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Boundary Nevanlinna—Pick interpolation prob-
lems for generalized Schur functions

Vladimir Bolotnikov and Alexander Kheifets

Abstract. Three boundary Nevanlinna-Pick interpolation problems at finitely
many points are formulated for generalized Schur functions. For each prob-
lem, the set of all solutions is parametrized in terms of a linear fractional
transformation with a Schur class parameter.

1. Introduction

The Schur class S of complex-valued analytic functions mapping the unit disk D
into the closed unit disk D can be characterized in terms of positive kernels as

follows: a function w belongs to S if and only if the kernel

1 —w(Qw(z
—(z
is positive definite on D (in formulas: K,, *= 0), i.e., if and only if the Hermitian
matrix
no_ [ Lo w(z)w(z)
[Kw(zjazi)]iyjzl - [W N (12)
7,7=1

is positive semidefinite for every choice of an integer n and of n points z1,..., 2, €

D. The significance of this characterization for interpolation theory is that it gives

the necessity part in the Nevanlinna-Pick interpolation theorem: given points

21,y 2n € D and wr,...,w, € C, there exists w € S with w(z;) = w; for
7 =1,...,n if and only if the associated Pick matric P = [11__2—1:;] s positive

semidefinite.

There are at least two obstacles to get an immediate boundary analogue of
the latter result just upon sending the points z1, ..., 2, in (1.2) to the unit circle
T. Firstly, the boundary nontangential (equivalently, radial) limits

w(t) := lim w(z) (1.3)

z—t
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exist at almost every (but not every) point ¢ on T. Secondly, although the nontan-
gential limits

1 — Jw(z)|

do(t) := lim “50 (tem (1.4)

L
exist at every ¢ € T, they can be infinite. However, if d,, (t) < oo, then it is readily
seen that the limit (1.3) exists and is unimodular. Then we can pass to limits in

(1.2) to get the necessity part of the following interpolation result:
Given points t1,...,t, € T and numbers w1, ..., w, and vy1,...,v, such that
|lw;l=1 and ~ >0 for i=1,...,n, (1.5)

there exists w € S with

w(t;)) =w; and dy(t;) <~y for i=1,...,n (1.6)
if and only if the associated Pick matriz
1— Eiwj . .
P =[Pyl ;=1 with the entries P = 1 —tt; Jor i#] (1.7)
Ys for i=3j

is positive semidefinite.

This result in turn, suggests the following well known boundary Nevanlinna—

Pick interpolation problem.

Problem 1.1. Given points t1,...,t, € T and numbers wi,..., Wy, Y1,---,Yn GS
in (1.5) and such that the Pick matriz P defined in (1.7) is positive semidefinite,
find all functions w € S satisfying interpolation conditions (1.6).

Note that assumptions (1.5) and P > 0 are not restrictive since they are

necessary for the problem to have a solution.

The boundary Nevanlinna—Pick interpolation problem was worked out using
quite different approaches: the method of fundamental matrix inequalities [12],
the recursive Schur algorithm [7], the Grassmannian approach [3], via realization
theory [2], and via unitary extensions of partially defined isometries [1, 11]. If
P is singular, then Problem 1.1 has a unique solution which is a finite Blaschke
product of degree r = rank P. If P is positive definite, Problem 1.1 has infinitely
many solutions that can be described in terms of a linear fractional transformation

with a free Schur class parameter.

Note that a similar problem with equality sign in the second series of condi-

tions in (1.6) was considered in [19, 9, 6]:
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Problem 1.2. Given the data as in Problem 1.1, find all functions w € S such that

w(t;)) =w; and dy(t;))=v for i=1,...,n (1.8)

The solvability criteria for this modified problem is also given in terms of the
Pick matrix (1.7) but it is more subtle: condition P > 0 is necessary (not sufficient,
in general) for the Problem 1.2 to have a solution while the condition P > 0 is

sufficient.

The objective of this paper is to study the above problems in the setting of
generalized Schur functions. A function w is called a generalized Schur function if
it is of the form
S(z)
for some Schur function S € S and a finite Blaschke product B. Without loss of

generality we can (and will) assume that S and B in representation (1.9) have no

(1.9)

common zeroes. For a fixed integer k > 0, we denote by S, the class of generalized
Schur functions with & poles inside D, i.e., the class of functions of the form (1.9)
with a Blaschke product B of degree k. Thus, S, is a class of functions w such
that

1. w is meromorphic in D and has k poles inside D counted with multiplicities.

2. w is bounded on an annulus {z : p < |z| < 1} for some p € (0, 1).

3. Boundary nontangential limits w(t) := ilir% w(z) exist and satisfy |w(¢t)| <
1 for almost all ¢ € T.

It is clear that the class Sy coincides with the classical Schur class.

The class S,; can be characterized alternatively (and sometimes this charac-
terization is taken as the definition of the class) as the set of functions w mero-
morphic on D and such that the kernel K, (z,() defined in (1.1) has k negative
squares on DN p(w) (p(w) stands for the domain of analyticity of w); in formulas:
sq_(Ky) = k. The last equality means that for every choice of an integer n and of
n points z1, ..., z, € DN p(w), the Hermitian matrix (1.9) has at most k negative

eigenvalues:

1— Zi2j

s [M] <k (1.10)
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and for at least one such choice it has exactly x negative eigenvalues counted with
multiplicities. In what follows, we will say “w has x negative squares” rather than

“the kernel K, has x negative squares”.

Due to representation (1.9) and in view of the quite simple structure of fi-
nite Blaschke products, most of the results concerning the boundary behavior of
generalized Schur functions can be derived from the corresponding classical results
for the Schur class functions. For example, the nontangential boundary limit d.,(t)
(defined in (1.4)) exists for every t € T and satisfies d,(t) > —oo (not necessarily

nonnegative, in contrast to the definite case). Indeed, if w is of the form (1.9), then

L-u@)P 1 (1-1SEP _1-1BE)P
L= [P ‘|B<z>|2( P TP ) (1.11)

Passing to the limits as z tends to t € T in the latter equality and taking into
account that |B(t)| = 1, we get

dw(t) = ds(t) — dB(t) > —00,

since d, (to) > 0 and dp(t) < co. Furthermore, as in the definite case, if d, (t) < oo,

then the nontangential limit (1.3) exists and is unimodular.

Now we formulate indefinite analogues of Problems 1.1 and 1.2. The data set

for these problems will consist of n points ¢1,...,t, on T, n unimodular numbers
Wi, ..., w, and n real numbers 1, ..., yy:
t; €T, |wi|:1, v € R (221,,7’L) (112)

As in the definite case, we associate to the interpolation data (1.12) the Pick matrix
P via the formula (1.7) which is still Hermitian (since ; € R), but not positive

semidefinite, in general. Let x be the number of its negative eigenvalues:

Ki=sq_P, (1.13)
where
1-— W;W; . .
- J
P=[P,)};-y and Py={ 1-%t; . 73 (1.14)
Yj for i=j.

The next problem is an indefinite analogue of Problem 1.2 and it coincides with
Problem 1.2 if Kk = 0.
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Problem 1.3. Given the data set (1.12), find all functions w € S, (with k defined
in (1.13)) such that

oy LW -
dw(tz) = Zh_r% 1—7|2|2 =% (Z—l,...,n) (115)
and
w(t;) == lim w(z) = w; (t=1,...,n). (1.16)

z—t;

The analogue of Problem 1.1 is:

Problem 1.4. Given the data set (1.12), find all functions w € S, (with k defined
in (1.13)) such that

dy(t;) <7 and w(t;) =w; (i=1,...,n). (1.17)

Interpolation conditions for the two above problems are clear: existence of the
nontangential limits d,,(¢;)’s implies existence of the nontangential limits w(t;)’s;
upon prescribing the values of these limits (or upon prescribing upper bounds for
dy (t;)’s) we come up with interpolation conditions (1.15)—(1.17). The choice (1.13)

for the index of S, should be explained in some more detail.

Remark 1.5. If a generalized Schur function w satisfies interpolation conditions

(1.17), then it has at least k = sq_P negative squares.

Indeed, if w is a generalized Schur function of the class Sz and t1,...,t, are

distinct points on T such that
dy(t;) <oo for i=1,...,n,

then the nontangential boundary limits w(t;)’s exist (and are unimodular) and
one can pass to the limit in (1.10) (as t; — z; for i = 1,...,n) to conclude that

the Hermitian matrix

1 —w(ti)w(t;)

w w] ™ . w Z_ f ] ]
P (tla-'-vtn) = [P)ij}iﬁjzl with Pij = 1 —titj or ;é]
doy (t;) for i=j
(1.18)
satisfies
sq_PY(t1,...,tn) <R (1.19)
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If w meets conditions (1.16), then the nondiagonal entries in the matrices P"(t1,. .., t,)
and P coincide which clearly follows from the definitions (1.14) and (1.18). It fol-
lows from the same definitions that

v — dw(t1) 0

P — PY(t1,...,ty) =
0 Tn — duw (tn)

and thus, conditions (1.15) and the first series of conditions in (1.17) can be written

equivalently in the matrix form as
PY(ty,...,t,) =P and P“(t1,...,t,) <P, (1.20)
respectively. Each one of the two last relations implies, in view of (1.19) that
sq_P <k.

Thus, the latter condition is necessary for existence of a function w of the class Sz
satisfying interpolation conditions (1.17) (or (1.15) and (1.16)). The choice (1.13)
means that we are concerned about generalized Schur functions with the minimally

possible negative index.

Problems 1.3 and 1.4 are indefinite analogues of Problems 1.2 and 1.1, re-
spectively. Now we introduce another boundary interpolation problem that does

not appear in the context of classical Schur functions.

Problem 1.6. Given the data set (1.12), find all functions w € Sy for some k' <
Kk = sq_P such that conditions (1.17) are satisfied at all but k— k' pointsty, ..., ty,.

In other words, a solution w to the last problem is allowed to have less then x
negative squares and to omit some of interpolation conditions (but not too many

of them). The significance of Problem 1.6 will be explained in the next section.

2. Main results

The purpose of the paper is to obtain parametrizations of solution sets Si3, S14

and Si¢ for Problems 1.3, 1.4 and 1.6, respectively. First we note that
S13 € S14 € S16 and  S14 = S16 N Sk. (21)

Inclusions in (2.1) are self-evident. If w is a solution of Problems 1.6 with ' = &,

then k¥ — & = 0 which means that conditions (1.17) are satisfied at all points
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t1,...,t, and thus, w € Sq14. Thus, S14 € S16NS,. The reverse inclusion is evident,
since S14 C S,. Note also that if Kk = 0, then Problems 1.4 and 1.6 are equivalent:
S14 = Sy6.

