REPRESENTATIONS OF LOCALLY COMPACT TOTALLY
DISCONNECTED GROUPS
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1. SMOOTH AND ADMISSIBLE REPRESENTATIONS

Let GG be a locally compact totally disconnected group. Recall that every neighborhood
of 1 in GG contains a compact open subgroup. If GG is assumed to be compact, then every
neighborhood of 1 in G contains a compact open normal subgroup. On the other hand,
it follows from properties of Lie groups that the group GL(n,C) has the property that
there is some neighborhood of the identity which contains no nontrivial subgroups. That
is, GL(n, C) has no small subgroups. This may be used to obtain the following description
of finite dimensional continuous representations of compact totally disconnected groups.

Proposition 1.1. Let I' be a compact totally disconnected group, and let
7: ' — GL(n,C)
be a homomorphism. Then m is continuous if and only if ker(w) is open in T

Proof. See Problem set 4. O

So, if (m, V) is a continuous finite dimensional representation of a compact totally
disconnected group I', then N = ker(w) is an open normal subgroup of I', and is in
particular of finite index, since I' is compact. Thus, we may consider (7,V) to be a
representation of the finite group I'/N. For any compact totally disconnected group I'
(including finite groups), we let Irr(I') denote the collection of isomorphism classes of
irreducible continuous finite dimensional representations (m, V') of I

If G is a locally compact totally disconnected group, we define a smooth representation
of G to be a pair (m, V), where V' is any nonzero vector space over C (possibly infinite
dimensional, but not necessarily with any topology), and 7 : G — Aut(V) is a homomor-
phism such that the stabilizer in G of any vector v € V' is open. Here, the stabilizer of
v € V in G is the subgroup

stabg(v) ={g € G | m(g)v =v} C G.

If (7, V) is a smooth representation of G, then we call it an admissible representation of
G if, for every open subgroup H C G, the space of H-invariants in V/,

VA ={veV | m(hyv=vforallhec H} CV,

is a finite dimensional subspace of V. If (m, V') is a smooth representation of GG, a subspace
W C V is called G-invariant if 7(g)w € W for every g € G and w € W. If W is a G-
invariant subspace of V', then we have a homomorphism my : G — Aut(W) defined by
mw(g)w = w(g)w. It is an exercise to check that if (m, V) is a smooth or admissible
representation of G and W is a G-invariant subspace of V', then (my, W) is also a smooth
or admissible representation of G, respectively. A smooth representation (m,V’) of G is
called irreducible if V' contains no nonzero nontrivial G-invariant subspaces.
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If (m, V1) and (ma, V) are two smooth representations of GG, a linear transformation

T :V, — V5 such that
Tom(g) =m(g)oT foralged

is called an intertwining map from (m, V) to (mq, V2). If there is an intertwining map 7'
which is a bijection, then we say that (1, V}) and (ma, V2) are isomorphic and T is an iso-
morphism, and we write m; = o, or Vi = V4. Note that if 71 = 7y, then ker(m ) = ker(ms).

Example 1. Let G be a compact totally disconnected group, and let (7,V’) be a
finite dimensional continuous representation of G. From Proposition 1.1, we know that
ker(m) is open in G. For any v € V, we have ker(w) C stabg(v). Since stabg(v) is a
subgroup of G which contains an open subgroup, then stabg(v) is also open, since any
element g € stabg(v) is contained in a coset of ker(w). Thus, (7, V) is smooth, and since
it is assumed to be finite dimensional, then it is also admissible.

Example 2. Let F' be a non-archimedean local field with absolute value | - |, and
ring of integers @. Then G = F* is a locally compact totally disconnected group. Let
V = C?, and consider the homomorphism 7 : F'* — GL(2,C) given by

r(a) = ( (1) 10g1|a|v ) '

va:<:;)EV,thenfory;éO,wehave

stabg(v) = {a € F* | log|al, = 0} = O™,

which is open in G. For the case that y = 0, we have stabg(v) = G, which is of course
open in G. So, (m, V) is smooth, and is admissible since V' is finite dimensional.
We have noticed that the one-dimensional subspace

W:{<§)|xec}

is invariant under all of G, and so (m, V) is not irreducible. Suppose that W’ is some

ml

one-dimensional subspace of GG, and let w = ( Y ) e W', with w # 0. Then, if W’ is

G-invariant, then we must have, for any a € G, 7(a)w = Aw for some A € C. We have

/ /

and if this is to equal Aw for some \ € C, then either ' = 0, in which case W/ = W, or
A = 1, in which case the equality is not satisfied unless a € O*. In other words, W is
the only G-invariant one-dimensional subspace of V. In particular, W has no G-invariant
direct complement in V', and we see that reducible admissible representations are not
necessarily completely reducible.

If G is a locally compact totally disconnected group, (m, V') is a smooth representation
of G, and H is a closed subgroup of G' (and so locally compact totally disconnected),
then let (7|g, V) denote the representation of H obtained by restricting m to H. It is
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immediate that (7|g, V') is smooth, since for any v € V' we have
staby (v) = H Nstabg(v),

which is open in H. If K is a compact totally disconnected group, (m, V') is a smooth
representation of K, and (p, W,) is an irreducible finite dimensional continuous represen-
tation of K, or p € Irr(K), then the p-isotypic part of (w, V'), denoted V(p), is the sum of
all K-invariant subspaces W of V' which are isomorphic to W, as smooth representations,
so mw = p. That is,

Vip)= > W

wcv
W=V,

Recall that in the case that I is a finite group, and (7, V') is any representation of I' (not
necessarily finite dimensional), then we have

V= Vi

p€lrr(T)

We have a similar situation when we restrict a smooth representation of a locally compact
totally disconnected group to a compact open subgroup, as we see now.

