (2b), we now assume Y is in the principal series, and from which it follows that so are
X, ¥, and @Z Let B be an F-stable Borel subgroup of G, and B = B The Hecke algebra for G (or
for G, G*, or é’*) may be described as eCGe, with e = ﬁ > pep b, and the bijection from characters

in the principal series Ind$ (1) to characters of eCGe is given by extending x from G to CG linearly,
and restricting to the subalgebra eCGe. Thus the natural bijection between the characters of Hecke
algebras corresponding to G and G is again through restriction, and the natural bijection between
the characters of Hecke algebras corresponding to G* and G* is through composition with ¢*,
and then extending linearly. That is, X and x correspond to the same character of the identified
Hecke algebras through this bijection, as do @ and 1. These identifications commute with the
canonical bijection between the Hecke algebras corresponding to G and G*, which depends only on
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the underlying Weyl groups, the duality between Weyl groups W and W*, and the canonical map
of Lusztig between the Weyl group and the Hecke algebra, see [13]. The claim follows. O

Lemma 5.5. Keep the hypotheses of Proposition 5.2. Then Property (3) of Condition 5.1 (with ©
replaced with the general v) holds for fs, if and only if Property (3) of Theorem 2.1 holds for the
collection of fs.

Proof. To ease notation, write fs := f,s,. First, suppose that Property (3) of Theorem 2.1 holds
for f5. Let z € o*(Z(G*)) and % € Z(G*) such that .*(2) = z. Then for each ¥ € &(G,3), we
have fz(x ® ?) = fz(X). In particular, let x € £(G,s) and let Y € 5(@,5} lie above x. Note
that 1*(52) = sz. Then by the proof of Lemma 4.1, we may write fs, = I5 0 fzz 0 Ts,, where T,
denotes the inverse of the restriction map Resg: £(G,32) — &(G, sz) and I, denotes the inverse
of the inflation map "t*: £(Cg+(s),1) — E(Cg.(5),1). Further, note that Ty, (x ® 2) = X ® z,
applying Lemma 3.1, since ¥ ® % lies above X ® 2 and is a member of £ (CN;',EZ') Hence, we have
forlx ® 2) = I (f=(X 0 2)) = L, (f5(R)) = fo(x). as desived.

Conversely, assume that Property (3) of Condition 5.1 holds for f,. Let Z € Z(G*) and X €
5(@,5). We may now write fiz as t* o fs, 0 Resg for z := *(2). Then for x := Resg()?), we have
fE(X®%) =T o fuu(x ® 2) = " 0 fu(x) = f5(X), completing the proof. O

5.2. On Properties (4) and (5). Here we want to keep the hypotheses from Proposition 5.2,
and consider the situation of Properties (4) and (5). Note that by [3, Prop. 2.3 and the preceeding

discussion], Cg.(s) € L* for some F*-stable Levi subgroup L* of G* if and only if Cgx.(s) C L*
for some F™*-stable LSVi subgroup L* of G*, ngere [::k(L*) = L*. Let L < L be the dual Levi
subgroups of G and G, and write L := L and L := L¥. The condition Ag(s)f = 1 implies that
also Ay,(s)F =1, see [17, 1.4], so we obtain a bijection Res%: E(E, s) — &(L, s) by applying Lemma
3.2. We may therefore further consider bijections

L E(L,s) = E(Cpe(s),1)

and

fEE(Ls) = E(CL.(3),1)
such that fg = T*o fE o Res%.

Proposition 5.6. Keep the hypotheses of Proposition 5.2. Then, keeping the considerations above,
Property (4) (respectively (5)) of Condition 5.1 holds for fs, and fSL7L if and only if Property (4)

(respectively (5)) of Theorem 2.1 holds for fs and fs;i

Proof. Again to ease notation, write fs := fs, and fF := SL’L. Consider the 3D-diagram whose
Bottom and Top, respectively, are:
A ~ Iz
£(G,s) —Ly £(Ca(s),1) £(G,3) —— E(Ca.(5),1)
TRE ‘ and TRS’ ‘

E(L,s) —Ls £(Cpa(s),1) £(I.3) —I £(C1(3).1)
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Back and Front, respectively, are:

£(G.3) — £(C4.(3),1) £(L.5) —2 £(Cy.(3).1)
lReSg TTL* and lReS% TTL*
E(G,s) —I €(Can(s),1) E(Ls) 1 £(Cpa(s), 1)

and whose Left and Right, respectively, are:

R AN E(Ca.(3),1) —— &(C1.(3),1)

J{Res% lResg and T T T T
g(L S) L g(G S) ( G (5)7 ) ( L (8)7 )

The Back and Front diagrams commute by our assumption on f;, f5, fZ, and fgi . The Left dia-
gram commutes because restriction through a regular embedding commutes with twisted induction
(see, e.g. [9, Cor. 3.3.25]). The Right diagram commutes because of the equalities. Thus, the Top
diagram commutes if and only if the Bottom diagram commutes, completing the proof for property
(4).

