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The form of a solution of a differential equation can depend critically on the units one chooses
for the various quantities involved. Frequently these choices can lead to substantial problems when
numerical approximation techniques such as Euler’s method are applied. These difficulties can be
controlled or avoided by proper scaling. We describe a technique that changes variables so that the
new variables are “dimensionless”. This technique will lead to a simple form of the equation with
fewer parameters. It makes clear that the parameters can interact in the equation and a simpler
combined parameter can suffice for more than one parameter. We illustrate this technique which
is called Nondimensionalization, with an example.

Example. Consider the following model of an outbreak of the spruce budworm:

dP

dt
= kP

(
1 − P

N

)
− BP 2

A2 + P 2
, P (0) = P0. (1)

We give a step by step approach to nondimensionalize this initial value problem.

Step 1. List all of the variables, parameters, and their dimensions. For the dimensions we use τ
for time, and ρ for population in number of worms.

Variable Dimension Parameter Dimension
t τ k 1/τ
P ρ N ρ

A ρ
B ρ/τ
P0 ρ

Step 2. Take each variable and create a new variable by dividing by the combination of parameters
that has the same dimension in order to create a dimensionless variable. Not that there is not always
a unique way to do that, so some experimentation may be necessary. Here we create

u =
P

A
, s =

Bt

A
.

We can use our table of dimensions above to check that these new variables are now dimensionless.

Step 3. Now use the chain rule to derive a new differential equation.
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The term kP

(
1 − P

N

)
becomes kAu

(
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N

)
and the term

BP 2

A2 + P 2
simplifies to

Bu2

1 + u2
. Thus

the equation simplifies to

B
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Dividing by B gives
du
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=
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u
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Noting that the combinations of the parameters that occur above leads us to introduce two new
dimensionless parameters

α =
kA

B
, β =

N

A

The equation then becomes
du

ds
= αu

(
1 − u

β

)
− u2

1 + u2

At the meantime, the initial condition P (0) = P0 becomes u(0) = P0/A through the change
of variable u = P/A. Thus if we introduce another new parameter γ = P0/A, then the initial
condition becomes

u(0) = γ

Note that the equation has two dimensionless variables s, u and three dimensionless parameters α,
β, γ which are combinations of the original parameters. This simplified form of the equation has
reduced the number of parameters from 5 to 3, which makes the analysis of the equation simpler.