Theorem 1.1. Let G be a locally compact totally disconnected group, and let K be a
compact open subgroup of G. If (m, V') is a smooth representation of G, then

(1.1) V= Vip),
pElrr(K)
where V (p) is the p-isotypic part of (7|k, V).
The representation (w, V') of G is admissible if and only if each V(p) in (1.1) is finite
dimensional. In this case, the sum (1.1) is a direct sum of irreducible finite dimensional
continuous representations of K, and thus (7|x, V') is completely reducible.

Proof. We know that »_ 1, ) V(p) C V, and we now show the other containment. Let
v € V. Since (m, V) is smooth, then H = stabg(v) is open in G. Then H' = HN K
is a compact open subgroup in K which also stabilizes v. Since K is a compact totally
disconnected group, then we can find a compact open normal subgroup Ky which is
contained in H’, so that K stabilizes v, and v € VFo. Let k € K, h € Ky, and w € Vo,
Since Kj is normal in K, then hk = kh' for some h' € K,. This implies that V0 is a
K-invariant subspace of V', since we have

m(h)m(k)w = 7w (k)r(h)w = 7(k)w,

so that w € VEo and k € K implies that w(k)w € VEo. Since K is compact, Ky must
have finite index in K, so I' = K/Kj is a finite group, and we may consider V%¢ to be a
representation space for I' with the action of 7|k. In particular, any representation of I'
may be considered a representation on K with kernel containing K. So, we have

veVfo = vfp)c Y V().
p€lrr(T) pelrr(K)

Now we have V' = > | V(p), and we must show that the sum is direct. If it is

not, then there is some finite collection {p1,...,pn} C Irr(K) such that Y ", cv; = 0,
where v; € V(p;), and the ¢; are scalars in C which are not all 0. Each ker(p;) is open by
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Proposition 1.1, and we let K = N7 ker(p;), which is also ~open. By the same argument
as before, VE is a K-invariant subspace of V, and letting ' = K/K, we have

(12) vE= @ vEp)

pEIrr(I)

Since K C ker(pz) for each i, each p; may be considered as a representation of T, that is
each p; € Irr(I). In particular, we have v; € vE (pi), and the assumption that the v; are
linearly dependent contradicts the direct sum in (1.2). Thus, we have (1.1).

For the second part, suppose that (7, V) is admissible. For any (p,V,) € Irr(K), let
W C V be a K-invariant subspace of V' with o the representation 7| acting on W, and
suppose 0 = p as representations of K. Then ker(c) = ker(p) is open in K by Proposition
1.1, and so open in G. Since (7w, V) is admissible, then V¥ is finite dimensional, and
W c Vkerl0) = ykerlo) gince W is the space associated with . This is true for any
K-invariant subspace W C V with associated K-representation isomorphic to p, and so
we have V(p) C V¥ and thus V(p) is finite dimensional. Conversely, if (7, V) is not
admissible, then V# is infinite dimensional for some open subgroup H of G. Then HN K
is a compact open subgroup of Gz, and letting Ky be a compact open normal subgroup in
H N K, we have V¥ is infinite dimensional since it contains V. Now, I = K /Ky is a
finite group, and Vo is a K-invariant subspace, and so we have

V= B vF(p

p€Elrr(To)

Since Irr(Ty) is finite, and Vo is infinite dimensional, then some V%°(p) is infinite di-
mensional. But each p € Irr(I'y) is an irreducible representation of K with K, contained
in its kernel, and so V5(p) C V(p), so that we also have some V(p) which is infinite
dimensional.

For the final statement, we may assume that the representation (m,V’) is such that
V = V(p) for some p € Irr(K), where we know V here is finite dimensional since (7, V')
is assumed admissible. For any K-invariant subspace W of V' = V(p), such that o = p,
where o is 7|x acting on W, we have ker(c) = ker(p). We are assuming that V' is the
sum of all such subspaces, and so we have ker(w|x) = ker(p). From Proposition 1.1,
we have ker(p) = ker(m|k) is open, and so 7|k is continuous. The result now follows
from Maschke’s Theorem for finite dimensional continuous representations of compact
groups. 0

We may apply Theorem 1.1 to completely understand the smooth and admissible rep-
resentations of compact totally disconnected groups.

Corollary 1.1. Let K be a compact totally disconnected group. If V is a finite dimen-
sional C-vector space, and 7 : K — GL(V) is a homomorphism, then (7,V) is a smooth
representation of K if and only if it is a continuous representation of K. The only irre-
ducible admissible representations of K are finite dimensional continuous representations.

Proof. We have already seen that Proposition 1.1 implies that every finite dimensional
continuous representation of K is smooth. So, we assume (m, V') is smooth, and since
V is assumed to have finite dimension, then (7,V) is admissible. Since K is a compact
open subgroup of itself and V is finite dimensional, then (7, V') is a finite direct sum of
irreducible continuous representations of K. A direct sum of continuous representations is
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continuous, then (7, V') is continuous. For the second statement, if (7, V') is an irreducible
admissible representation of K, then V' has no nonzero K-invariant subspaces other than
V itself, and the direct sum decomposition from Theorem 1.1 can have only one summand.
Thus (7, V') is an irreducible finite dimensional continuous representation of K. 0J

Although the space for an admissible representation may be infinite dimensional, the
finiteness condition that comes with admissibility is enough to give us the following.

Proposition 1.2 (Schur’s Lemma). Let G be a locally compact totally disconnected group,
and let (m,V') be an irreducible admissible representations of G. If T : V. — V is an
isomorphism from (mw, V') to itself, then there is a scalar A € C such that T'(v) = \v for
allveV.