The case of property (5) has a similar but simpler proof as the above, by noting that the natural
bijection between £(L,1) and £(L*, 1) preserves cuspidal elements. O

6. MULTIPLICITY FREE RESTRICTIONS

In this section, we use a difficult result of Lusztig on spin groups to show that restriction from
G to O (@) is multiplicity free. From this, we conclude Lusztig’s multiplicity freeness result [15,
Prop. 10]. Namely, this says that if G — Gisa regular embedding, then restriction from G=GF
to G is multiplicity free.

We note that Li [11, Lem. 2.1] has shown that the restriction map Res[%m is multiplicity free

assuming “q is large enough”. From the proof in [11] we see this is meant to mean that OF' (G) =
[G,G]. The proofin [11, Lem. 2.1] relies on [15, Prop. 10], whereas our proof does not utilise regular
embeddings at all. We believe the approach taken here may be of interest for other reductions in
the future.

As in Lusztig’s original approach [15], we need to reduce to the case where G is simple and
simply connected. It is not enough to prove the statement in this case (which is trivial because
G = Op/(G) when G is simply connected), so we need to prove a different statement. For this we
wish to consider finite overgroups of G contained in the normalizer Ng(G).

If g € G satisfies .Z(g) € Z(G), i.e., g € L HZ(GQ)), then L(g)~! = L(¢97!) and for any z € G
we have

F(gzg™") = Z(9) ' (gF(x)g )L (9) = grg™"
s0o g € Ng(G). It is well known that the centralizer Cq(G) = Z(G) is the center of G, see [2,
Lem. 6.1]. The normalizer may also be described in terms of the center.

Lemma 6.1. We have Ng(G) = £~ YHZ(G)).

Proof. If g € Ng(G) then for any 2 € G we have grg~! € G so £(g9) € Cg(z). Therefore
Z(9) € Ca(G) = Z(G) so Ng(G) < Z7HZ(G)). That £~ HZ(G)) < Ng(G) is clear. O

Let us draw some conclusions of this equality. Firstly, the natural map Ng(G)/Cc(G) —
(G/Z(G))¥ is an isomorphism, hence the automizer Ng(G)/Cq(G) is a finite group. The image
of the natural map Ng(G) — Aut(G) is the group of inner diagonal automorphisms, as defined in
7, §11.5].
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Recall that G = Gger - Z2°(G), where Gger < G is the derived subgroup of G. If Ng  (G) =
Gder N NG (G) then we have a natural map Ng, , (G) = Ng(G)/Cq(G) whose kernel Cg,,(G) :=
Gger N C(.;(G) = Z(Gder) is finite.

Finally, by the Lang—Steinberg Theorem, the Lang map defines an isomorphism of abstract
groups Ng(G)/G — Z(G). The image of the subgroup (G -Z(G))/G is the image £ (Z(G)) of the
Lang map. Hence, we have an isomorphism

Ng(G)/(G-2(G)) = Z(G)/Z(Z(G)).

As G is finite, we see that there is a bijection A > Z~1(A) between the finite subgroups of Z(G)
and the finite overgroups X < Ng(G) of G.

Lemma 6.2. If Gqor = (Gyer)? then the following hold:
(i) Ng,.,(G) = Nag,..(Gder) is finite and Ng(G) = Ng,.,(G) - Ca(G),
(i) L HZ(Gger)) = G - Ng,..(G) is a finite overgroup of G,
(iii) if X < Ng(G) is a finite overgroup of G then X < Na,..(G) - Z for some finite subgroup
Z < Ca(Q).
Proof. (1). As Z(Gqer) < Z(G) we have by Lemma 6.1 that
NGder(G) = Gger N g_l(Z(G)) = Gger N g_l(Z(Gder)) = NGder(Gder)
which is clearly finite. That Ng(G) = Ng,.,(G) - Ca(G) follows immediately from the fact that
G = Gy - 2°(G).
(ii). By the Lang-Steinberg Theorem .Z(Ngq,..(G)) = Z(Gger) and the fibre of the Lang map
over any point is a coset of the finite group G in G. This gives the equality.

(iii). We may simply take Z to be the inverse image of the finite group (X -Ng,..(G))/Na,..(G)
under the natural surjective map Cq(G) - Ng(G)/Na,., (G). O

It will be useful at several points to have some properties regarding the normalizer Ng(G) with
respect to isotypies. Recall that a homomorphism of algebraic groups ¢ : G — G’ is an isotypy
if G/, < #(G) and ker(¢) < Z(G). An isotypy ¢ : (G,F) — (G, F’) is an isotypy ¢ : G — G’
satisfying ¢ o F' = F’ o ¢.

Lemma 6.3. Suppose ¢ : G — G’ is a homomorphism of algebraic groups. If G is connected and
the intersection ker(¢) N Gaer < Z(G) is finite and central, then
¢~ (Z(G") < Z(G).