It turns out that in the indefinite setting (i.e., when x > 0), Problem 1.6
plays the same role as Problem 1.4 does in the classical setting: it always has
a solution and, in the indetereminate case, the solution set S;g admits a linear
fractional parametrization with the free Schur class parameter. The case when P

is singular, is relatively simple:

Theorem 2.1. Let P be singular. Then Problem 1.6 has a unique solution w which

is the ratio of two finite Blaschke products

with no common zeroes and such that
deg B1 + deg By = rank P.
Furthermore, if deg Bo = k, then w is also a solution of Problem 1.4.
The proof will be given in Section 7. Now we turn to a more interesting case

when P is not singular. In this case, we pick an arbitrary point u € T\ {t1,...,tn}

and introduce the 2 x 2 matrix valued function

o) = [ G ou]

I+ (z—p) [ g } (2L, = T)'P (I, —pT*)" ' [ C* —E* ]

(2.2)

, E=[1 .01, C=[wr ... wy]. (2.3)

Note that the Pick matrix P defined in (1.14) satisfies the following identity
P—T'PT = E*E — C*C. (2.4)

Indeed, equality of nondiagonal entries in (2.4) follows from the definition (1.18)
of P, whereas diagonal entries in both sides of (2.4) are zeroes. Identity (2.4) and

all its ingredients will play an important role in the subsequent analysis.
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The function © defined in (2.2) is rational and has simple poles at 1, ..., ;.

Note some extra properties of ©. Let J be a signature matrix defined as

J:[(l) _H (2.5)

It turns out that © is J-unitary on the unit circle, i.e., that

O(t)JO(t)* =J forevery t € TNp(O) (2.6)
and the kernel
J —0(z)JO(()*
Ke,s(z,¢) = J-Ok)IOL)” (2.7)
1—2C¢
has k = sq_ P negative squares on D:
Squ(_)“] = K. (28)

We shall use the symbol W, for the class of 2 x 2 meromorphic functions satisfying
conditions (2.6) and (2.8). It is well known that for every function ® € W,, the
linear fractional transformation

011£+ 06
Te: £ — 211& T 912 (2.9)
©21€ + B2
is well defined for every Schur class function £ and maps Sy into |J,., <x Sk This
map is not onto and the question about its range is of certain interest. If © is of

the form (2.2), the range of the transformation (2.9) is Sys:

Theorem 2.2. Let P, T, E and C be defined as in (1.14) and (2.3) and let w be
a function meromorphic on D. If P is invertible, then w is a solution of Problem
1.6 if and only if it is of the form

_ 011(2)E(2) + O12(2)

w(z) = Te[€](2) := O21(2)E(2) + O2a(2)’

(2.10)
for some Schur function € € Sy.

It is not difficult to show that every rational function © from the class W,
with simple poles at ¢1,...,t, € T and normalized to I at p € T, is necessarily
of the form (2.2) for some row vector C' € C*" with unimodular entries, with F
as in (2.3) and with a Hermitian invertible matrix P having x negative squares
and being subject to the Stein identity (2.4). Thus, Theorem 2.2 clarifies the
interpolation meaning of the range of a linear fractional transformation based on
a rational function © of the class W, with simple poles on the boundary of the
unit disk.
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The necessity part in Theorem 2.2 will be obtained in Section 3 using an
appropriate adaptation of the V. P. Potapov’s method of the Fundamental Matrix
Inequality (FMI) to the context of generalized Schur functions. The proof of the

sufficiency part rests on Theorems 2.3 and 2.5 which are of certain independent

interest. To formulate these theorems, let us introduce the numbers ¢1, ..., ¢, and
gl, ey gn by
= — liIItl (z—1t;)021(2) and € := lintl (z—1t)O22(z) (i=1,...,n) (2.11)
Z—1; Z2—14

(for notational convenience we will write sometimes a* rather than @ for a € C).
It turns out |¢;| = |€;] # 0 (see Lemma 3.1 below for the proof) and therefore the

following numbers

G er . @22(2)
== = =—1 =1,..., 2192
g €; C’; zE}tli @21 (Z) ! TL) ( )
are unimodular:
mil=1 (i=1,...,n). (2.13)

Furthermore let p;; stand for the i-th diagonal entry of the matrix P~!, the inverse
of the Pick matrix. It is self-evident that for a fixed 4, any function £ € Sy satisfies

exactly one of the following six conditions:

C;: The function & fails to have a nontangential boundary limit »n; at ¢;.
1—E(2))?
Cy: &) := lintl E(z)=mn; and dg(t;) := 1|7|(Z|g| = o0. (2.14)
2=l — |7
Cy: Eti)=mn and — Igﬁ < de(t;) < oo. (2.15)
Cu: Et)=mn and 0<de(t;) <— ETQ. (2.16)
=
Cs: Et)=mn and de(t;) = ‘é% > 0. (2.17)
Cﬁ : 5(fi) =N; and dg(ti) :51’1' =0. (218)

Note that condition C; means that either the nontangential boundary limit £(¢;) :=
liIItl E(z) fails to exist or it exists and is not equal to 7;. Let us denote by C4_g
z—t;

the disjunction of conditions C4, Cs and Cg:

Cig: E1)=mn and dg(ti)g_éflg. (2.19)

The next theorem gives a classification of interpolation conditions that are or are

not satisfied by a function w of the form (2.10) in terms of the corresponding

parameter £.
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Theorem 2.3. Let the Pick matriz P be invertible, let £ be a Schur class function,
let © be given by (2.2), let w = T[] and let t; be an interpolation node.
1. The nontangential boundary limits d,(t;) and w(t;) exist and are subject
to
dy(t;) =y and w(t;) = w;
if and only if the parameter £ meets either condition Cy or Cs.
2. The nontangential boundary limits d,,(t;) and w(t;) exist and are subject
to
dy(t;) <y and w(t;) = w;
if and only if the parameter £ meets condition Cs.
3. The nontangential boundary limits d,,(t;) and w(t;) exist and are subject
to
i < dy(t;) <oo and w(t;) = w;.
if and only if the parameter £ meets condition Cy.
4. If € meets Cs, then w is subject to one of the following:
(a) The limit w(t;) fails to exist.
(b) The limit w(t;) exists and w(t;) # w;.
(¢) w(t;) =w; and dy(t;) = oo.
5. If &€ meets Cg, then w is the ratio of two finite Blaschke products,

dy(ti) < oo and w(t;) # w;.

We note an immediate consequence of the last theorem.

Corollary 2.4. A function w = Tg[E] meets the i-th interpolation conditions for
Problem 1.4:

dw(t;) <y and w(t;) =w;
if and only if the corresponding parameter € € Sy meets the condition Ci_3 =
C,vCeVCs att.

Note that Problem 1.3 was considered in [2] for rational generalized Schur
functions. It was shown ([2, Theorem 21.1.2]) that all rational solutions of Problem
1.3 are parametrized by the formula (2.10) when &£ varies over the set of all rational

Schur functions such that (in the current terminology)

E(ty))#£m for i=1,...,n.
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Note that if £ is a rational Schur function admitting a unimodular value &(to)
at a boundary point tg € T, then the limit d,(to) always exists and equals
to€' (to)E(to)*. The latter follows from the converse Carathéodory-Julia theorem
(see e.g., [18, 20]):

_ 2 _ *
dulto) = tim AAEG ) 1= E@E()
z—tg 1 — |Z|2 z—to 1— zty
_ g M) =€) E(t)
z—to to — 2z to

= tog/(to)g(to)* < 00.

Thus, a Schur function £ cannot satisfy condition Cs at a boundary point ¢;
therefore, Statement (1) in Theorem 2.3 recovers Theorem 21.1.2 in [2]. The same
conclusion can be done when £ is not rational but still analytic at ¢;. In the case
when £ is not rational and admits the nontangential boundary limit £(¢;) = n;,
the situation is more subtle: Statement (1) shows that even in this case (if the
convergence of £(z) to £(t;) is not too fast), the function w = T[€] may satisfy
interpolation conditions (1.15), (1.16).

The next theorem concerns the number of negative squares of the function
w = T@ [5]

Theorem 2.5. If the Pick matriz P is invertible and has k negative eigenvalues,
then a Schur function € € Sy may satisfy conditions Cy_g at at most k interpola-
tion nodes. Furthermore, if £ meets conditions Cy_g at ezxactly £ (< k) interpola-

tion nodes, then the function w = Teol[€] belongs to the class Sx_y.

Corollary 2.4 and Theorem 2.5 imply the sufficiency part in Theorem 2.2.
Indeed, any Schur function £ satisfies either conditions C4_g or Ci_3 at every
interpolation node ¢; (i = 1,...,n). Let £ meet conditions C4_¢ at t;,,...,t;, and
Ci_3 at other n — ¢ interpolation nodes ¢;,,...,t;, _,. Then, by Corollary 2.4, the
function w = Tel€] satisfies interpolation conditions (1.17) for ¢ € {j1,...,Jn—¢}
and fails to satisfy at least one of these conditions at the remaining ¢ interpolation
nodes. On the other hand, w has exactly x — ¢ negative squares, by Theorem 2.5.
Thus, for every £ € Sy, the function w = Tg[£] solves Problem 1.6.

Note also that Theorems 2.2 and 2.5 lead to parametrizations of solution sets
for Problems 1.3 and 1.4. Indeed, by inclusions (2.1), every solution w to Problem
1.3 (or to Problem 1.4) is also of the form (2.10) for some £ € Sy. Thus, there

is a chance to describe the solution sets S13 and S14 by appropriate selections of
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the parameter £ in (2.10). Theorem 2.5 indicates how these selections have to be

made.

Theorem 2.6. A function w of the form (2.10) is a solution to Problem 1.3 if and
only if the corresponding parameter £ € Sy satisfies either condition Cy or Cq for

every i € {1,...,n}.

Theorem 2.7. A function w of the form (2.10) is a solution to Problem 1.4 if and
only if the corresponding parameter £ € Sy either fails to have a nontangential

boundary limit n; at t; or

Dii
g(tl) =" and dg(ti) > —#
3
for every i =1,...,n (in other words, £ meets one of conditions C1, Ca, C3 at

each interpolation node t;).

As a consequence of Theorems 2.2 and 2.7 we get curious necessary and
sufficient conditions (in terms of the interpolation data (1.12)) for Problems 1.4

and 1.6 to be equivalent (that is, to have the same solution sets).

Corollary 2.8. Problems 1.4 and 1.6 are equivalent if and only if all the diagonal

entries of the inverse P~ of the Pick matriz are positive.