Proof. Let w € V' be a nonzero vector in V. Since (7, V') is smooth, then Hy = stabg(w)
is open in G. Now, V0 is finite dimensional since (7, V') is admissible. We have w € Vo,
and in particular V5¢ is nonzero. For any x € Hy and vy € V0, we have 7(z)(T(vg)) =
T (m(x)vg) = T(vp), and so T'(vy) € VHo and T preserves the space V0. Let Ty : VHo —
VHo be the restriction of T to VH0, and we have T}, has some eigenvalue A € C since Vo
is a finite dimensional C-vector space. Letting I : V' — V be the identity transformation,
we have T"— Al has a nonzero kernel, in particular it contains the eigenspace of A for Tj
in VHo. Now, W = ker(T — ) is G-invariant, since if wy € W, then T'(wg) = Awy, and
for any g € G, we have

(T = AI)(m(g)wo) = (T o w(g))wo — m(g)Awo = (7(g) o T)wo — m(g) Awo = 0.

But we have assumed that (7, V) is irreducible, and so we must have V' = ker(T' — \I),
and so T'(v) = v for all v € V. O

2. THE HECKE ALGEBRA

In this section, G will be a unimodular locally compact totally disconnected group.
Fix a Haar measure on G denoted by p or [ dh. A function f : G — C is smooth if it
is locally constant, that is, for each g € G there is an open neighborhood U of g such
that f(x) = f(g) for every x € U. Note that any smooth function on G is in particular
continuous. Let C'°(G) denote the set of smooth functions on G with compact support.
If f € CX(Q), then let Y = supp(f), and for each y € Y, choose an open neighborhood
U, of y on which f is constant. Since Y is compact, there is a finite collection of these
Uy, say {U;}I",, such that Y = U”,U;. We may assume that the U; are disjoint, and that
f takes a different value on each U;. Then we see that we have f = Y, ¢;1y,, where
1y, is the indicator function for U;, and ¢; = f(y;) for any y; € U;. Notice that each U is
necessarily compact, since supp(f) is compact, and is the disjoint union of the Uj.

Now let fi, fo € C°(G), and consider the convolution f; * fy, given by

(i ) (g) = / J1(gh™) fo(h) dh.

Suppose that Y7 = supp(f1) = U, U;, and Yy = supp(fa) = Ulevj, where the distinct
nonzero values of f; and fo are taken on the U; and V}, respectively. It may be directly
checked that supp(f; * fo) C V1Yo = U, ;U;V;, and f; * fo is locally constant, so that
fix fo € C?(G)
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We define the Hecke algebra of G, denote H(G), to be the algebra over C with elements
from C2°(G), addition given by pointwise addition, and multiplication given by convolu-
tion. For any compact open subgroup Ky in G, we let Hg,(G) to be the subset of H(G)
consisting of functions which are bi-invariant under multiplication by K, that is,

Hi,(G) ={¢ € H(G) | ¢(kighks) = ¢(g) for all ki, ke € Ko}

For any compact open subset S in G, define e = u(S) '1s € H(G). Then ex, =
w(Ko) '1g,, and we have ey, € Hy, (G).

Proposition 2.1. Let G be a unimodular locally compact totally disconnected group, and
let Ko be a compact open subgroup of G.

(1) For every ¢ € Hi,(G), €y * ¢ = ¢ x ex, = ¢.
(2) Hi,(G) = ek, H(G)ek,, where ex,H(G)ex, = {ex, * [ *€ex, | f € H(G)}.
(3) Hi,(G) is a C-algebra with unit ek, , and is a subalgebra of H(G).

Proof. (1): If ¢ € Hk,(G), and g € G, we have

(6% €xo)(9) = /Gcb(gh_l)ﬁxo(h) dh = p(Ko)™ | ¢(gh™")dh = u(FKo)™ i ¢(g) dh,

Ko

the last equality coming from the fact that ¢ € Hg,(G). The last integral is just ¢(g),
and so ¢ * €x, = ¢. We also have

(ko * D)(9) = / exc(gh~V)6(h) dh.

Since [ dh is a bi-invariant Haar measure, we may make the changes of variables h — h™!,
and then h +— ¢g~'h, and we have

(e * @) (g) = / exo(h)o(h™lg)dh = p(Ko)™" | o(h™'g)dh = ¢(g),

G Ko

as in the previous case.
(2): First, if ¢ € Hg,(G), then from part (1), we have ¢ = €g, * ¢ * €,, and so
Hk,(G) C ex,H(G)eg,. Now let f € H(G) and g € G. Then

(ex0 * f * ex)(9) = / xo (9hy ) (f * ey (he) dhs

G
(2.1) :/G/GeKO(ghz_l)f(thl_l)eKo(hl) dhy dhs.

So, for ki, ks € Ky, we have

(exo * f * €x,) (F1gks) = /G/GEKQ(klngh21)f(h2h11>€Ko(h1) dhy dhs.
Making the changes of variables hy — hoky and hy +— hqks gives

(€ro * [ * €xcy) (krgks) = /G/G5K0<klgh2_1)f(h2h1_1>€Ko(hle) dhy dhs.

Since ex, € Hr,(G), we have e, (kighy') = ex,(ghy') and e, (hiks) = €, (h1), and
the inegral simplifies to (2.1). Thus eg, * f * €x, € Hx,(G), and we have Hg,(G) =
EKOH(G>€KO-
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(3): To check that Hg,(G) is a C-algebra, and thus a subalgebra of H(G), it is enough
to check that it is closed under multiplication. If ¢1, 2 € Hg,(G), then from (1), we have
i = €Kk, * Qi = @i *x €, for i« =1,2. Then we have

¢1 * gb? = €K * (le * ¢2) * €K, € 6I<()7_[(C¥)EK(J = HKO (G)v
from (2). The fact that ek, is a unit for Hg,(G) is exactly part (1). O

So, for any compact open subgroup Ky of G, we have ey, * €k, = €k,, and so each ek, is
an idempotent in H(G). Also, if Ky and K are compact open subgroups of G such that
K, C Ky, then Hg,(G) C Hk,(G), and €k, * €x, = €x,. We see now that every element
of H(G) is in one of the algebras H,(G).