Proof. Let A = ker(¢) N Gqer- If g € ¢71(Z(G’)) then we have a map [g,—] : G — A where
lg,7] = grg~tx~! is the commutator. If 2,y € G then

9, wy) = goyg ™'y~ et = gugT g yla ™" = [g,2][g,4]
because A < Z(G) so [g, —] is a group homomorphism. The kernel of [g, —| is the centralizer Cg(g)
so we have an injective homomorphism G/Cg(g) — A. As A is finite so is G/Cg(g) but as G is
connected we must have Cg(g) = G so g € Z(G). O

Lemma 6.4. If ¢ : (G, F) — (G, F') is an isotypy and G = GF and G' = G'F" then the following
hold:

Gder) = Giier’

L (UGa))) = Zyly o (2(C),
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Proof. (i). As G’ = G/, -Z°(G') we see that G’ = ¢(G)-Z°(G’) and so G}, = &(G)der = ¢(Ger)-
(ii). Assume g € G is such that ¢(g) € Ng/(G'). Then ¢(ZLa,r(9)) = Lo r(¢(9)) € Z(G') and
so Zc,r(9) € Z(G) by Lemma 6.3, which shows that g € Ng(G).
(iii). Using (i) we may argue exactly as in (ii).
(iv). This follows from the observation G’ = ¢(G) - Z°(G/). O

We next consider extendability in the case of semisimple groups.

Proposition 6.5. If G = Gq., is semisimple, then any character x € Irr(OP (Q)) extends to its
stabiliser Ng(G)y in the finite group Ng(G).

Proof. Let ¢ : Ggc - G be a simply connected covering map. As ¢ is a bijection on unipotent
elements we see that ¢(OF (Gs.)) = OP' (G). Denote by ¥ = y 0 ¢ € Irr(OF (Gy)) the inflation of
X- By Lemma 6.4 we have ¢(Ng, (Gsc)) = Ng(G) so if 1 extends to its stabiliser Ng,, (Gsc)y then
deflating this extension gives an extension of x to Ng(G)y.

Therefore, we can assume that G = G is simply connected, which means G = Op/(G) by a
theorem of Steinberg [28, Thm 12.4]. Suppose G = GO x ... x G is an F-stable decomposition
where G is a product of quasisimple groups. As Ng(G) = NG(I)(G(l)) X - X NG(T)(G(T)) we
may clearly assume that G = Gy X -+ X G, is a direct product of quasisimple groups permuted
transitively by F.

Let 7 : G — Gy be the natural projection map. If g € Ng(G) then

9Z(G) € (G/Z(G))" < (G/Z(G))"" = (G1/Z(G1))"" x -+ x (G /Z(Gn))""
so (g) € Ng,(G1) where G1 = GI™. Moreover, if h € Ng, (G1) then hF(h)--- F*~1(h) € Ng(G)
so 7 restricts to a surjective homomorphism Ng(G) — Ng,(Gi) which further restricts to an
isomorphism G = G. Identifying y with a character of G; we see that if y extends to Ng, (G1)y
then inflating we get an extension of x to Ng(G). Hence, we can assume that G is quasisimple
and simply connected.

Now if the quotient Ng(G)/G = Z(G)/Z(Z(G)) is cyclic then x will extend to its stabiliser.
This is the case unless F' is split, G = Spiny,, (F) is a spin group, and ¢ is odd. But this very tricky
case has been dealt with by a counting argument due to Lusztig. A detailed proof of this statement
appears in [4, Thm 5.11] and [16]. O

With this, we can now establish the desired extendibility statement for any finite reductive group.

Theorem 6.6. If X < Ng(G) is a finite overgroup of OP (G), then any character x € Irr(OP' (G))
extends to its stabiliser X, .

Proof. Let H = Ng,. (G). Then by Lemma 6.2, we have X < G := HZ for some finite subgroup
Z < Ca(G) = Z(G). It suffices to show that x extends to its stabilizer Gy. As Z centralises H, we

have the product map 7 : H, X Z —» Gx is a surjective group homomorphism. By Proposition 6.5,
x has an extension x € Irr(H,) because H = Ng,, (Gder) by Lemma 6.2.

Now H, N Z < Z(G) so Resg’;mz(ﬁ) = X(1)A for a unique irreducible character A € Irr(H, N Z).
If n € Irr(Z) is an extension of A™!, which exists because Z is abelian, then we obtain an irreducible
character ¢ = x X n € Irr(Hy x Z) with ker(7) < ker(z). Deflating 1) gives an extension of x to
Gy O
Theorem 6.7. If X <Y < Ng(G) are finite overgroups of OP (@), then restriction from Y to X
is multiplicity free and every character x € Irr(X) extends to its stabiliser Y.

Proof. Let N = OV (G). Any character ¢ € Irr(N) extends to its stabiliser Y, by Theorem 6.6.