Indeed, in this case, all the conditions in Theorem 2.7 are fulfilled for every
€ € Spandeveryi € {1,...,n} and formula (2.6) gives a free Schur class parameter

description of all solutions w of Problem 1.4.

In the course of the proof of Theorem 2.5 we will discuss the following related
question: given indices 41,...,4 € {1,...,n}, does there exist a parameter & €
So satisfying conditions Cy_¢ at t;,,...,%;,7 Due to Theorems 2.2 and 2.3, this
question can be posed equivalently: does there exist a solution w to Problem 1.6
that misses interpolation conditions at ¢;,, ..., t;, (Theorem 2.5 claims that if such
a function exists, it belongs to the class Sy—¢). The question admits a simple
the inverse of the Pick

n

answer in terms of a certain submatrix of P~ = [Dij); =1
=

matrix.

Theorem 2.9. There exists a parameter £ satisfying conditions Cy_g at tiy,. .., t;,
if and only if the £ x £ matrix

_ ¢
P = [piaviﬂ}a,ﬁzl
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is negative semidefinite. Moreover, if P is negative definite, then there are infinitely
many such parameters. If P is negative semidefinite (singular), then there is only

one such parameter, which is a Blaschke product of degree r = rank P.

Note that all the results announced above have their counterparts in the
context of the regular Nevanlinna-Pick problem with all the interpolation nodes
inside the unit disk [5]

The paper is organized as follows: Section 3 contains some needed auxiliary
results which can be found (probably in a different form) in many sources and are
included for the sake of completeness. In Section 4 we prove the necessity part in
Theorem 2.2 (see Remark 4.4). In Section 5 we prove Theorem 2.3. In Section 6
we present the proofs of Theorems 2.9 and 2.5 and complete the proof of Theorem
2.2 (see Remark 6.2). The proof of Theorem 2.1 is contained in Section 7; some

illustrative numerical examples are presented in Section 8.

3. Some preliminaries

In this section we present some auxiliary results needed in the sequel. We have
already mentioned the Stein identity

P-T*PT =E*E — C*C (3.1)

satisfied by the Pick matrix P constructed in (1.14) from the interpolation data.
Most of the facts recalled in this section rely on this identity rather than on the

special form (2.3) of matrices T, F and C.

Lemma 3.1. Let T, E and C be defined as in (2.3), let P defined in (1.14) be
invertible and let p be a point on T \ {t1,...,tn}. Then

1. The row vectors

E=[& ... & and C=[& ... G (3.2)
defined by
<= [ < } (I =)' P~ (I — 1) (3.3)

satisfy the Stein identity
P l'—TP 'T* = E*E — C*C. (3.4)
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2. The numbers ¢; and ¢; are subject to
leil =1¢|#0 for i=1,...,n. (3.5)
3. The nondiagonal entries p;; of P~ are given by

3

1-— tifj

LY >
e;e; — C;Cj

pij = (i # J)- (3.6)

Proof: Under the assumption that P is invertible, identity (3.4) turns out to
be equivalent to (3.1). Indeed, by (3.3) and (3.1),

(I — TP~ Yl —T*) ' [E*E — C*C) (ul — T) *P~*(I — uT™)
( )Pl = T*)' [P = T*PT](ul = T)" P~ (I — uT™)
= —pT)P~ ' [(I —pT*)'P+ PT(ul —T)" '] P71 (I — puT*)

(I —aT)P~t + gTP~ (I — uT™)

Let P~! = [py;];';_,. Due to (3.2) and (2.3), equality of the 4j-th entries in (3.4)
can be displayed as

Pij — tit;pij = €€ — ¢;¢; (3.7)
and implies (3.6) if ¢ # j. Letting ¢ = j in (3.7) and taking into account that
[ti] = 1, we get |&;| = |&;] for i = 1,...,n. It remains to show that ¢; and ¢; do not
vanish. To this end let us assume that

e, =c¢;=0. (3.8)
Let e; be the i-th column of the identity matrix I,,. Multiplying (3.4) by e; on the
right we get
P le;— TP 'T*e; = E*¢; — C*¢; = 0
or equivalently, since T*e; = t;e;,
(I —;T)P 'e; = 0.
Since the points t1,...,t, are distinct, all the diagonal entries but the i-th in the

diagonal matrix I — ¢;T are not zeroes; therefore, it follows from the last equality

that all the entries in the vector P~'e; but the i-th entry are zeroes. Thus,

P_lel- = e; (39)
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for some « € C and, since P is not singular, it follows that o # 0. Now we compare
the é-th columns in the equality (3.3) (i.e., we multiply both parts in (3.3) by e;
on the right). For the left hand side we have, due to assumption (3.8),

cCl [&]l o
E|C |a] o]
For the right hand side, we have, due to (3.9) and (2.3),

E
C R o d=pth O] o w
{E](,uI—T) P (I—uT)ez—au_ti {E]el——atl{ 1 }

By (3.3), the right hand side expressions in the two last equalities must be the

same, which is not the case. The obtained contradiction completes the proof of
(3.5). O

Remark 3.2. The numbers €; and ¢; introduced in (3.2), (3.3) coincide with those

in (2.11).

For the proof we first note that the formula (2.2) for © can be written, on

account of (3.3), as
0(z) = Ir + (2 — ) { g ] (L =T)(ul, = T) M| &+ ~E* | (3.10)
and then, since

lim (z —t;)(2] = T) ' =ejef and ef(ul —T) ' = (u—t;) ‘e;

z—t;

(recall that e; is the i-th column of the identity matrix I,,), we have

lim (=~ 6)0(z) = lim (2 p) [ < }eief(uI—T)_l [ & ]
_ —{g}eief[a* =

= _{“{][5 - ]. (3.11)

Comparing the bottom entries in the latter equality we get (2.11). [l
In the rest of the section we recall some needed results concerning the function

O introduced in (2.2). These results are well known in a more general situation

C] , T) is observable:

when 7', C and E are matrices such that the pair ([ B

(] Ker [g} 79 = {0}, (3.12)

Jj=0
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and P is an invertible Hermitian matrix satisfying the Stein identity (3.1) (see

e.g., [2]). Note that the matrices defined in (2.3) satisfy a stronger condition:

(] KerCT? = (] Ker ETY = {0}. (3.13)
j=0 j=0

Remark 3.3. Under the above assumptions, the function © defined via formula

(2.2) belongs to the class Wy, with k = sq_P.

Proof: The desired membership follows from the formula

Ko, 1(2,¢) = [ g } (2L -T)'P'(C{I-T*)""[ C* E*] (3.14)

for the kernel Kg ; defined in (2.7). The calculation is straightforward and relies
on the Stein identity (3.1) only (see e.g., [2]). It follows from (3.14) that © is J
-unitary on T (that is, satisfies condition (2.6)) and that

sq_Ke,s <sq_P = k.

Condition (3.12) guarantees that in fact sq_Ke j = k (see [2]). O

Remark 3.4. Since O is J-unitary on T it holds, by the symmetry principle, that
O(2)~! = JO(1/2)*J, which together with formula (2.2) leads us to

0(k) =1~ (z—p) [ g } (Wl —T)'P Y (I —2T*)" " [C* —E*]. (3.15)

Besides (3.14) we will need realization formulas for two related kernels. Ver-
ification of these fomulas (3.16) and (3.17) is also straightforward and is based on
the Stein identities (3.1) and (3.4), respectively.

Remark 3.5. Let © be defined as in (2.2). The following identities hold for every
choice of z, ( & {t1,...,tn}:

G(C)_*ffg_l —7 { _g ] (I-C¢T)'P Y I—zT)"" [C* —E*],
(3.16)
%)Z@(Z) = _% (EI—T*)—lp(zI—T)—l{é* —E* }

(3.17)
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Let us consider conformal partitionings

Pi1 Pro -1
P - P =
{Pm PzJ ’

Ell E12

, T = {Tl 0}, (3.18)
Py Py

0 Ty

E=[E B, C=[0 G], E=|[B B, 0=[G G| (19

where Pss, ]522, Ty € C** and Es, Cs, EQ, 52 € C'*¢, Note that these decompo-
sitions contain one restrictive assumption: it is assumed that the matrix 7' is block

diagonal.

Lemma 3.6. Let us assume that Py is invertible and let sq_ P11 = k1 < k. Then

ﬁgg is invertible, Sq_ﬁgg = Kk — k1 and the functions

e 1 L[ v .
OW(2) =TI, + (2 — ) Ei (21 = T)7'PRY I —pTy) [ CF —Ef ] (3.20)
and
N &, ] e . -
0 (2) =1L+ (z — p) EQ (I — uTy) Pyt (2] — Ty) ™t [ Cs —E;] (3.21)
2

belong to Wy, and Wy_y,, respectively. Furthermore, the function © defined in

(2.2) admits a factorization

0(z) = 0 ()0 (2). (3.22)

Proof: The first statement follows by standard Schur complement arguments:
since P and P;; are invertible, the matrix Py — Ps PfllPlg (the Schur complement
of Pi; in P) is invertible and has k — k1 negative eigenvalues. Since the block
ﬁgg in P~! equals (P — P21P1_11P12)71, it also has Kk — k1 negative eigenvalues.
Realization formulas

Ko s(2,¢) = REPL'RQ)" and Kgu (0) = R(2)PeR(Q)"  (3.23)
where we have set for short

Ch ~

R(z) = [ B ](ZI—Tl)_l, R(z) = Co

G| 0T P L - )

are established exactly as in Remark 3.3 and rely on the Stein identities

P11 - Tl*PllTl = EikEl - C’fC’l and ﬁil — TQ?QQTQ* = E;EQ - 6;52 (324)
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which hold true, being parts of identities (3.1) and (3.4). Formulas (3.23) guarantee

that the rational functions ©1) and ©® are J-unitary on T and moreover, that

sq_Keow) y <sq_Pi1 =+r1 and sq_Ké(z))J < Sq_ﬁzg =K — K1. (3.25)
Assuming that the factorization formula (3.22) is already proved, we have

Ke,5(2,¢) = Ko s(2,0) + 0W(2) Kz ;(2,00M(0)*
and thus,
k=sq Key<sq Kew j+sq Kge ;
which together with inequalities (3.25) imply
sq_K@(l)yJ =K1 and sq_KC:)@)J =K — K1.

