
Sums, series, sequences

(From Calculus II)
n∑

k=1

k = 1 + 2 + · · ·+ n =
n(n + 1)

2
,

n∑
k=1

k2 = 12 + 22 + · · ·+ n2 =
n(n + 1)(2n + 1)

6

Geometric series:

an = a1 · rn−1, Sn =
n∑

i=1

ai =
a1(1− rn)

1− r
, S =

∞∑
i=1

ai = lim
n→∞

Sn =
a1

1− r

p-series:
∞∑

n=1

1
np

: convergent when p > 1, divergent when p ≤ 1

(Taylor series) f(x) =
∞∑

n=0

f (n)(a)
n!

(x− a)n, (Maclaurin series)
∞∑

n=0

f (n)(a)
n!

xn

1
1− x

=
∞∑

n=0

xn = 1+x+x2+x3+· · ·+xn+· · · , ex =
∞∑

n=0

1
n!

xn = 1+x+
x2

2!
+

x3

3!
+

x4

4!
+· · · ,

ln(1 + x) =
∞∑

n=1

(−1)n+1

n
xn = x− x2

2
+

x3

3
− x4

4
+ · · · ,

ln(1− x) = −
∞∑

n=1

1
n

xn = −x− x2

2
− x3

3
− x4

4
− · · ·

sinx =
∞∑

n=0

(−1)n

(2n + 1)!
x2n+1 = x− x3

3!
+

x5

5!
− x7

7!
+ · · · ,

cos x =
∞∑

n=0

(−1)n

(2n)!
x2n = 1− x2

2!
+

x4

4!
− x6

6!
+ · · ·

Methods of finding sums: telescope series, differentiate and integrate the power series

Examples:

1. (1) Find a formula for
n∑

k=1

k3; (2) Show that
99∑

n=1

1
√

n +
√

n + 1
= 9.

2. Find the sum cos(θ) + cos(2θ) + cos(3θ) + · · · + cos(nθ). (Hint: use Euler’s formula:
eix = cos(x) + i sin(x))

3. (UIUC 2003) Evaluate
1

1 · 2 · 3
+

1
3 · 4 · 5

+
1

5 · 6 · 7
+ · · · .

4. (1)
∞∑

n=0

(n + 1)2

3n
; (2)

∞∑
n=0

(n + 1)2

n!
; (3) Evaluate

∞∑
r=1

(
r∑

s=1

s2

)−1

5. (Putnam 1984 A-2) Express
∞∑

k=1

6k

(3k+1 − 2k+1)(3k − 2k)
as a rational number.

6. (Putnam 1999 A-4) Sum the series
∞∑

m=1

∞∑
n=1

m2n

3m(n3m + m3n)

1