As Y/N is abelian, we have by Gallagher’s Theorem that Ind]}\/}b (v) is multiplicity free, hence so is
Ind}]\/, (1) by Clifford’s correspondence. Frobenius reciprocity now implies that restriction from Y to
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N is multiplicity free and so clearly restriction from Y to X must also be multiplicity free. For the
last statement we reverse the argument using Frobenius reciprocity and Clifford’s correspondence

to conclude that Ind¥ () and hence Ind? (x) are multiplicity free. Frobenius reciprocity now shows
that x extends to Y. O

IfG — Gisa regular embedding then, identifying G with its image, we have Op/(é) < G <
G < Ng(G) so from this we obtain Lusztig’s result [15, Prop. 10]. The following shows that the
usual information one obtains from a regular embedding can be read off from the finite overgroup

G- NGder(G> < Nc;(G) of G.

Lemma 6.8. Assume ¢ : (G, F) — (é,F) is an injective isotypy and Z(G) s connected. Let
G =G -Ng,,(G). For any x € Irr(G) we have an isomorphism G/G G/G where G = GF,

Proof. We identify G, as an abstract group, with its image in G. Let I' = GZ where Z =
Z(G)n féIF(Z(Gder)). It suffices to show that I' = GZ because this implies that

G/G, =TT, = G/q,.

Suppose g € G so that £(g) € Z(Gaer). As Z(G) is connected and contains Z(Gge) we have by the
Lang-Steinberg Theorem that £'(g) = £(z) for some z € Z(G). Certainly z € Z and gz~! € G so
g € GZ. This shows that I' < GZ. But if g€ G then g = hz for some h € Gyger and z € Z(G) As
Z(g) =1 we have Z(h) = Z(27!) € Gaer N Z(G) = Z(Gyer) s0 GZ < T O

7. ISOTYPIES AND DELIGNE-LUSZTIG INDUCTION

In this section, we develop further results on isotypies. For this, we will need the following
result on Deligne—Lusztig induction, which generalises a standard result found in [7, Prop. 11.3.10].
A related statement on 2-variable Green functions is found in [2, Prop. 2.2.2]. One could prove
Proposition 7.1 by reducing to the statement in [2, Prop. 2.2.2]. However, we prefer to give a proof
of Proposition 7.1, from which [2, Prop. 2.2.2] is then an easy consequence.

Before stating the result, let us introduce the following notation. If X is a variety and g € Aut(X)
is an element of finite order, then we denote by

L(g|X) = (-1)'Tx(g | HI(X,Qy))
€7
the Lefschetz trace of g acting on the cohomology of X.
Proposition 7.1. Suppose ¢ : (G, F) — (G, F') is an isotypy with kernel K = ker(¢) < Z(G)
and let L' < G’ be an F'-stable Levi complement of a parabolic subgroup P’ < G'. If (L,P) =
(o' (1)), o~ (P")) then

, 1
T G T T
GoRS p = — RS poTAd oo
bor = RTZW ) 2, T

where 1, € L is an element satisfying ZL(l,) = z.
Proof. Let U < P be the unipotent radical of P then U’ = ¢(U) is the unipotent radical of P’. We
define Y ={ge G'| L(g9) e U'}. If 2z € Z(G) then we let Y, = {g € G | Z(g) € Uz}, which is a

closed subset of G. Note that Y, NY, =0 if z # 2/. Fix an element [, € L such that £(l,) = z.
If g€ Y, then

L(gl;") =1L (9 27 € (Uz)27 = U
because [(Uz)I~! = Uz for any [ € L. This shows that Y, = Y1l,.
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We choose a finite subgroup A < K such that K = A-.Z(K). One can obtain such a subgroup as
the group (ay,...,a,) generated by a set of representatives ay,...,a, € K for the cosets K/ .Z(K).
This is a finite group because K is abelian, K/.Z(K) is finite, and each a; has finite order.

As A is finite we have Y = |_|ae 4 Y, is a closed subset of G. If g € Y, for some a € A then
Z(d(g9) = ¢(Z(g9)) € ¢(Ua) = U’ so ¢(Y) C Y'. We show that ¢(Y) = Y’. Suppose h € Y’
so that u = Z(h) € U'. If g € G satisfies ¢(g) = h and v € U is the unique element satisfying
¢(v) = u then Z(g) = vt for some t € K. We can write t = .Z(z)a for some z € K and a € A.
Then gz~ ! € Y, and ¢(gz~"') = h.

Let K = KnN félF(A), which is a finite subgroup of K. We will now show that the fibres of the

map ¢ : Y — Y’ are the orbits of K acting by translations. Suppose g,k € Y satisfy o(g) = o(h)
so that g = ht for some t € K. We have g € Y, for some a € A and h € Y}, for some b € A. But
ZL(g9) = Z(h)Z(t) € UZL(t)bN Ua which forces £ (t)b = a and so .£(t) = ab~! € A. Therefore
¢ :Y — Y’ factors through a bijective morphism Y/ K—Y'.

The finite group L = 2, 1(A) satisfies ¢(L) = L' := L'F and ¢ factors through an isomorphism
L/K - L' Ifl €L and z € Y,, with a € A, then Z(zl) € UaZ(l) and so Yol = Y, (). This
shows that L acts on 'Y by right translation. Moreover, Y, ! = Y, if and only if I € LY. Therefore,
if G x LPP acts on Y via the action (g, l) -z = gl then

L((9,D) | Y/K) = Z > L((g,12) | Ya)
ZEK acA
f(lz)
Z > L((g1; 1zla) | Y0).
zEK acA
f(lz)

Here we use [7, 8.1.10(ii)] and [7, Prop. 8.1.7(iii)] for the first equality, together with the fact that
Y, = Yl for the second equality.