It remains to prove (3.22). Making use of the well known equality

_ P! -Pi'Pi | 5 -
Pl = [ o 8 } + [ ne ]Pzg[ —Py Pt 1] (3.26)

we conclude from (3.3) that
Co
Ey

- { < ] (L, — T) " P~ (L, — uT*) [}’J

C o —PitPe ] 5 \
{ 5 ] (ul, —T)~* { 1 12 ]PQQ(IZ —uTy).  (3.27)
This last relation allows us to rewrite (3.21) as

60yt c- | § |wr-rr [ PP Jer-m [ & -5 |

(3.28)
Now we substitute (3.26) into the formula (2.2) defining © and take into account
(3.20) and (3.27) to get

—1 .
o) = oM+ {g] (Lo —T) {—Pli Pra ]P22
[ —Py Pyt 1 (I, —pT*)" [ C* —E* ]
C —P3'P
_ (1) _ 11 112
- ot § e [

x(ul -T)™" | G5 ~F; |.
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Thus, (3.22) is equivalent to

09(z) = L+ (z—pOeW(z)™ { g ] (L =) { —Pf{PH ]

x(ul =T [ &5 ~F; |.

Comparing the last relation with (3.28) we conclude that to complete the proof it

suffices to show that

oW (z)~! { g ] (20, —T)™* { _P%IPH ] (ul — T) !
- [ 16; ] (nl =1)71 [ _Pfilpm } (21 = T5) 7" (3.29)

The explicit formula for @) (2)~! can be obtained similarly to (3.15):

0N () = L~ (= —p) [ P } (I —T) " PR (I—=T3) 7' [0 —Ef]. (3.30)

Next, comparing the top block entries in the Stein identity (3.1) we get, due to
decompositions (3.18) and (3.19),

[P P =Ty [Pu Pu2|T=EE-CiC

which, being multiplied by (I — 275) ™! on the left and by (21 —T)~! on the right,

leads us to

(I —2T7) Y (BfE - CiC) (21 —T)7 !
= (I —2T7)'TT [P Pia] + [Pin Pia) (I -T)" " (3.31)
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Upon making use of (3.29) and (3.31) we have

oM () [ < } (21, — T)" [ PP }

[ [

E 1
[ C1 ] - - [ —P;'P
HE=w) | g | =TT [T PR P (21 = T) 1[ 1 12}
[ ¢y ] S C: _
=-| Ei (21 = Ty) ' P Pra + { Ez ](ZI—TQ) !

¢y ] 1 _ e
+(z — p) Ei (I —Ty) " (P Pra(z] — To) ™' — (21 = T1) "' P! Pro)

] 1y C _
=— _ Ei | (ul —Ty) " P Pro(ul — To) + [ Ez } (21 —Ty)~ !
C [ -Pi'P _
:[E}(MI—T) 1[ 1 12](21—1“2) !
which proves (3.29) and therefore, completes the proof of the lemma. O

Remark 3.7. The case when £ = 1 in Lemma 3.6 will be of special interest. In this

case,

Po =%, Po=pum, Tr=tn, Co=w, E=1 Cy=0¢, E=¢,
Then the formula (3.21) for 0@ simplifies to

o (2) z) = 1o %—u En 510 = g 1. .
0 (z) I+(1_Mtn)(2_tn)|:en:|pnn[ n n] (3.32)

4. Fundamental Matrix Inequality

In this section we characterize the solution set Sig of Problem 1.6 in terms of

certain Hermitian kernel. We start with some simple observations.

Proposition 4.1. Let K(z,() be a Hermitian kernel defined on Q@ C C and with
sq_K = k. Then

1. For every choice of an integer p, of a Hermitian p X p matriz A and of a

p x 1 vector valued function B,

S R
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2. If M, ..., \p are points in Q and if

K(Z, )\1)
A=K\, N} -, and B(z) = : (4.1)
K(z,Ap)
then
A B(z) ]
Sq_ N =K. 4.2
I P 2
Proof: For the proof of the first statement we have to show that for every
integer m and every choice of points z1, ..., 2, € €, the block matrix
A B(z;) ] ] "
M = N J 4.3
|:|:B(Zl) K(Zjuzi) i,j=1 ( )

has at most k + p negative eigenvalues. It is easily seen that M contains m block

identical rows of the form
[A B(z1) A B(z2) ... A B(z)].

Deleting all these rows but one and deleting also the corresponding columns, we

come up with the (m + p) x (m + p) matrix

A B(z1) ... B(zm)
_ B(z1)* K(z1,21) ... K(z1,2m)
M= : : :
B(zm)* K(zm,21) -« K(zm,zm)

having the same number of positive and negative eigenvalues as M. The bottom
m X m principal submatrix of M has at most negative eigenvalues since sq_ K =
k. Since M is Hermitian, we have by the Cauchy’s interlacing theorem (see e.g.,
[4, p. 59]), that sq_ M < k+p. Thus, sq_ M < &+ p which completes the proof of

Statement 1.

If A and B are of the form (4.1), then the matrix M in (4.3) is of the form
[K (¢, G)]752™ where all the points ¢; live in Q. Since sq_ K = &, it follows

i,j=1
that sq_ M < k for every choice of z1,..., 2z, in  which means that the kernel
A B(z) ] . .
N has at most k negative squares on 2. But it has at least &
[B(C) K(20) s

negative squares since it contains the kernel K (z,() as a principal block. Thus,
(4.2) follows. O

Theorem 4.2. Let P, T, E and C be defined as in (1.14) and (2.3), let w be a
function meromorphic on D and let the kernel K,, be defined as in (1.1). Then w
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is a solution of Problem 1.6 if and only if the kernel

. P B (I —2T*)"YE* — C*w(z))
Kul2: 0= (5 — w0y - ¢y Ku(20) (44)
has k negative squares on DN p(w):
sq_ K (z,¢) = k. (4.5)

Proof of the necessity part: Let w be a solution of Problem 1.6, i.e., let w
belong to the class S, for some x' < k and satisfy conditions (1.17) at all but

k — k' interpolation nodes.

First we consider the case when w € S,. Then w satisfies all the conditions
(1.17) (i.e., w is also a solution to Problem 1.4). Furthermore, sq_K,, = x and by

the second statement in Proposition 4.1, the kernel

Ky(z1,21) ... Ku(zn,21) Ku(z,21)
1 - : : :
K )(270 o Ky(z1,2n) . Kup(zn,2n) Ku(z,2n) (4.6)
Ky(21,0) .. Kul(z, () Ku(z,0)
has x negative squares on DN p(w) for every choice of points z1, ..., z, € DNp(w).
Since the limits dy,(¢;) and w(t;) = w; exist for ¢ = 1,...,n, it follows that
_ [ w) w(z)]"

[Kw(zja Zi)]?,jzl = — Pw(tl, - ,tn) (4.7)

1= Ziz; ij=1
(by definition (1.18) of the matrix P (¢y,...,t,)) and also

1@ 1w

Ko(zi, _ > =1,....n).
(30,0) = L O (= L)
Note that by the structure (2.3) of the matrices T', E and C,
N P 1—w(()*w 1 —w(()*wy,
(B w(eyoyr —¢r)~ = [Fe Lol
1- Ctl 1- Ctn
which, being combined with the previous relation, gives
[Kuw(21,0) - Ku(zn, Q)] — (B —w(Q)*C)(I - CT)7" (4.8)
Now we take the limit in (4.6) as z; — ¢; for i = 1,...,n; on account of (4.7) and
(4.8), the limit kernel has the form
K(Q)(Z,C) — Pw(tl,...,tn) (I—ZT*)_l(E* —C*w(z))

(B —w()*C)I -¢T)~ Ku(z,C)
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Since K is the limit of a family of kernels each of which has x negative squares,
sq_K® < k. It remains to note that the kernel K,, defined in (4.4) is expressed
in terms of K as

K,(z,) =Kz, 0+ P—-P (glv oo tn) 8
and since the second term on the right hand side is positive semidefinite (due to

the first series of conditions in (1.17); see also (1.20)),
sq_ Ko, <sq_K® < k.

On the other hand, since K,, contains the kernel K, as a principal submatrix,
sq_K,, > sq_K,, = k which eventually leads us to (4.5). Note that in this part of
the proof we have not used the fact that sq_P = k.

Now we turn to the general case: let w € S, for some k' < &k and let
conditions (1.17) be fulfilled at all but £ := x — £’ interpolation nodes ¢;’s. We
may assume without loss of generality that conditions (1.17) are satisfied at ¢; for

i=1,....,n— ¢
dy(ti) <7y and w(t;) =w; (it=1,...,n—1). (4.9)

Let us consider conformal partitionings (3.18), (3.19) for matrices P, T, C' and F

and let us set for short

Fi(z) = (I — 2T})" ' (Ef — Ciw(2)) (i=1,2) (4.10)
so that )
Fl z . — 5 *\—1 * *’LU P
{FZ(Z)] = (I = 2T")"HE* — C*w(2)). (4.11)

The matrix Pj; is the Pick matrix of the truncated interpolation problem with the
data t;, w;, 7; (i = 1,...,n —¢) and with interpolation conditions (4.9). By the
first part of the proof, the kernel

= | P Fi(z)

has £’ negative squares on D N p(w). Now we apply the first statement in Propo-

sition 4.1 to
K(2,¢) =Ku(2,(), B(2)=[Pn F(2)] and A= Py (4.13)
to conclude that
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By (4.13) and (4.12), the latter kernel equals

[P22 B(2) ] Py Pu Fa2)

BOT K0l T | md mid e

Now it follows from (4.4) and (4.12) that

0 I,, O
_ Py B(z) . _
Ky(z,0)=U [B(C)* Rw(Z,C)] U*, where U= ég 8 (1)

which, on account of (4.14), implies that sq_K,, < k. Finally, since K,, contains
P as a principal submatrix, sq_K,, > sq_P = k which now implies (4.5) and com-
pletes the proof of the necessity part of the theorem. The proof of the sufficiency
part will be given in Sections 6 and 7 (see Remarks 6.3 and 7.3 there). O

In the case when P is invertible, all the functions satisfying (4.5) can be

described in terms of a linear fractional transformation.

Theorem 4.3. Let the Pick matriz P be invertible and let © = [O;;] be the 2 x 2
matriz valued function defined in (2.2). A function w meromorphic on D is subject
to FMI (4.5) if and only if it is of the form

_ 011(2)€(2) + O12(2)
 021(2)E(2) + O22(2)

w(z) = Tel€] : (4.15)

for some Schur function € € Sy.

Proof: The proof is about the same as in the definite case. Let S be the Schur
complement of P in the kernel K,, defined in (4.4):
S(2,¢) = Ku(2,Q) = (E = w(¢)"C)I = (T) 7' PTHI = 2T%)7H(E" — C*w(2)).