Proposition 2.2. For any unimodular locally compact totally disconnected group G,

= |J Hx (G

KoCG

where the union runs over all compact open subgroups Ky of G.

Proof. Let f € H(G), and say f =Y ", ¢;1y,, for pairwise disjoint compact open sets U;,
and the ¢; are distinct, where ¢; = f(z;) for any x; € U;. For each U;, and each x € Uj,

) ¢ x’lUZ, so U; is covered by

all of the 2K . Since U; is compact, take a finite subcover x]Kxj ,for 5 =1,...k. Now
let K = ﬂleKg, and let K; = N, K®. We repeat this process, except for each Uj;

and each y € U;, we let Kéi)/ be a compact open subgroup of GG such that Kéi), c Uyt
Using the same subcover argument and notation, we let Ky = N7, K (@’ and we finally
let Ky = K1 N K,5. Notice that Ky has the property that any of its right or left cosets is
either completely contained in some U;, or is disjoint from all of them. It follows that for
any ki, ke € Ko, and x € G, we have x € U; if and only if kyxks € U;. Since f is constant
on each U;, we now have f € H, (G). O

let K& be a compaet open subgroup of G such that K; g

Now suppose that (m, V') is a smooth representation of G. For any f € H(G) and
v €V, define 7(f)v by
v—/f g)vdyg.

We note that we may write the above integral as a finite sum, as follows. For v € V,
we know that Hy = stabg(v) is open in G since (m,V) is smooth. Given f € H(G),
choose K such that f € Hy,(G) as given in Proposition 2.2, and let K = Ky Hy. Now,
K stabilizes v, and the support of f may be written as a union of left cosets of K, say

supp(f) = _lg]K so that f is constant on each g]K Now we have
22 == [ Hoyrlowds - Z gvdg = p(K) " Flo;)e(a,)v
j=1

We may directly check that for any fl, fa € H( ) and v € V, we have

m(fu* f2)v = 7(f)(7(f2)v),

so that 7 defines a ring homomorphism 7 : H(G) — End(V'). That is, V may be viewed
as an ‘H(G)-module by defining the action f-v = 7(f)v.
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Proposition 2.3. Let G be a unimodular locally compact totally disconnected group with
(7, V) a smooth representation, and Ko a compact open subgroup of G. Then VEo =
€r, -V, where €, -V = {m(ex,)v | v eV}

Proof. If v € V, then

r(exa)v = /G xo(9)(g)udg = /K u(Eo) n(g)v dg.

For any k € K,, we have
(k) (m(exeo0) = (k) /K w(Eo) (g dg = /K u(Eo) (kg dg,

and the change of variables g — k™1g gives 7(k)(m(ex,)v) = m(ex,)v. Thus ex, -V C Vo,
For the opposite containment, let v € V50 so that w(k)v = v for every k € K,. Then

(oo = | (o) r(g)vdy = |t g =v.

Ko

So, v = m(€ek, )V € €k, - V, and we have VKo = €x, - V. O

Similar to representations of a finite group corresponding to modules over the group
algebra, and properties of these representations coming from the fact that the group
algebra is semisimple, we may gain knowledge about smooth representations by studying
H(G)-modules in a more general context.

Let 2 be an algebraically closed field. An idempotented algebra over ) is a pair (A, E),
where A is an Q-algebra (not necessarily with unit), and £ C A is a collection of idem-
potent elements of A with the following properties:

(1) If e1, e5 € &, then there exists an ey € € such that ege; = ¢; for i = 1,2.
(2) For every element ¢ € A, there is an e € £ such that e¢p = ge = ¢.

For every e € &, note that eAe is an -algebra with unit e. If M is an A-module, then
eM is an eAe-module. We call an A-module M smooth if M = U,cgeM, and admissible
if eM is finite dimensional as a vector space over € for every e € &.

In the case that G is a unimodular locally compact totally disconnected group, consider
the C-algebra H(G), with the set of idempotents & = {ex, | Ko C G}, where K, runs
over all compact open subgroups of G. If K; and Ky are compact open subgroups of
G, then if Ky = K; N Ky, we have eg, % €, = €, for i = 1,2. Also, if f € H(G),
then from Proposition 2.2, f € Hg,(G) for some compact open subgroup Ky, and so
fxex, = €x, * [ = f from Proposition 2.1(1). Thus, (H(G),E) is an idempotented
algebra over C.

Proposition 2.4. Let (w, V) be a smooth representation of G. Then:
(1) V is a smooth H(G)-module, and is an admissible H(G)-module if (7, V') is an

admissible representation.
(2) V is simple as an H(G)-module if and only if (w, V') is an irreducible representation

of G.

Proof. (1): For any v € V, we know stabg(v) is an open subgroup of G, and we let K
be a compact open subgroup inside of it, so that v € V&o. So, we have V = UV o,
where the union runs over all compact open subgroups of GG, and from Proposition 2.3,
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VEo = ¢ -V, and V is a smooth H(G)-module by definition. If (7, V) is admissible,
then each V&0 = ¢ -V is finite dimensional, and V' is an admissible H(G)-module.