Let m : L x K — L be the product map given by m(l,z) = lz. If g = m(l,z) then the fibre
71 (g) = {(lz,2'2) | & € K} is in bijection with L N K = K. Summing over L we get

|L\Z£ 9.1 K) = IL||K]| DD Llg 1z [ YY)

leL (L,z)eLx K a€A
Z(lz)=1

ZZE ((g,111,) | Y1)
lEL acA
Now using Lemma 9.1.5 and Proposition 9.1.6 from [7] we see that

REcp () (¢(9)) |L,‘ > L(( Y)x(™)

leL'r

‘ Zﬁ 0. | Y/R) - (x o))

lel
|A| Z Zﬁ g:0) [ Y1) - (Xo¢)((la”;1)—1)
leL
= 4] X RE (o 00 Adi)(o)
acA

If @ € A is contained in the kernel of the map A — K/.Z(K) then Ad;, restricts to an inner
automorphism of L. Hence, we may take the sum over A/(AN .2 (K)) 2K/ Z(K). O
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Corollary 7.2. If K < Z(Z(L)) in the setting of Proposition 7.1, then T ¢o RL,/ = RE o¢. This
condition is satisfied if either K is connected or Z(L) is connected.

Proof. Under our assumption, we may choose [, € Z(L) such that Z(l,) = z. In this case Ad;_|L
is trivial and the statement follows. Note that K < Z(G) < Z(L) and if K is connected then
K =2(K) < Z(Z(L)) and if Z(L) is connected then .Z(Z(L)) = Z(L). O

Note that Corollary 7.2 applies in particular to the case where L = Z(L) is a torus. We investigate
the implications this has for Lusztig series, following the arguments presented in [29, Prop. 7.2].
First we need to extend the discussion of dual isogenies to isotypies. For this, we follow [19,
Def. 2.11].

Definition 7.3. Assume (G, F) and (G', F') are finite reductive groups with dual groups (G*, F**)
and (G™, F"*) with the dualities witnessed by (T, T§,0) and (T, T§, ") respectively. Two iso-
typies ¢ : (G, F) — (G, F') and ¢* : (G, F"*) — (G*, F*) are said to be dual if

(7.1) X(¢* 0o Ady-)0d =680 X(¢oAd,)
for some (g, g*) € G x G’ satisfying ¢(9To) < T} and ¢*(9 T4) < T},
Note the condition in (7.1) generalises the condition in (2.1). We need the following.

Lemma 7.4. Any isotypy ¢ : (G, F) = (G, F') admits a dual ¢* : (G'™*, F"™*) — (G*, F*), which
is unique up to composing with some Ady, with h € Ng~(G™).

Proof. Note that ¢(Ty) is a torus so is contained in a maximal torus of G’. By the conjugacy of
maximal tori there exists an element ¢’ € G’ such that 9'¢(To) < T). As G' = G/, .- Z°(G’) we can
assume that ¢’ € G/ .. Using (i) of Lemma 6.4 there is an element g € Gger such that ¢(g) = ¢
and so ¢(9Ty) < T,

The composition ¢ = ¢ o Ad, is an isotypy (G,F) — (G, F), where F = Ad g4 o F, which
satisfies ¢~)(T0) < T{. Using the bijections stated in Section 2 we see that we have a bijection

*: Hom(Ty, Tj) — Hom(T{, Tp),

which is defined by requiring that X (f) =46 o X'(f*) 0d.

If f = @|T, then as ¢ is an isotypy we have X (f) defines a p-morphism of root data as defined
in [30, 3.2). It is easy to see that X (f*) will be a p-morphism of root data, because X (f) is, and so
X( f*) will be as well. By an extension of the isogeny theorem, see [30, Thm 3.8] and the references
therein, there exists an isotypy ¢* : G™* — G* such that ¢*(T§) < T} and ¢*]T6* = f*. This is
clearly dual to ¢.

We now consider the unicity of ¢*. If h € Ngn(G™) and ¢ = ¢* o Ady, then certainly F* o
Y = 1o F™ so ¢ is an isogeny (G™,F"™) — (G* F*). As o Ady-15+ = ¢* o Ady- it follows
straightforwardly that ¢ and v are dual.

Conversely, suppose ¢ and 1 are dual and let y € G’ be an element such that (YT§) < T§.
By the conjugacy of maximal tori there exists an element x € G’* such that *YT4 = 9 Tj". Hence
Y =)o Ad, 1 satisfies /(9 T§) < T}. Because 9 and ¢* both satisfy (7.1) we must have

X (¥ 0 Adyy) = X(¢ o0 Ad,) = X (¢* 0 Ad,).
This implies that ¢’ o Adgy,: = ¢* o Adg for some t € T, see [30, Thm 3.8]. In particular,
1) = ¢* o Ady, for some h € G'*.