Obvious equalities

Ku(e1) = 2D e 1) M)

where J is the matrix introduced in (2.5), and
* * C
B-wero=-fuer 1] 5]

allows us to represent S in the form

8.0 = —lwor {7+

&= Q
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or, on account of identity (3.16), as
1] @(C)’*J@_(z)*l w(z)
1—2¢ 1]

By the standard Schur complement argument,
sq_Ky, =sq_P+sq_S

which implies, since sq_P = k, that (4.5) holds if and only if the kernel S is
positive definite on p(w) N D:
O()~*JO(2) !
- w1 2LIOCL fuB) (1.16)
1—2(¢ 1
It remains to show that (4.16) holds if and only if w is of the form (4.15). To show

the “only if” part, let us consider meromorphic functions v and v defined by

{58} = 0(2)! {w(lz)} . (4.17)

Then inequality (4.16) can be written in terms of these functions as

= [u(O ()] 5 —J{‘z [Zéj))} = U(O*v(zl)__é(o*u(z) = 0. (4.18)

As it follows from definition (4.17), v and v are analytic on p(w) N D. Moreover,

v(z) #0 for every z € p(w)ND. (4.19)

Indeed, assuming that v(£) = 0 at some point £ € D, we conclude from (4.18) that
u(€) = 0 and then (4.17) implies that det ©(¢)~! = 0 which is a contradiction.

Due to (4.19), we can introduce the meromorphic function

£(x) = U2 (4.20)

which is analytic on p(w) N D. Writing (4.18) in terms of £ as
. 1—E(Q)*E(=
oo Lo EOER)

1-(z
we then take advantage of (4.19) to conclude that
1- £(Q)E()

1—-(z
The latter means that & is (after an analytic continuation to the all of D) a Schur

function. Finally, it follows from (4.17) that

w -0 ul @11U+@12’U
1| vl |Og1u + O

cv(z) =0 (2,¢ € p(w)ND),

=0 (2,¢€p(w)ND).
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which in turn implies
O1u+0O12v  011E+O12
= = =Tgl&].
v O21u + OV O21& + O olé]

Now let € be a Schur function. Then the function

V(Z) = @21(2)8(2) + @22(2‘)

does not vanish identically. Indeed, since © is rational and O(u) = I, it follows
that ©22(z) ~ 1 and O21(2) ~ 0 if z is close enough to p. Since |E(z)] < 1
everywhere in D, the function V' does not vanishonUs ={ze€D: |z —p| <d}if

d is small enough. Thus, formula (4.15) makes sense and can be written equivalently

[wgz)} —0(2) [5(12)} ' Viz)

Then it is readily seen that

as

1-8(Q€(z) _ . I [€(z)
e - ko ueg [
_ 1 008 [u()
-~y o 1Y)
for z,¢ € p(w) ND. Since & is a Schur function, the latter kernel is positive on
p(w) ND and since V' # 0, (4.16) follows. O

Remark 4.4. Combining Theorems 4.2 and 4.3 we get the necessity part in Theorem
2.2.

Indeed, by the necessity part in Theorem 4.2, any solution w of Problem 1.6
satisfies (4.5); then by Theorem 4.3, w = Tg[€] for some &€ € Sp.

In the case when k = 0, Theorem 4.2 was established in [12].

Theorem 4.5. Let the Pick matriz P be positive semidefinite. Then a function w
defined on D is a solution to Problem 1.1 (i.e., belongs to the Schur class Sy and
meets conditions (1.6)) if and only if

Ky(2,¢) =0 (z,weD) (4.21)
where K (2,C) is the kernel defined in (4.4).

Under the a priori assumption that w is a Schur function, condition (4.21)

can be replaced by a seemingly weaker matrix inequality

Ky(z,2) >0 forevery z€D
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which is known in interpolation theory as a Fundamental Matrix Inequality (FMI)
of V. P. Potapov. We will follow this terminology and will consider relation (4.5)
as an indefinite analogue of V. P. Potapov’s FMI. It is appropriate to note that a
variation of the Potapov’s method was first applied to the Nevanlinna-Pick problem
(with finitely many interpolation nodes inside the unit disk) for generalized Schur
functions in [10]. We conclude this section with another theorem concerning the

classical case which will be useful for the subsequent analysis.

Theorem 4.6. (1) If the Pick matriz P is positive definite then all the solutions w
to Problem 1.1 are parametrized by the formula (2.10) with the coefficient matriz
O defined as in (2.2) with € being a free Schur class parameter.

(2) If P is positive semidefinite and singular, then Problem 1.1 has a unique
solution w which is a Blaschke product of degree r = rank P. Furthermore, this
unique solution can be represented as
(I — 2T5) 1B
x*(I — 2T5)~1C*

w(z) = (4.22)

where T, C' and E are defined as in (2.3) and where x is any nonzero vector such
that Px = 0.

These results are well known and has been established using different methods
in [1, 12, 3, 2, 11]. In regard to methods used in the present paper, note that the
first statement follows immediately from Theorems 4.5 and 4.3. This demonstrates
how the Potapov’s method works in the definite case (and this is exactly how the
result was established in [12]). The second statement also can be derived from
Theorem 4.5: if w solves Problem 1.1, then the kernel K, (z, () defined in (4.4) is

positive definite. Multiplying it by the vector on the right and by its adjoint

x
1

on the left we come to the positive definite kernel
v*Px o*(I — 2T%) " Y (E* — C*w(z)) -0

(E—w(()*C)I =¢T) " Ku(2,C) -

Thus, for every x # 0 such that Pz = 0, we also have
¥ (I = 2T*)"H(E* — C*w(z)) = 0.

Solving the latter identity for w we arrive at formula (4.22). The numerator and
the denominator in (4.22) do not vanish identically due to conditions (3.13). Since

x can be chosen so that n — rank P — 1 its coordinates are zeros, the rational
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function w is of McMillan degree r = rank P. Due to the Stein identity (3.1), w is

inner and therefore, it is a finite Blachke product of degree r.

5. Parameters and interpolation conditions

In this section we prove Theorem 2.3. It will be done in several steps formulated

as separate theorems. In what follows, Ug and Vg will stand for the functions

Ug(Z) = @11(2)8(2) + @12(2), Vg(z) e @21(2)8(2) + @22(2) (51)
for a fixed Schur function &£, so that
Ue(2)| _ £(z)
i) e Y] 2
and (2.10) takes the form
w(z) = Tol] = %8 (5.3)

Substituting (3.10) into (5.2) and setting

U(2) = (2] - T)~ (E - 6*5(z)) (5.4)
for short, we get
Ue(z) = &(2) = (2= p)C(ul = T)710(2), (5:5)
Ve(z) = 1—(z=p)E(ul —T)""¥(2). (5.6)
Furthermore, for w of the form (5.3), we have
IwQrul) 1 VeV -Ue@Vel) o
1=z Ve(Q)*Ve(z) 1-(z ' '
Note that
V(O Vele) ~ V(O Ve(s) = —[ Vel Ve(©)" ] [ 0]
— @ 1]ewrsew | f |
= 1-E(Q)E(2) + (1= C2)W(¢)"PU(2),

where the second equality follows from (5.2), and the third equality is a conse-
quence of (3.17) and definition (5.4) of ¥. Now (5.7) takes the form

1—w(Q)'w(z) _ 1 (1—5(0*5(2)

1-¢ Ve(Q)Ve(z) 1- ¢z

+ \I/(C)*P\I/(z)> . (5.8)
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Remark 5.1. Equality (5.8) implies that for every £ € Sy and © € W,, the function

w = Tel€] belongs to the generalized Schur class Sy for some k' < k.

Indeed, it follows from (5.8) that sq_K,, <sq_Kg+sq_P =0+ k.

Upon evaluating (5.8) at ( = z we get

- 1 (1—|s<z>|2
=R Ve@P \ 1P

+ \I!(z)*P\I!(z)> (5.9)

and realize that boundary values of w(t;) and d,,(¢;) can be calculated from as-
ymptotic formulas for ¥, Ug, Ve and £ as z tends to one of the interpolation nodes

t;. These asymptotic relations are presented in the next lemma.

Lemma 5.2. Let £ be a Schur function, let ¥, Ug and Vg be defined as in (5.4),
(5.5) and (5.6), respectively , and let t; be an interpolation node. Then the following

asymptotic relations hold as z tends to t; nontangentially:

(- t)U(z) = (@ —EE() +0(z - ), (5.10)
(= t)Ue(z) = wi (@ —EE()+O0(|z - i), (5.11)
(c—t)Vel(z) = (@ —EE()+0(z - ti). (5.12)

Proof: Recall that e; be the i-th column in the identity matrix I,,. Since
(z—t)(zl —=T) ' =eef + O]z —t;|) as z —t;,

and since £(z) is uniformly bounded on D, we have by (5.4),

(2 — t:)0(2) (2 = t;)(2I — T)~! (E - 5*5(2))

K3

= e;e’ (E* — CN'*S(Z)) +O(]z — ti])

which proves (5.10), since €;C* = & and e} E* = & by (3.2).

Now we plug in the asymptotic relation (5.10) into the formulas (5.5) and
(5.10) for Ug and Vg and make use of evident equalities

i _ 1
Wi and B(ul —T) le; =

C(ul —T) 'e; =
(s )7e r—t r—t

(5.13)
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to get (5.11) and (5.12):

(= t)Ue(z) = (2= t)E(z) — (2 = ti)(z = )C(ul - T) "W (2)
= (n—2)C(ul —T) e (& — EE(2)) + O(|z — i)
n—z
= B @ - EE(:) +O( ~ k)
= W (@~ EER) + O]z ~ i),
(c = t)Ve(z) = (z—t) - (2 = t:)(z = WE(uI — T)"0(2)

= (n—2)E(ul -T) 'e; (& — ¢ &(2)) + Oz — ti)
= (& —G&(2) + O(]z - ti]).

