
Theorem If Xi ∼ gamma(α, βi), for i = 1, 2, . . . , n and X1, X2, . . . , Xn are mutually inde-
pendent random variables, then

n
∑

i=1

Xi ∼ gamma

(

α,
n
∑

i=1

βi

)

.

Proof The moment generating function of Xi is

MXi
(t) = (1− αt)−βi t <

1

α

for i = 1, 2, . . . , n. Let Y = X1 +X2 + · · · +Xn. Since the Xi’s are mutually independent
random variables, the moment generating function of Y is

MY (t) = E[etY ]

= E[et(X1+X2+···+Xn)]

= E(etX1etX2 . . .etXn)

= E[etX1 ]E[etX2 ]. . .E[etXn ]

= (1− αt)−β1(1− αt)−β2 . . . (1− αt)−βn

= (1− αt)−
∑

n

i=1
βi t < 1/α,

which is the moment generating function of a gamma (α,
∑n

i=1 βi) random variable.

APPL illustration: The APPL statements

assume(alpha > 0);

assume(beta1 > 0);

assume(beta2 > 0);

X1 := [[x -> (1 / (alpha ^ beta1 * GAMMA(beta1))) * x ^ (beta1 - 1) *

exp(-x / alpha)], [0, infinity], ["Continuous", "PDF"]];

X2 := [[x -> (1 / (alpha ^ beta2 * GAMMA(beta2))) * x ^ (beta2 - 1) *

exp(-x / alpha)], [0, infinity], ["Continuous", "PDF"]];

simplify(MGF(X1));

simplify(MGF(X2));

simplify(MGF(X1) * MGF(X2));

yield the moment generating function

MX1+X2
(t) = (1− αt)−(β1+β2) t <

1

α
.

The result holds for n > 2 by induction.
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