As 1) and ¢* both commute with F’* and F*, which are bijective, we must have A" Adpr(pyp-1 =
¢*. Hence, there exists a homomorphism 7 : G™ — ker(¢*) < Z(G™) such that Ad g1 (7) =
zm(x) for all x € G™. However GJ, < ker(m), because ker(¢*) is abelian, and Z(G'*) must

also be in ker(r) by definition. Therefore 7 is trivial so F’*(h)h~! € Z(G'*) and we may apply
Lemma 6.1. 0
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We can now give the analogue of [29, Prop. 7.2] for arbitrary isotypies.

Proposition 7.5. Assume ¢ : (G, F) — (G, F’) is an isotypy and ¢* : (G™*, F™*) — (G*, F*) is
dual to ¢. If X' € E(G'F'. ), for some s’ € G'F'| then every irreducible constituent of ¢' (') is
contained in E(GY, ¢*(s')).

Proof. Recall that the regular character is uniform [7, Cor. 10.2.6] and projecting that expression
onto the subspace spanned by (G, s) we see that

1 o
Z X' ()x' = W Z eaqreT Ry ).
X’Eg(G’F/7S/) p (T’,G’)EEV[S/](G’,F/)

Here V(y)(G', F') denotes the set of pairs (T',0’) that are dual to some (T, s). Now applying o
to this expression we get

1
> Xt = g > caer RG 1 (p)(¢' ()
Y EE(GF! 57 P(1,0)eev (G F)

If x € Irr(GT) is an irreducible constituent of ¢ ' (x/) then y occurs with non-zero multiplicity in
the left-hand sum. Hence, there must exist a pair (T,0) = (¢~ (T'), ¢ (#’)) such that ¢' (') is a
consituent of RS (6).

We now just need to show that if (T',0’) corresponds to (T"*,s’) then (T,#) corresponds to
(T*,¢*(s")). The argument here is exactly the same as that given in the proof of [29, Prop. 7.2,
which we note relies only on the property in (7.1). O

The G’*-conjugacy class of s” and s’ is the same for any h € Ng(G"™). This is because Cg(s')
contains a maximal torus of G, so Z(G") is contained in the connected component of Cg(s).
Hence, the series £(GF, ¢*(s')) is the same regardless of which dual isotypy we pick by Lemma 7.4.

8. ON PROPERTIES (6) AND (7)

In this section, we will sometimes want to fix a regular embedding 7: G — G with some nice
properties. Throughout, ¢ will refer to the following regular embedding:

Definition 8.1. Let (G, F) be a finite reductive group with fixed F-stable maximal torus T < G
and define G = (G x T)/A where

A={(x:Y) |2 e UG}
We have G inherits a Frobenius endomorphism, defined by F((g,t)A) = (F(g), F(t))A and the
natural map 7: (G, F) — (G, F), given by g — (g,1)A, is a regular embedding.
Here we prove the following;:

Proposition 8.2. Assume ((G,F),(G* F*),.7) is a rational duality and let T: G — G be the
particular reqular embedding defined in Definition 8.1. For each semisimple s € G* with Ag(s) =
1, let s € G* be an element such that t*(s) = s, and assume we have bijections

fsi: E(G,s) = E(Cg=(s),1)

and

fz: (G, s) = £(C5.(3),1)

such that fz = 1" o fs; 0 Resg. Then we have fs; satisfies properties (6) and (7) of Condition 5.1
if and only if f5 satisfies properties (6) and (7) of Theorem 2.1.

We start with property (7).
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Lemma 8.3. Keep the hypotheses of Proposition 8.2. Then Property (7) of Condition 5.1 holds
for fsi if and only if Property (7) of Theorem 2.1 holds for fs.

Proof. We need only consider when both G and G are direct products with F-stable factors. If
G = Hj G; is such a direct product, then an F-stable maximal torus of G is of the form Hj T;

with T; an F-stable maximal torus of G;. Defining A; = {(z,27') | 2 € Z(G,)}, we then have

[1G <TIT | /T]a =[G x T;)/a)) HGJ,
J J J J
where 7; : G; — é are regular embeddings as in Definition 8.1. That is, the regular embedding v

dlrectly factors as z = [[,z;. We have s = H sj and § =[], §;. Since fs = 1" o fs; 0 Res&, where

r* factors over the direct product, and ResG naturally factors over the direct product, it follows
that fs = Hj fs; if and only if fs; = Hj fs;.1;» as claimed. d

8.1. On Property (6). Finally, we move on to discussing Property (6).

Lemma 8.4. Let 1: G — G be a regular embedding. Let G1 be a connected reductive algebraic
group defined over F, with Frobenius map Fy such that Z(CN-‘q) s connected. Given an epimorphism
% : (G,F) = (Gq,F) such that ker(3) is central, define G1 := @(u(G)). Then the natural
embedding t1: G1 — (~}1 is also a reqular embedding.