(2): Suppose W C V is a nonzero proper G-invariant subspace of V. Then for any
f € H(G) and w € W, it follows from the finite sum version for 7(f)w in (2.2) that
m(flw € W, and W is an ‘H(G)-submodule of V.

Conversely, suppose that W is a nonzero proper H(G)-submodule of V| and let g € G,
w € W. Since (m, V) is smooth, stabg(w) is open, and we let K, be a compact open
subgroup contained in it. Now,

e = [ o) w(h)wdh = w(g)u

Since €,x, € H(G), then we must have m(g)w € W, and so W is a nonzero proper
G-invariant subspace of V. O

In the proof of Proposition 2.4(2), we saw that if (7, V') is a smooth representation of
G, and if w € V& for some compact open subgroup Kj of G, then m(e,x,)w = 7(g)w.
Given any smooth H(G)-module V| one may take advantage of this observation to define
a smooth representation (m, V') of G such that w(f)v = f - v for every f € H(G), v € V.
That is, all smooth representations come from smooth H(G)-modules.

Proposition 2.5. Let V' be a smooth H(G)-module. Then there exists a smooth repre-
sentation (w, V) of G such that w(f)v = f-v for all f € H(G), v e V.

Proof. See Problem set 4. O

Let (m,V) be a smooth representation of G and K, a compact open subgroup of G.
Since Hy,(G) = ex,H(G)ex, (by Proposition 2.1(2)) and VEe = ey, -V (by Proposition
2.3), then V&0 is an Hg,(G)-module. Understanding Vo as an Hg,(G)-module for
every compact open subgroup K of GG is essentially the same as understanding V' as an
H(G)-module, as the next several results show.

Proposition 2.6. Let (7, V) be a smooth representation of G. Then V is a simple H(G)-
module if and only if VEo is either 0 or simple as an Hg,(G)-module for every compact
open subgroup Ky of G.

Proof. Let K, be a compact open subgroup of G, and suppose that W C Vo is a proper
nonzero Hy,(G)-submodule of Vo where V& is assumed to be nonzero. Consider

H(G)W, where

k
H(G)W = {Z W(fl)wl ’ ke Z>0, fl S H(G),wl € W} .
i=1
Note that H(G)W is an H(G)-submodule of V. Suppose that vy € H(G) N VEo where
vy = Zle 7(f)w;. We have m(ex, )w; = w; for each w;, since W C VEo = e, -V, and
7(ex, )vo = v since we are assuming vy € V0. Thus, we have

k k

vo = m(€x, )0 = (€x,) Zﬂ'(fi)ﬂ'(EKOwi = Z?T(EKO * fi % €x)w; € W,

i=1 i=1
since €, * fi*ex, € Hr,(G), and W is an H,-module. Now we have H(G)W NV Cc W,
but we also have the opposite containment, and so H(G)W N VEe = W. In particular,
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H(G)W is nonzero, and is a proper H(G)-submodule of V', otherwise H(G)W NV e would
be all of VEo. Therefore, if VX0 is nonzero and not a simple H, (G)-module, then V is
not a simple H(G)-module.

Conversely, suppose that W is a nonzero proper H(G)-submodule of V. For any com-
pact open subgroup Ky of G, we have WXo C V&o. We have V = UV and since
(mw, W) is a smooth representation, we also have W = UW X0 where the unions range
over all compact open subgroups Ky of G. Choose a compact open subgroup K; of GG such
that Wt 2£ 0. If WX is properly contained in VE1 then it is a proper nonzero Hp, (G)-
submodule of V1 and we are done. Otherwise, notice that we have V = Ug,cr, VE°,
since for any compact open subgroup Ko, if K = K;N Ky, then VE2 ¢ VK and K C K,
and similarly, we have W = Ug,cx, WE°. Now, there must be a compact open subgroup
Ky C K, such that W¥o is properly contained in V#°, otherwise we would have V = W,
contradicting the fact that W is properly contained in V. Now we have VX0 is not a
simple H , (G)-module. O

We need the following variant of Schur’s Lemma.

Lemma 2.1. Let (my, V1) and (w2, V2) be irreducible admissible representations of G, and
Ko a compact open subgroup of G such that V50 = VS0 as Hy (G)-modules, and are
both nonzero. Then an Hg,(G)-module isomorphism oo : Vi — V&0 is determined up

to scalar multiple.

Proof. Let o : V¥ — V¥ be an Hj,(G)-module isomorphism from V;*° to itself. Since
(71, V) is assumed to be admissible, then VlKo is a finite dimensional vector space, and
o is a linear transformation since for ¢ € C, v € V*°, we have co(v) = ceg, - 0(v) =
o(cex, - v) = o(cv). So, o must have an eigenvalue A € C, and if I is the identity
transformation on VX0, then W = ker(oc — M) C V{*° is nonzero. Now let w € W and

¢ € H,(G), so that o(¢-w) = ¢ - o(w) and o(w) = A(w). We have
(c—=A)(¢p-w)=¢- -0(w)—¢- - w=0.

So, if W = ker(oc — M) is an H,(G)-submodule of V,*°. Since (m;,V}) is assumed
irreducible and V/*° is nonzero, then by Propositions 2.4(2) and 2.6, V;*° is a simple
H,(G)-module, and so W = V*°, and o(v) = Av for every v € V{*°.

Now let 0g, 01 = V/** — V5 be two H,(G)-module isomorphisms. Then o5 o oy :
Vo — VEois an Hg,(G)-module isomorphism, and so there is some A € C such that
(05" 0 01)(v) = M for every v € V/*°, and thus o; = Aoy. O

The next result gets to the main point, which is that isomorphisms at the level of
Hk,(G)-modules for every compact open subgroup Ky gives an isomorphism of H(G)-
modules.