Lemma 5.3. Let w € Si, let tg € T, and let us assume that the limit
d:= lim M < o0 (5.14)
j—00 1—r;
exists and is finite for some sequence of numbers r; € (0, 1) such that lim;_o r; =
1. Then the nontangential limits d,(to) and w(ty) (defined as in (1.3) and (1.4))
exist and moreover

dy(to) =d and |w(ty)] = 1. (5.15)

Proof: Since w is a generalized Schur function, it admits the Krein-Langer
representation (1.9) and identity (1.11) holds at every point z € D. In particular,

L (o)l _ 1 (LﬁﬂWMP_l—Bm%W>_

1—7°J2- ~ |B(rjto) 2 1—7°J2- 1 —7“]2-

(5.16)

Since B is a finite Blaschke product, it is analytic at to and the limit dp(to) =

1—|B(2)?
ling 1|7|(TQ)| exists and is finite. Assumption (5.14) implies therefore that the
z—to — |7
limit )
1—|S(r;t
lim L@‘))' =d+dg(to)
j—o0 1-— T

exists and is finite. Since S € Sy, we then conclude by the Carathéodory-Julia
theorem (see e.g., [17, 18, 20]) that the nontangential limits dg(t9) and S(to) exist
and moreover,

ds(to) =d+dp(to) and |[S(to)] = 1. (5.17)
Now we pass to limits in (1.9) and (1.11) as z tends to ¢y nontangentially to get

o _ S(to) o L w(@)P
w(ty) = ZILI?O w(z) = B(to) and  dy(to) := ZILI?O T2

=dgs(to) — dp(to)
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and relations (5.17) imply now (5.15) and complete the proof. O

Theorem 5.4. If £ € Sy meets condition Cy at t; (i.e., the nontangential boundary

limit lim £(z) is not equal to n; = ~_i or fails to exist), then the function w =

z—t;

Tol€] is subject to

i

-l _ (5.18)

Zlgltl w(z) =w; and Zlgxtli T2

Proof: By the assumption of the theorem, there exists € > 0 and a sequence

of points {rqt;}>2, tending to ¢; radially (0 < ro <1 and r, — 1) such that
|ef —CiE(rati)| > ¢ for every a. (5.19)
Since ef Pe; = +; by the definition (1.14) of P, it follows from (5.10) that
|2 = iU (2) PU(2) = [&] — G E(2) Py + O(|z — til).
Furthermore, relation
2= 2 Ve ()P = |7 — TEG)2 + O(12 — i)

is a consequence of (5.12) and, since £ is uniformly bounded on D, it is clear that

1-[E(2)? _

lim |z —#;]%- = 0.

z—t; 1—1z?
Now we substitute the three last relations into (5.9) and let z = rt; — t;; due to
(5.19) we have

2 1- |5(Z)|2 2 *
L) . |z — t;]? - 1_7|Z|2+|z—ti| U(2)*PU(z)
z=roti—t; 1 — |Z|2 z=rat;—t; |Z — ti|2 . |Vg(2’)|2
0+
=

Since w is a generalized Schur function (by Remark 5.1), we can apply Lemma 5.3
to conclude that the nontangential limit d,,(¢;) exists and equals 7;. This proves
the second relation in (5.18). Furthermore, by (5.11) and (5.12) and in view of
(5.19),
. . z—1t;)Ug(z

z:rloltglﬂti w(z) = zlgrtll % = wj. (5.20)
Again by Lemma 5.3, the nontangential limit w(t;) exists; therefore, it is equal to
the subsequential limit (5.20), that is, to w;. This proves the first relation in (5.18)

and completes the proof of the theorem. O
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The next step will will be to handle condition Cy (see (2.14)). We need an

auxiliary result.

Lemma 5.5. Let tg € T and let £ be a Schur function such that

: _ _ 1€
ZILI?OS(Z) =& (|&|=1) and zh—>ntlo ToE (5.21)
Then
. 1—]&(2))? z—to ) z —tp
1 . = d lim ——— =0. .22
ZLHiflo 1— |Z|2 5(2’) — 50 0 an ZLHtlo 5(2’) — 50 0 (5 )
Proof: Since |&| = 1, we have
2Re (1 —E(2)€0) = (1 —E(2)&) + (1 — E€(2))
= 1) +1 &) [E(2)
> 1-[E(=)P
and thus,
— - 1
E() — &l = 1~ EE)E| 2 Re (1= E(2)E0) 2 5 (1 - [E()F) . (5:23)

Furthermore, for every z in the Stoltz domain
To(to) ={z€D: |z—to] <a(l—|z|)}, a>1,
it holds that
T—1]z2 _ 1—12] 1
> )
|z —to| T |z—to] ~ a
which together with (5.23) leads us to
EO), LA L ISR B L 1 EGR
zZ — to

=2 a—to] 2 1—1[22 Jz—to] 22 1—zP

which is equivalent to

1—1[E(2) z—to
1- 22 |€(z) - &

Note that the denominator £(z) — & in the latter inequality does not vanish:

< 2a. (5.24)

assuming that £(zp) = & at some point 2y € D, we would have by the maximum
modulus principle (since || = 1) that £(z) = & which would contradict the
second assumption in (5.21). Finally, by this latter assumption, dg(to) = oo and
relations (5.22) follow immediately from (5.24). O
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Theorem 5.6. Let £ € Sy meet condition Co at t;:

, e 1 €))7
Then the function w = Tgl€] is subject to relations (5.18).
Proof: Let for short = _me
Ai(z) = & —GE(z)
ti —Z
and note that
Ai(2) #0 (zeD). (5.26)

To see this we argue as in the proof of the previous lemma: assuming that £(zp) =
7; at some point 2y € D, we would have by the maximum modulus principle (since
|ni| = 1) that £(z) = n; which would contradict the second assumption in (5.25).
Furthermore, since |7;] = 1 and due to assumptions (5.25), we can apply Lemma
5.5 (with & = n; and to = t;) to conclude that
lim 1—E(2))? ' 1
=to 122 |A(2)?

=0 (5.27)
and
lim Ai(z)"t =0. (5.28)
Z—10
Now we divide both parts in asymptotic relations (5.10)—(5.12) by (€f — ¢f&(z))

and write the obtained equalities in terms of A; as
Ai(2)M(2) = ei+Ai(2)7h0(1),
Ai(2) 7 We(z) = w;i+Ai(2)71-0(),
Ai(2) We(z) = 1+A:i(2)71-0(Q).
By (5.28), the following nontangential limits exist
zh_r)rtll Ai(2)710(2) = ey, zh_r)rtll Ai(2) " WUe(2) = wy, zh_r)rtll Ai(2) We(z) =1

and we use these limits along with (5.27) to pass to limits in (5.9):

2
1 - Ju(z) 'Ai(z)”% + 124220 (z) P (2)
lim ———=— = lim
z—t; 1 — |Z|2 z—t; |AZ(Z)|72|V£(Z)|2
_ 0+e§‘Pei .
S
Finally,

) o N(2) T WUe () wy

which completes the proof. O
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Theorem 5.7. Let p;; be the i-th diagonal entry of P! = [p;;]" let £ €8y be

ij=1’
subject to
1— 2
zliI}tli E(z)=m and zlgltl %l(jpﬂ = dg(t;) < oo. (5.29)
Let us assume that _
de (t:) # éﬁ (5.30)
Then the function w := Tgl€] satisfies
hntl. w(z) = w; (5.31)
1— 2
and the nontangential limit d,,(t;) = lintl 1%(72” is finite. Moreover,
z2—t; — |z
dults) < i de(ts) > — 2 (5.32)
and _
. Dii
dw(ti) > v lf dg(ti) < — |,é,|2 (533)

In other words, d,(t;) < i if € meets condition Cs and dy,(t;) > 7 if £ meets

condition Cy4 at t;.

Proof: By the Carathéodory-Julia theorem (for Schur functions), conditions

(5.29) imply that the following nontangential limits exist

. / o . T .
Zlgltl E'(z) = Zlglg e tinide (t;)
and the following asymptotic equality holds
ER)=mni+ (z — t)timide (t;) + o(|]z — t;]) as z — t;. (5.34)

We shall show that the functions ¥, Ug and Vg defined in (5.4), (5.5), (5.6) admit

the nontangential boundary limits at every interpolation node t;:

\If(ti) = ,ZV—ZZ (P_lez- - ei(@-i + |gl|2dg(tl))) s (535)

tiw; - ti - ~
Us(ti) = —?(pn' +[€;?de(t:)) and Ve(t;) = —g(pu' + |ei[*de (t:)).  (5.36)

To prove (5.35) we first multiply both parts in the Stein identity (3.4), by e; on
the right and obtain

P_lei — TP_lT*ei = E*gl — 6*/51

which can be written equivalently, since T*e; = t;e; and ¢; = &;1;, as

S N ti -
E* —C*ny = =(t;] — T)P 'e;. (5.37)
€
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Substituting (5.34) into (5.4) and making use of (5.37) we get

U(z) = (20 —T)1 (E - é*ni) — (2 — t)(2] — T) " C*ide (t:)E: + 0(1)
= g(zl ~T) Y (t;I -T)P'e;
—(z = t;)(zI = T) "' C*nide (t;)E; + o(1). (5.38)

Since the following limits exist

lim (2 —T) ' (t;] —T)=1—e;ef, lim(z—t;)(z] -T) ' =e;e}

7
z—t; z—t;

we can pass to the limit in (5.38) as z — ¢; nontangentially to get

ti ~ _
\If(tz) = t(I — eie;‘)P_lei - ezefC*mdg(tl)tl (539)

€
Since efP~'e; = p;; and e;‘CN'*m = ¢in; = €}, the right hand side expression in
(5.39) coincides with that in (5.35).

Making use of (5.34) and (5.35) we pass to the limits in (5.5) and (5.6) as

z — t; nontangentially:

Ue(t;) = Et;)— (ti —p)C(ul —T) " (t;)

= - ! _giut_i(}(ul —T)7 (P e; — ei(py + |&:[2de(t:))) , (5.40)
Ve(ti) = 1—(t— /f)E(/LI =T)7'(t:)
-t _;tiE(uI —T)7 (P lei — ei(pii + [eifde (1)) . (5.41)
Note that by (3.2),
! _,é_“fiC(uI ) lple, = 1 _g_ﬁbfi@(f —uT") e = g— =i, (5.42)
1 —;t}-EW ) iple, — 1 —gﬂf E(I — uT*)'e; = g_ =1. (5.43)

Making use of these two equalities we simplify (5.40) and (5.41) to

1— pt; 1 e s
Ue(t:) = gH C(pl = T)  ei(pii + & de (t:))
and -
N Lo pt e (5 4 (& 12de (£
Ve(t:) = z E(ul = T) " ei(pis + |ei[*de (),

respectively, and it is readily seen from (5.13) that the two latter equalities coincide
with those in (5.36).
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Now we conclude from (5.3) and (5.36) that the nontangential boundary

limits w(t;) exist for i = 1,...,n and

;) = lim w(z) = lim Ue(2) = Ue(t:) = w;
wit) = Jim vl =0 90 = Vo)

which proves (5.31). Furthermore, since the nontangential boundary limits dg (¢;)

and
(Dii + |€:]de (t:))?
|ei]?

exist (by the second assumption in (5.29) and the second relation in (5.36)), we

Ve (t)]* = (5.44)

can pass to the limit in (5.9) as z tends to ¢; nontangentially:
. dé‘(ti) + \I’(ti)*P\I’(ti)
Ve (t:)[? '

dw (tl)

By (5.44) and (5.35) we have

_ |€il2de (t:) + (€] P~1 — (Pii + [€il*de(t:))e}) P (P e; — ei(pis + |€i]*de (1))

duw (t:) (Dii + |ei]?de (t:))?

and elementary algebraic transformations based on equalities ef P~ le; = pi;,

e’ Pe; = v; and eje; =1 lead us to

1
dw ti =Y — == 5 3 5 - 5.45
() =" pii + |ei]?de (ti) (5:45)
Statements (5.32) and (5.33) follow immediately from (5.45). O

As we have already mentioned in Introduction, Theorem 2.1 is known for the

case £ = 0 (see [19]) At this point we already can recover this result.