Pmof Since the image of a morphism of algebraic groups is closed, we see G is a closed subgroup
of G1. Since @ is surjective, any element of [Gl, Gl] can be written as a product of elements of the
form [@(g), o(h)] = &([g, h]) for g, h € G. Then [G1, Gy < 3([G, G]) = 3([(G), «(G)]) since ¢ is
a regular embedding. Hence [G1, G1] < [p(G), o(G)] = [G1, G4]. O

Lemma 8.5. Let s € G* be semisimple such that Ag(s)" = 1. Let ¢ : (G, F) = (G, Fy) be an
epimorphism such that ker(yp) is central and let ¢*: G — G* be a dual map. Let s1 € G7 such
that p*(s1) = s. Then Ag,(s1)f = 1.

Proof. This follows from the discussion after [3, 2.A], applied to ¢*. O

Recall now that we let 7 be the specific regular embedding from Definition 8.1. Recall that
¢ : G — Gy is an isotypy if the following hold: G and G; are connected reductive, [¢(G), #(G)] =
[G1,G1], and ker(¢) < Z(G). The regular embedding ¢ has the following lifting property with
respect to isotypies.

Lemma 8.6. Suppose ¢ : G — Gy is an isotypy and let v be the regular embedding from Definition
8.1. Then there exists a reqular embedding 1 : G1 — G1 and an isotypy ¢ : G — Gy such that the
following diagram commutes

G, aqG

Pk

é L> él
Moreover, ker(¢) = t(ker(¢)) and if ¢ is surjective, then so is ¢.

Proof. We have Ty = ¢(T) - Z(G1)° is a maximal torus of G;. If we take G, = (G1 xT1)/A; and
t1 : G1 — Gy as above then we have a homomorphism 7 : G X T — Gy defined by

m((g,1)) = (¢(9), o(t)) A1
It is clear that 11(¢(G1)) < 7(G x T) contains the image of G; in G1.
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We have (g,t) € ker(r) if and only if ¢(g) = ¢(t71) € Z(G1). As ker(¢) < Z(G) and G is
reductive we have the assumptions of Lemma 6.3 hold so g,t € Z(G). Clearly gt € ker(¢) so

ker(m) = {(2t71,t) | z € ker(¢) and t € Z(G1)} = i(ker(¢)) - A.

As this contains A we have 7 factors through a homomorphism gb G — Gi. The last two
statements are clear. O

Hypothesis 8.7. Let i: G — G be the regular embedding constructed in Definition 8.1. Assume
that s € G* with Ag(s)f = 1. Assume we are in one of the following situations:
e We have fixed an epimorphism ¢: G — G with central kernel, so that we obtain a regular
embedding ¢1: G; — G1 and an epimorphism ¢: G — Gl, by Lemma 8.6.
e We have fixed an epimorphism ¢: G — G with central kernel, so we obtain an epimorphism
p: G — G with central kernel and a group G; with ¢;: G; — (~}1 a regular embedding
by Lemma 8.4.
In either case, further let s; € G be such that ¢*(s1) = s, so that Ag,(s1)" = 1 by Lemma 8.5.

Note that in either situation of Hypothesis 8.7, we obtain commutative diagrams:

G _-%, G G 2 G*
TZ TH and J{[* J{LI
G —2 Gy G 2 G

We next consider the maps "o and 3.

Lemma 8.8. Assume Hypothesis 8.7. Write G1 := GI and G = éf Then "¢ induces a map
E(G1,51) — E(G, 5) and '@ induces a map £(G1,31) — E(G,3), where T*(3) = s and 1}(51) = s1.

Proof. Write K := (ker ¢)f". Note that ¢(G) = ¢(Gf') = G/K may be a proper subgroup of Gj.
Here given x1 € £(G1,51), we have "p(x1), defined by To(x1)(9) = x1(¢(g)) gives a character of G.
Note that '¢(x1) is the inflation to G of Resg(lG) (x1). We claim that this restriction is irreducible.
Let xo be a constituent of Resg(lc)(xl). Since ¢(G) contains O (G1) = O (p(G)) = (O (Q)),

restrictions from Gy to OP (G1) are multiplicity free by Theorem 6.7. As G1/@(G) is abelian, we
see it suffices to know that (G1),, = G1.

Let x € £(G,s) be the inflation of xo to G. Since Ag(s )F =1, we have X extends to G, so
Gx = G. Then by Theorem 6.7 and Proposition 6.8, we also have y extends to G. Thus Xo extends
to G/K = ¢(G) = Gy, which contains G1 (see Lemma 6.4). This forces (G1)y, = G1, as desired.