Proposition 2.7. Let (m, V1) and (72, Va) be irreducible admissible representations of
G. If VlK0 i V2K° as Hi,(G)-modules for every compact open subgroup Ky of G, then
T = M.

Proof. Fix a compact open subgroup K, of GG such that VlK0 and V2K° are both nonzero,

and fix an Hg,(G)-module isomorphism oy : V{*° — V;5°  which is determined up to

scalar multiple by Lemma 2.1.
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Let K7 be another compact open subgroup of G such that K; C K, so that Hg,(G) C
H;gl(G). KFor i = 1,2,l§ve have V;Kl: = €K, - V;I;l, since ex, - VX' C ex, - Vi = V0, and
V2o Cc VR so that V.50 =€, - V.70 Ceg, - Vi,

We claim that oy can be extended uniquely to an Hy, (G)-isomorphism o, : V' —
V2. We are assuming that there is some isomorphism o, from V' to V;*? under

hypothesis. We have
0K1(‘/1K0> = 0K, (EKO ’ VlKl) = €K - O-K1(‘/1K1) = €Ky ‘/QKl = ‘/QKO’

so that restricting o, to V;** induces an H, (G)-module isomorphism from ;" to V;*°.

By Lemma 2.1, we must then have that ok, |, x, is a scalar multiple of oo. We thus
1

choose o, , which is also determined up to scalar multiple, so that its restriction to VlKO
is exactly oy, which determines ok, uniquely, and the claim is proven.

Now let v € Vi, and choose a compact open subgroup K; such that K; C Ky and
v € VK1 and we define o : V; — V, by o(v) = 0k, (v). We observe that this definition of
o(v) does not depend on the choice of K. If Ky is another compact open subgroup such
that Ky, C Ky and v € V&2, then K; N Ky, C Ky and v € V1"V2 also. By the previous
extension argument, we must have that o, nk, extends oy, ok,, and ok, uniquely, so that
0K, (U) = OK1NK» (U) = 0K, (U)

Finally, we show that ¢ is an intertwining map, so that it gives us the desired iso-
morphism to conclude that m = m. Given v € Vi, find a compact open subgroup K;
of G such that v € V" and o(v) € VJ*. As in the proof of Proposition 2.4(2), if
gy = (K1) '1,k,, then we have (e, )v = m(g)v and ma(eypr, )o(v) = ma(g)o(v).
Now, we have

o(m(9)v) = o(egi - v) = i, - 0 (v) = malg)r(v),

and so o om(g) = ma(g) o o for every g € G, and m; = my. O

3. CHARACTERS

Let V' be a finite dimensional vector space over C, and let T € End(V'). Let W C V be
any subspace of V' such that T'(V') € W. Then, T restricted to W is an endomorphism

of W. Let wy,ws,...,w, be a basis of V such that wy,...,wy is a basis of W. Then,

if the matrix for T'|y, with respect to the basis wy, ..., wqy is the d-by-d matrix A, then
: : . : B

the matrix for 7" with respect to wy,...,w, is an n-by-n matrix of the form 0 0 )

where B is a d-by-(n — d) matrix. In particular, we have tr(T) = tr(T|y) = tr(A).

Now let V' be a vector space which is possibly infinite dimensional over C. Let T €
End (V') be such that dime(7'(V)) is finite, or T  has finite rank. If W is a finite dimensional
subspace of V such that T'(V) C W, we define the trace of T by tr(T") = tr(7|w). This
definition is independent of the choice of W, since if W’ is another finite dimensional
subspace of V' such that T'(V) C W', then tr(T|w) = tr(T'|w-) by the previous discussion.

Let G be a unimodular locally compact totally disconnected group, and let (7, V') be
an admissible representation of G. For any f € H(G), by Proposition 2.2 there is a
compact open subgroup Ky of G such that f € Hg,(G). Now, n(f) is an endomor-
phism of V, and since Hy, (G) = ex,H(G)ex, by Proposition 2.1(2), and f € Hg,(G),
then n(f)V = f-V C eg, -V = VEo. Since (7,V) is assumed to be admissible, then
V&0 is finite dimensional, and so 7(f) € End(V) has finite rank. We define the char-
acter of the admissible representation (7,V’) to be the function y, : H(G) — C, where
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Xr(f) = tr(n(f)). In particular, the character of the admissible representation (7, V) is
a distribution, which is a linear functional from C2°(G) to C.
We have the following general algebraic fact which we will apply to our situation.

Proposition 3.1. Let A be an algebra over a field ), and let V; and V5 be simple A-
modules which are finite dimensional as vector spaces over ). For any f € A, multipli-
cation by [ induces endomorphisms m;(f) on Vi, fori=1,2. If tr(m(f)) = tr(ma(f)) for
all f € A, then Vi = V5 as A-modules.

Proof. 1t follows from the Jacobson density theorem that if V4 22 V5, then there exist
elements p;,ps € A such that p; acts as the identity on V; for i = 1,2, and p; acts as
zero on V; for i # j (see [L, Theorems XVIIL.3.2 and XVIL.3.7]). So, if V; 2 V5, then at
least one is nonzero, say V7, and we have tr(m (p1)) = dimg(V1) # 0, while tr(ma(p;)) = 0,
contradicting the assumption that these traces are equal. O

In the case of finite dimensional continuous representations of compact groups, we saw
that if the characters of two irreducible representations agree, then the representations
must be isomorphic. We are now able to obtain the analogous result for admissible
representations.

Theorem 3.1. Let G be a unimodular locally compact totally disconnected group, and let
(m1, V1) and (7, Vo) be irreducible admissible representations of G- with characters x1 and

X2, respectively. If x1(f) = x2(f) for every f € H(G), then m = .