Theorem 5.8. Let the Pick matriz P be positive definite and let T, E, C, ©(z)
and n; be defined as in (2.3), (2.2) and (2.12). Then all solutions w of Problem
1.2 are parametrized by the formula (2.10) when the parameter £ belongs to the
Schur class Sy and satisfies condition Cq1 V Cs at each interpolation node: either

& fails to admit the nontangential boundary limit n; at t; or

E(t;))=mn; and dg(t;) = oo.

Proof: Any solution w of Problem 1.2 is a solution of Problem 1.1 and then
by Statement 1 in Theorem 4.6, it is of the form w = Tg[€] for some Schur class

function £. Since P > 0, the diagonal entries p;; of P~! are positive. Therefore, the
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cases specified in (2.16)—(2.18) (conditions C4 — Cg cannot occur in this situation,

whereas condition Cg simplifies to
Cs: g(tl) =1; and dg(ti) < 0.

In other words, any function £ € S, satisfies exactly one of the conditions C;, Co
or Cj3 at each one of interpolation nodes. Therefore, once £ does not meet condition
C; or condition Cs at at least one interpolation node t;, it meets condition C3 at
t;. Therefore, it holds for the function w = Tg[€] that d,(¢;) < 7 (by Theorem
5.7) and therefore w is not a solution of Problem 1.2. On the other hand, if £
meets condition C; V Cy at every interpolation node, then w = Tg[€] satisfies
interpolation conditions (5.18) (by Theorems 5.4 and 5.6) that means that w is a
solution of Problem 1.2. O

Remark 5.9. It is useful to note that for the one-point interpolation problem (i.e.,
when n = 1), definition (3.3) takes the form
El w1 1 — = - w1 _
[ el } = [ 1 :|(N_tl) "N = ph) = { 1 ]711

and therefore the number 7y := % in this case is equal to w;.

Now we turn back to the indefinite case. Theorems 5.10 and 5.11 below treat
the case when condition (5.30) is dropped. For notational convenience we let i = n
and
31
T, = , BEr=[1 ... 1], Gi=[w ... wpq]
tn—1

so that decompositions

n 0
T = { 0 ] , E=[E 1], C=[C1 wy] (5.46)
are conformal with partitionings
p_ |Pn Pl opor_ I 1312 (5.47)
P o Pa1 Pon
Theorem 5.10. Let py,, < 0 and let € be a Schur function such that
lin? E(z)=nn, and dg(tn) =— ]ZmrQ (5.48)
z—tn €n

Then the function
w = Tel€] (5.49)
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is subject to one of the following:

1. The nontangential boundary limit w(t,) does not exist.
2. The latter limit exists and w(t,) # wy,.

3. The latter limit exists, is equal to w, and d(t,) = co.

Proof: Since £ is a Schur function, conditions (5.48) form a well posed one-
point interpolation problem (similar to Problem 1.2). By Theorem 5.8, £ admits

a representation

~

£ =Tgl€] (5.50)

with the coefficient matrix © defined via formula (2.2), but with P, T, E and C

replaced by —If‘;—jg, tn, 1 and n,, respectively:

o6 =iy | T Rl 1] e

and a parameter Ee So satisfying one of the following three conditions:

(a) The limit £(¢,) does not exist.
(b) The limit £(t,) exists and is not equal to 7.
(c) Tt holds that

E(ty) =n, and dg(tn) = 00. (5.52)

We shall show that conditions (a), (b) and (c) for the parameter £ are equivalent
to statements (1), (2) and (3), respectively, in the formulation of the theorem. This

will complete the proof.
Note that 7, appearing in (a) and (b) is the same as in (5.48), due to Remark

5.9. Since 1, = E—", we can write (5.51) as

€n
~ z— U Cn 1 - ~
O(z) =1 — = == ¢ —e
S e ] KA E }
The inverse of © equals
A - o]
B(z) ' =1+ L {5"]7 & 5.53

and coincides with the function ©® in (3.32). Therefore, by Lemma 3.6 and by
Remark 3.7,

0(z) = 0 (2)0(2) ! (5.54)
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where ©() is given in (3.20). Substituting (5.51) into (5.49) (that is, representing
w as a result of composition of two linear fractional transformations) and taking
into account (5.54) we get
w = Te[£] = To[T5[€]] = Teal€] = Tow [£].
Thus, upon setting
Us(z) = 01 (2)€() + O3 (). Vil(e) = 03 (2)€(2) + 03 (). (5.55)

we have
g 1
ra 651)5 + 652) L§

w=Ten[E] = 2" 12 — _E (5.56)
oé+ey) Ve

Note that ©W) is a rational function analytic and invertible at t,. It follows im-
mediately from (5.56) that if the boundary limit £(t,) does not exist, then the
boundary w(t,) does not exist either. Thus, (a) = (1). The rest is broken into two
steps.

Step 1: Let the nontangential boundary limit & (tn) exists. Then so do the
limits Ug(ty), Vg(tn) and w(t,), and moreover,

Ve(tn) := lim Vz(2) # 0 (5.57)
and
w(ty) =w, ifand only if &(t,) = . (5.58)

Proof of Step 1: Existence of the limits Ug(t,) and Vg(t,) is clear since oW is
analytic at t,. Assume that Vz(t,) = 0. Then Ug(t,) = 0, since otherwise, the
function w of the form (5.56) would not be bounded in a neighborhood of ¢, € T
which cannot occur since w is a generalized Schur function. If Va(t,) = Ug(t,) = 0,
then it follows from (5.55) that
& Ug(tn)
oW, [E(tn)] - [ glln } -0
( ) 1 VE (tn)
and thus, the matrix ©((t,,) is singular which is a contradiction. Now it follows

from (5.56) and (5.57) that the limit w(t,) exists. This completes the proof of
(a) & (1). The proof of (5.58) rests on the equality

[w; -1 ]0W(t,) = ﬁ’f—” [ —e]. (5.59)
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Indeed, it follows from (5.56) and (5.59) that

Ug(tn) — ’ang(tn)
Vg(tn)

= U 1)@, [E(ifn)]

Ve(tn)
@ -] F(tn)]

w(ty) —w, =

.
Vel 770
N (E(tn) _ nn)

which clearly implies (5.58). It remains to prove (5.59). To this end, note that by
(3.11),

Wn, ~ i
Res,—¢, O(z) = — [ 1 ] [ —er ]
and it is readily seen from (5.53) that
Q -1 En 1 Sk P
Resz:tne(z) = tn |: gn :| ﬁ [ ¢, —¢€, ] .

Taking into account that ©() is analytic at ¢, and that © and ©~! have simple
poles at t,,, we compare the residues of both parts in (5.54) at ¢,, to arrive at
Wnp, ~% ~% _ t" 1 En ~% ~%
_{ ) ][Cn —en]_ﬁ(a()(tn)[gn}[cn —en},
which implies (since €, # 0)
Wn | _ oM Cn | tn
[ e [E ]
Equality of adjoints in the latter equality gives
tn ~
1J=="1[c -—e]J0W(t,) ]
Pnn
which is equivalent to (5.59), since ©(1)(t,,) is J-unitary and thus, JOW (t,)*J =
©W(t,)~'. This completes the proof of (5.58) which implies in particular, that
(b) = (2).

Step 2: (c¢) < (3).

Proof of Step 2: Equality w(t,) = w, is equivalent to the first condition in
(5.52) by (5.58). To complete the proof, it suffices to show that if E(tn) = 7y, then

dy(tn) = co if and only if dg(t,) = oc. (5.60)
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To this end, we write a virtue of relation (5.9) in terms of the parameter &

1 — |w(2)[? 1 1—18()12 ~ .
1l|i|2)| - |Vg<z>|2< 1—||(z|gl TYE)P ‘I’<Z>> (5.61)

where
U(2) = (oI — 1)) N(pl — TP — pT7)~? (E; - c;f(z)) . (5.62)

Note that to get (5.62) we represent the right hand side expression in (5.4) in
terms of C' and E (rather than C' and E; this can be achieved with help of (3.3))
and then replace P, T, E, C' and &£ in the obtained formula by Py1, 11, F1, Cy

and €. , respectively. Since the nontangential boundary limit
U(tn) = (tnd = T0) 7 (uI = T0) P (I = uT5) ™" (B = Ciny)
exists and is finite, equivalence (5.60) follows from (5.61). O

Theorem 5.11. Let py,, = 0 and let € be a Schur function such that
E(tn) =mn and de(t,) = 0. (5.63)

Then the function w := Te[€] admits finite nontangential boundary limits dy,(t,)
and w(ty) # wy,.

Proof: Conditions (5.63) state a one-point boundary interpolation problem
for Schur functions £ with the Pick matrix equals dg(t,,) = 0. Then by Statement
2 in Theorem 4.6, the only function £ satisfying conditions (5.63) is the constant
function £(z) = 7, (the Blaschke product of degree zero). Since |n,| = 1, the
function w = Tgl€] is rational and unimodular on T. Therefore, it is equal to
the ratio of two finite Blaschke products and therefore, the limits w(t) and d.,(t)
exist at every point ¢ € T. We shall use decompositions (5.46) and (5.47) with
understanding that p,, = 0, so that

ﬁglplg =1 and P_len = |:P82:| . (564)

We shall also make use the formula
P21(I — {nTl)il = (E1 — w:‘lC’l) (565)

that follows from the Stein identity (3.1) upon substituting partitionings (5.46),
(5.47) and comparison the (1,2) block entries.
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In the current context, the formula (5.4) for ¥ simplifies, on account of (5.37),

to

U(z) =

—~

21— T)! (E - ﬁ*nn)

|H~\

= 21 -T)t I -T)P e,

€n
Now we substitute the latter equality into (5.5) and (5.6) and use formulas (5.42)
and (5.43) (for i = n) to get
1—zt, 1— 2ty
Ue(z) = —C(2] —T)"' P len, Ve(z) = —"E(zI —T)"'Ple,.