Now, by Proposition 7.5, we have ' ¢(x1) further lies in £(G, s) since s = ¢*(s1). A similar
argument shows that '@ gives a map £(G1,51) — &(G, 3). O

With this, we have:

Lemma 8.9. Assume Hypothesis 8.7. Write G1 := GI" and G = éf Then the following diagram
commutes:

E(G,s) — £(G,3)

e [z
E(Grys1) —s £(Ch,5),

where Y is the inverse of the restriction map Resg: E(G,35) — E(G, s) and similar for T, .
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Proof. From Lemma 8.8, we see that the maps "¢ and '@ in the diagram are well-defined. Further,
recalling that Ag,(s1)’* = 1 by Lemma 8.5, we have Y, is well-defined, by Lemma 3.2. We now
show that the diagram commutes. B

Let 1 € E(G1,s1) and let X1 € £(G4,31) such that Resgi X1 = x1- (That is, x1 = Ys,(x1)-)

We claim that '¢(x1) is a constituent of Resg ("®(X1)), which will imply that Y0 o(x1) =

T‘:Z o Ty, (x1)-
We have N
(o), Resé (T3(30)) ) = P le (Zl9))
|G| (ker )| >~ xa(@)X1( (@ |G\ > xa@)xa(u(2))).
rzeGy zeGy
But this is just (x1, Resgi X1)G,, completing the proof. O

Lemma 8.10. Assume Hypothesis 8.7. Then the following diagram commutes:
T
E(Ca.(3),1) —E= £(Cg

|i |

E(Ca-(5),1) —E E(Can(s1),1),

where we define I, := (T0*)~! and I, := ("e})7L.

Proof. Note that the maps "p* and '@* in the diagram make sense, as A(s)" and A(s;)" are both
trivial.

Let {/; € E£(Cg.(5),1) and let ¢ = Is(zz), so that {E =) o7*. Since I* o " = ¢* 0], we see for

g € Cg:(51), we have '™ (v)(15(9)) = ¥(¢*(11(9))) = »(T*(&*(9))) = ¥(&*(9)) = 3 (4)(g). This
means p* (1)) o 1} = T*(), and hence I, o 1g* = Tp* o I, O
Corollary 8.11. Assume Hypothesis 8.7. Let fo: E(G,s) — E(Cg-(s),1) and f5: E(G,3) —
E(Cg.(5),1) be bijections constructed such that the following diagram is commutative:

£(G.3) —I £(Ca.(3).1)

lResg TTﬁ

£(G,s) —F £(Ca(9),1)

Let fs, and f5, be analogous. Then the diagram

£, s) —L £(Ca(s),1) £G,5) —I £Ca(3)1)
Tﬁp l?p* commutes if and only if TTsZ lﬁﬁ*
s =~ ~ fs ~
E(Gr,51) T E(Canls1),1), £(G1.F1) 1 E£(Ca(F).1)

does.

Proof. Consider the 3-D diagram whose top and bottom diagrams are those discussed regarding
fs, fs and fs,, f5,; whose left and right diagrams are those discussed in Lemmas 8.9 and 8.10, and
whose back and front diagrams are those being considered here. Since the top and bottom diagrams
commute by assumption (which makes sense by the fact that A(s)f = 1 = A(s1)™) and the left
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and right diagrams commute by Lemmas 8.9 and 8.10, we see that the back commutes if and only
if the front commutes. 0

We now immediately obtain:

Corollary 8.12. Keep the hypotheses of Proposition 8.2. Then Property (6) of Condition 5.1 holds
for fsi if and only if Property (6) of Theorem 2.1 holds for fs.

We have now completed the proof of Proposition 8.2, by combining Corollary 8.12 with Lemma
8.3.

9. UNIQUENESS OF JORDAN DECOMPOSITION IN CASE A(s)F =1

We now complete the proof of Theorem 1.1, with the following:

Theorem 9.1. For each (G, F) a finite reductive group defined overFy, let D = ((G, F),(G*, F*),.7)
be a fized rational duality. Then there is a unique set of bijections

JC 1 E(G,5) — E(Can(s),1),
indexed by s € Sp, such that properties (1)-(7) of Condition 5.1 hold. Moreover, this bijection
satisfies

(a) For the regular embedding t: G — G as in Definition 8.1 and any 5 € G* such that

7*(5) = s, the following diagram commutes:

£(G,s) —2 £(Can(s) )
lResg TTF“
£(C,s) —Ls £(Can(s), 1)

where Jg’ is the unique map for G satisfying Theorem 2.1.
(b) Further, the collection {JG | A(s)F =1} is G-equivariant.

Proof. We take the regular embedding ¢ : G — G as in Definition 8.1, with semisimple element

§ € G* such that 7*(3) = s, and JE the uniquely defined Jordan decomposition map in Theorem
2.1. Then by Propositions 5.2, 5.6, and 8.2, the map J& defined by

JG = (Tfk)f1 o Jgé o (Resg)*1

s

satisfies properties (1)-(7) of Condition 5.1, giving the existence.
If fs : £(G,s) — E(Cg=(s),1) is any other bijection satisfying these properties, then again from
Propositions 5.2, 5.6, and 8.2, the map

fsi= "o fyoResC : £(G, 3) — £(Ca(s), 1)

can be constructed for any s such that 7*(5) = s and the collection of such maps satisfies properties
(1)-(7) of Theorem 2.1. It follows from this result that f; = J&, and so we have

fs= ()"0 JS o (Resd) ™! = JC,

giving uniqueness. This together with Lemmas 4.1 and 4.2 yield (a) and (b). O
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