Proof. Let K, be any compact open subgroup of GG, and consider VlK0 and V2K° as Hy, (G)-
modules, which are finite dimensional as vector spaces over C, since (71, ;) and (g, V2)
are admissible. For any ¢ € Hg,(G), we are assuming that tr(m(¢)) = tr(ma(¢)), and it
follows from Proposition 3.1, with Q = C, that V;*° = V,** as H, (G)-modules. Applying
Proposition 2.7, we have m; = 5. 0

4. THE CONTRAGREDIENT OF A SMOOTH REPRESENTATION

Let T" be a compact group, and (7, V') a continuous finite dimensional representation
of I'. Recall that the contragredient representation of (7, V'), denoted (7, V*), is a repre-
sentation of I' acting on the dual space V* of V', where if g€ I',; v € V, and L € V*, the
action is defined by (#(¢)L)(v) = L(w(g~')v). We may also consider the double contra-
gredient, (7, V**), which then acts on the double dual V** by (7(¢)A)(L) = A(7(g~1)L),
for A € V** L € V* and g € I'. We have a canonical isomorphism of vector spaces
T :V — V* defined by (T'(v))(L) = L(v), forv € V and L € V*. If g € T', then we have

(T o m(9))(v))(L) = T(n(g)v)(L) = L((g)v)
= (7(g")L)(v) =T(v)(7(g")L)
= (1(9)T())(L) = ((7(g) o T)(v)) (L).

That is, T" is an intertwining operator, so we have F

Now let G be a locally compact totally disconnected group, and let (7, V') be a smooth
representation of G. A linear functional L € V* is called w-smooth if there is an open
subgroup H of G such that L(mw(h)v) = L(v) for every h € H and v € V. We define the

~

m-smooth dual of V', denoted V', to be the space of all m-smooth linear functionals in V*,
which is a subspace of V*.
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Lemma 4.1. Let G be a locally compact totally disconnected group, and (w, V') a smooth
representation of G. If V is finite dimensional, then V* =V

Proof. Let vq,...,v, be a basis for V. Since (m, V') is smooth, then stabg(v;) is an open
subgroup of G for each i. Let H = NI stabg(v;), which is an open subgroup of G. For
any L € V*, he€ H,v €V, we have L(r(h)v) = L(v), and so L is m-smooth. O

If (7,V) is any smooth representation of G, for g € G, L € V, and v € V, define
w(g)L € V* by (7(g)L)(v) = L(m(g~")v).

Proposition 4.1. Let (7, V) be a smooth representation of G. If L € V and g € G, then
7(g)L € V, and (7, V) is a smooth representation of G.

Proof. Since L € V, there is an open subgroup H of G such that L(w(h)v) = L(v) for all
h € H and v € V. In particular, if g € G and v € V, then L(w(h)n(¢g~)v) = L(mw (g~ )v).
If g € G, let HA = gHg™ ', which is also an open subgroup of G. Let h; € H;, where
hy = ghg™! for some h € H. Then we have, for any v € V,

(#(g)L)(m(h1)v) = L(m(hg~")v) = Lz (g~ )v) = (#(g)L)(v).
Thus, #(g)L € V.

This gives a homomorphism 7 : G — Aut(V), which follows for the exact same reason
as in the case of a compact group. To check that (7, \7) is smooth, let L € ‘7, and we
have

stabg(L) = {9 € G | L(n(g~")v) = L(v) for every v € V}.
Since L is m-smooth, there is an open subgroup H of G such that H C stabg(L), and
thus the stabilizer of L is open and (7, V) is a smooth representation of G. U

The representation (7, V) is called the smooth contragredient of (w,V) (or just the
contragredient if smoothness is clear from the context).

Let I be any set, let {V,}aer be a collection of C-vector spaces which are indexed by
I, and consider the vector space V = @,c;V,. Elements of V' consists of vectors of the
form (vy), where v, € V,, and v, = 0 for all but finitely many indices o € I. An element
L € V* may be then be written as (L), where L, € V}, but there is no restriction as
to the number of nonzero terms. For this L € V*, v € V, we have L(v) = Y ; La(va),
where the sum is actually finite since all but finitely many of the v, are 0. In particular,
we have V* =[] ., V.

In the case that (m,V’) is a smooth representation of G, and K is a compact open
subgroup of G, we have from Theorem 1.1 that V = @ cnex)V (p), where V(p) is the
p-isotypic part of the representation (7|, V') of K. Then V* =] ) V(p)* from the
above discussion. In the case that (7, V') is an admissible, each V' (p) is finite dimensional,
and the m-smooth dual of V' is given as follows.

Lemma 4.2. Let (7, V) be an admissible representation of G, and K a compact open
subgroup of G. Then the w-smooth dual of V' is given by

V=D Vi,
pelrr(K)

and for every p € Irr(K), we have V(p)* = V().
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Proof. For the first statement, we have seen that V* =[] ., V(p)". Let L = (L,),
where L € @pcne(x)V (p)*, and say L, € V(p;)* are nonzero for some ¢ = 1,...,k, and
L, € V(p) is zero for any p # p;. Let Ky = N¥_ ker(p;), which is an open subgroup of
G, and note that 7| acting on V(p) has kernel ker(p). For any v = (v,) € V, where
v, € V(p), and any k € Ky, we have

k

Z Lpz Ul)z Z Lﬂi (vﬂi) = L(U)

i=1
So, L € V, and @ er(ic)V (p)* C V.

For the second statement, we have that V' (p) is a finite dimensional representation,
with 7| acting on this space as a continuous representation of K, and V(p) = &F_ W,
for some spaces W;, where m|x acting on W, is isomorphic to p as a representation of
K. Then V(p)* = @% W/, and the contragredient of 7|x on W/ is isomorphic to p.
Moreover, these are the only subspaces of V on which the contragredient of 7|x acting
is isomorphic to p, since we began with the only subspaces of V' on which 7|x acting is

isomorphic to p. Hence, V(p)* = V(). O

Theorem 4.1. Let G be a locally compact totally disconnected group, and (mw,V) an
admissible representation of G. Then:

(1) (7,V) is an admissible representation of G, and

(2) ™= 7.

Proof. (1): Let K be a compact open subgroup of G. For any p € Irr(K), Lemma 4.2
gives us V(p)* = V(p), where V(p)* is finite dimensional, since V(p) is finite dimensional
by admissibility and Theorem 1.1. Any continuous finite dimensional representation of
K is irreducible if and only if its contragredient is irreducible, which is obtained by Schur
orthogonality since their characters are complex conjugates. So, for any p € Irr(K), we
have V(p)* = V(p) is finite dimensional, and (#, V) is admissible by Theorem 1.1.

(2): Let K be a compact open subgroup of G. From Lemma 4.2, we have, for any

p € Irr(K), V(p)* = V(p). Since (#,V) is admissible from (1), we have V(p)* = V().
We have observed that ,3 &~ p, and so V( )** = V(p). Now, we have

pelrr(K) pelrr(K)

and since V(p) is finite dimensional by admissibility, then V(p) is isomorphic to V(p)**
as vector spaces, with the canonical isomorphism T, defined by (7,(v,))(L,) = L,(v,),

where v, € V(p), L, € V(p)*. By defining T = ®,T, : V — V, we get an isomorphism of
vector spaces given by (T'(v))(L) = >_ L,(v,), where v = (v,) € &,V (p) and L = (L,) €
@,V (p)*, which is just the canonical map of vector spaces given by (T'(v))(L) = L(v). By
the exact same calculation as was done previously for compact groups, T is an intertwining
operator, and m = 7. O

We now consider the case of a unimodular locally compact totally disconnected group,
so that we may study the Hecke algebra and the character of an admissible representation
in relation to the smooth contragredient. For any f € H(G), define f~ by f~(g9) = f(g7'),
so that [~ € H(G).
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Lemma 4.3. Let G be a unimodular locally compact totally disconnected group, let (mw, V')
be an admissible representation of G, and let f € H(G). Then for anyv € V and L € V,
we have (7(f)L)(v) = L(n(f~)v).

Proof. By definition, we have

wn = ([ forta) o

Since this integral is just a finite sum, we may bring the v inside of the integral, and we

o v) = /G F(9)(F(9)L)(v) dg = / 19 Ju) dg.

Again, since the integral is a finite sum, the L may be brought outside of the integral.
Also, since G is unimodular, the change of variables g — ¢~! does not change the integral.
So, we have

(#(f) < | 1@ vdg) —L( | 1o vdg) Lx(f)o). O

Let (7, V) be an admissible representation, and let [,-] : V x V — C be the bilinear
form given by the natural pairing [v, L] = L(v), forv e V| L € V. It follows from Lemma
4.2 that this pairing is nondegenerate. If K is a compact open subgroup of G, let [, |k
denote the pairing [, -] restricted to VX x VK. We see now that this is also nondegenerate.

Lemma 4.4. Let G be a unimodular locally compact totally disconnected group, K a
compact open subgroup of G, and (w,V') an admissible representation of G. Then the

pairing [+, -]k : VE x VE S Cisa nondegenerate bilinear map.

Proof. Let v € VE be nonzero. Since the pairing [-,-] on V x V is nondegenerate, we can
find an L; € V such that [v, L;] # 0. Since v € VE = ¢x - V, we have 7(ex)v = v. We
have €, = €x, and so by Lemma 4.3 we have

[0, L1] = [r(ex)v, L] = [0, 7 (ex ) La].

Now, L = ex-Ly € ex-V = VX and we have found an L € VX such that [v, L]x # 0, and
[-, ] is nondegenerate in the right variable. If L € VE is nonzero, there is a v; € V such
that [vy, L] # 0, and we may apply the exact same argument to see that if v = 7w(ex)vy,
then v € VX and [v, L] # 0. Thus [, -]k is a nondegenerate bilinear map. O

Finally, we may relate the character an admissible representation to the character of
its contragredient. The following result should be thought of as analogous to the result
that the characters of a finite dimensional continuous representation of a compact group
and its contragredient are complex conjugates.

Proposition 4.2. Let G be a unimodular locally compact totally disonnected group, and
let (m, V) be an admissible representation of G. For any f € H(G), we have tr(7(f)) =

tr(m(f7)).

Proof. Given f € H(G), choose a compact open subgroup K of G such that f € Hg, (G),
and notice that we also have f~ € Hy,(G). Consider the pairing [, -], : VEox VEo — C,
which by Lemma 4.4, is a nondegenerate bilinear map. Since (7, V) is admissible, V%o
is finite dimensional, and by Theorem 4.1(1), (#,V) is admissible, and so Vo is also



16 MATH 519

finite dimensional. Since [-,-|x, provides a nondegenerate bilinear map on V5o x VKO,
then in fact we have VX0 and (VX0)* are isomorphic as vector spaces (by [L, Theorem
I11.6.4], for example). By Lemma 4.3, we have, for any v € V0, L € VKo [, 7(f)L]x, =
[7(f~)v, L]k, By choosing a basis for VEo and a dual basis for V5o the matrices for
m(f~) and 7(f) with respect to these respective bases may be seen to be the transpose

of each other (since they are adjoint operators with respect to the bilinear map [-, ]k, ).
Thus, we have tr(7(f)) = tr(w(f7)). O
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