€n €n

Taking into account the second equality in (5.64), rewrite the latter two formulas
in terms of partitionings (5.46) and (5.47) as
1—2t, = 1— 2, =
Usg(2) = ——2C1 (2] —Ty) ' Pra, Ve(2) = ——LFE1(2I —T1) ' Pio. (5.66)

€n €n

Thus,
I-T))'P
w(z) = Ue(2) _ Ci(z 1) 12
VE(Z) El(ZI—T1)71P12
We shall show that the denominator on the right hand side in the latter formula

does not vanish at z = t,,, so that

- Cy(=I — Tl)flﬁu ~ Cr(tnd — Tl)flﬁu

w(ty,) = 1 — = —. (5.67)
z—tn E1 (ZI — T1)71P12 El(tnl — T1)71P12
Then we will have, on account of (5.65) and the first equality in (5.64),
Ci(tnI —Ty)"LP
W — w(tn) = _ 1( 1) 12
El(tnI — Tl)_lplg
_ (wp By — C1)(tnd —T1) "' Prg
El(tnl — Tl)_lplg
- wntn(El — w;‘lC’l)(I — I?nT1>7lﬁ12
E1 (tnI — T1)71ﬁ12
ntnPo1 P ntn
= Unnt2l v £0  (5.68)

Bi(ty] —T1) Py Ey(tnl — T1)~'Pra
and thus w(t,) # wy. Thus, it remains to show that the denominator in (5.67)
is not zero. Assume that Ey(t,I — Tl)flﬁlg = 0. Since the limit in (5.67) exists
(recall that w is the ratio of two finite Blaschke products), the latter assumption
forces Cy (tnI — Tl)_lﬁlg = 0 and therefore, equality

(U}nEl — Ol)(tnI — Tl)_lﬁlg = 0
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But it was already shown in calculation (5.68) that
(wnEl — Cl)(tnI — Tl)_1ﬁ12 = wntn }é 0
and the obtained contradiction completes the proof. [l

Recall that the interpolation node ¢, in Theorems 5.10 and 5.11 was chosen
just for notational convenience and can be replaced by any interpolation node t;.
It means that Theorems 5.10 and 5.11 prove Statements (4) and (5) in Theorem
2.3. Furthermore, Theorem 5.7 proves the “if” parts in Statements (4) and (5) in
Theorem 2.3, whereas Theorems 5.4 and 5.6 prove the “if” part in Statement (1)
in Theorem 2.3. Finally since conditions C;-Cg are disjoint, the “only if” parts in

Statements (1), (2) and (3) are obvious. This completes the proof of Theorem 2.3.

6. Negative squares of the function w = Tg[£].

In this section we prove Theorems 2.9 and 2.5. We assume without loss of generality
that (maybe after an appropriate rearrangement of the interpolation nodes) a fixed
parameter £ € Sy satisfies condition C;_3 at interpolation nodes t1,...,t,—¢ and

conditions C4_g at the remaining ¢ points. Thus, we assume that
1-[E@IP _ _ pi

lim £(z) =n; and lim (i=n—04+1,...,n). (6.1)

it =t 1—|22 = |
Let
pio | B Bl i By et (6.2)
Py P

Note that under the above assumption, the matrix P in the formulation of Theorem
2.9 coincides with P,y in the decomposition (6.2). Thus, to prove Theorem 2.9, it
suffices to show that there exists a Schur function £ satisfying conditions (6.1) if

and only if the matrix Py, is negative semidefinite.

Proof of Theorem 2.9: Since |;| = 1, conditions (6.1) form a well posed
boundary Nevanlinna-Pick problem (similar to Problem 1.1) in the Schur class Sp.

This problem has a solution £ if and only if the corresponding Pick matrix

Cll/ L/ A
P=[Py]",__rp; Wit the entries Py = 1‘139,’57' (6.3)
—== for i=j
leil

is positive semidefinite. Furthermore, there exist infinitely many functions £ sat-

isfying (6.1) if P is positive definite and there is a unique such function (which is
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a Blaschke product of degree equals rank P) if P is singular. Thus, to complete the

proof, it suffices to show that
P>0< Py<0, P>0<= Pp<0 and rankP =rankPy.  (6.4)
To this end, note that
tie; Py -tje; =—pi; (i, j=n—0+1,...,n) (6.5)

where p;; is the ij-th entry in P~!. Indeed, if i # j, then (6.5) follows from (6.3),
(3.6) and definition (2.12) of n;. If ¢ = j, then (6.5) follows directly from (6.3). By
(6.2), [ﬁij]zj:“l = Py, which allows us to rewrite equalities (6.5) in the matrix

form as
C"'PC= —ﬁgg where C = diag (trr1€e41, tero2€oya, ..., tngn) . (6.6)
Since the matrix C is invertible, all the statements in (6.4) follow from (6.6). This

completes the proof of Theorem 2.9. O

To prove Theorem 2.5 we shall use the following result (see [5, Lemma 2.4]

for the proof).

Lemma 6.1. Let P € C**"™ be an invertible Hermitian matriz and let

p_ [ Pi1 Ppo Py Prp

6.7
P21 P22 P21 P22 ( )

] and P~ '=

be two conformal decompositions of P and of P~' with Pa, ﬁzz € Ct. Purther-

more, let Pys be negative semidefinite. Then

Sq_P11 = Sq_P — 4.

Proof of Theorem 2.5: We start with several remarks. We again assume (with-
out loss of generality) that a picked parameter £ € Sy satisfies condition Cq_3 at
t1,...,tn—¢ and conditions (6.1) at the remaining ¢ interpolation nodes. Under
these non-restrictive assumptions we will show that the function w = Tg[€] be-
longs to the class Si_y. Throughout the proof, we shall be using partitionings
(3.18), (3.19). Note that by Theorem 2.9, the block Py, is necessarily negative
semidefinite. Then by Lemma 6.1, sq_P;; = k — . Furthermore, since £ meets
condition C;_3 at ti,...,t,—y¢, the function w = Tg[€] satisfies interpolation
conditions (1.17) at each of these points. Then by Remark 1.5, w has at least

sq_ P11 = k — £ negative squares.
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It remains to show that it has at most x — £ negative squares. This will be
done separately for the cases when 1622 is negative definite and when 1622 is negative

semidefinite and singular.

Conditions (6.1) mean that &£ is a solution of a boundary Nevanlinna—Pick
interpolation problem with the data set consisting of £ interpolation nodes t;,
_ Dii

€&l
1,...,n. The Pick matrix P of the problem is defined in (6.3).

unimodular numbers 7; and nonnegative numbers P;; = fori=n—4¥0+

Case 1: Pyy < 0: In this case P > 0 (by (6.6)) and by the first statement in

Theorem 4.6, £ admits a representation

£ =Tglé] (6.8)

for some € € Sy where, according to (2.2), the coefficient matrix © in (6.8) is of

the form
8(2) = I+ (- — 1) { ],‘Ei } (2] —T) P — puTy) [ M* —E3 ] (6.9)
where the matrices
Ty = diag (tn—r41, .-, tn), Eo=[1 ... 1] (6.10)
are exactly the same as in (3.18), (3.19)) and
M= [Dn—t41 Ttz --- T (6.11)

Self-evident equalities

L O 1] I S A
[1] s tie; = {a] = (i=n—{+1,....n)

can be written in the matrix form as

M 1~ Co 0y —1
[EJ (I = To)C = — | 22| (1 = 2T5) (6.12)
where C is defined in (6.6), whereas
Ey = [En-ts1 ... &) and Co=[Cogy1 ... Cn)

are the matrices from the two last partitionings in (3.19). On account of (6.12)

and (6.6), we rewrite the formula (6.9) as

~

6() =L~ () |

E,

(1= 2T5) Pl (ul -To) [ G5 By |,
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Then its inverse can be represented as

(1= pT5) Bl -To) [ 6 By |

@(z)*l =L+ (z—p) [ %z

and coincides with the function ©® from (3.21). Therefore, by Lemma 3.6,
0(z) = 0 (2)0(2) " (6.13)
where ©W) is given in (3.20). Note that
oW ¢ Wi, where k1 =sq_Pj1 =k — L. (6.14)

Substituting (6.8) into (2.10) (that is, representing w as a result of composition of

two linear fractional transformations) and taking into account (6.13) we get

-~ -~

w = Te[£] = To[T5[€]] = Teal€] = Tow [£].

Since £ € Sp and due to (6.13), the last equality guarantees (by Remark 5.1) that

w has at most k1 = kK — £ negative squares which completes the proof of Case 1.

Case 2: 1622 < 0 is singular: In this case P is positive semidefinite and sin-
gular (again, by (6.6)) and by the second statement in Theorem 4.6, £ admits a
representation
£(2) = (I — zTg*):lE’;

(I — 2T5) "t M+
where z is any nonzero vector such that Pz = 0. Letting y := C~'z we have (due
to (6.6))

(6.15)

Pogy =0 (6.16)
and, on account of (6.12), we can rewrite (6.15) as
gz = YO U=T)E; _ y (el = To) By

yrCr (I = 215)" " M* (2] — T)~1Cy
Since & is a finite Blaschke product (again by the second statement in Theorem
4.6) it satisfies the symmetry relation £(z) = (£(1/2z))~! which together with
(6.17) gives another representation for &:
Co(I — 2T5) 'y

T BTty
We will use the latter formula and (5.8) to get an explicit expression for the kernel
K, (z,w). Setting

(6.17)

£(2) (6.18)

w(z) = Co(I —2T3) 'y and w(z) = Ex(I — 2T3) 'y
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for short and making use of the second Stein identity in (3.4) we have
WO u(z) —u(Q)u(z) = (- CTo) 7 [BBy — C30a] (1 - 2T5) 71y
= y'(I—-(Dy)™ {ﬁzz - T21522T2*} (I = =T3)""y
which reduces, due to (6.16), to
v(¢)u(z) = u() u(z) = =(1 = 2Qy* (I = (To) ' ToPooT5 (I - 2T3) 'y

Upon dividing both parts in the latter equality by (1 — 2{)v(2)v(¢)* we arrive at

1-&(¢()E(2) y S \—1la Bk w—1_Y
= = - I — (T ToPosT5 (I — 2T —. 6.19
e U(C)*( (To) ™ Ta P Ty (I — 213) o) (6.19)
Next, we substitute the explicit formula (6.18) for £ into (5.4) to get
V() = (I-T)7 (B - CE()
= (I —T) Y E By — C"Co)I — 2T3)~" - (y). (6.20)
v(z

Substituting partitionings (3.18), (3.19) into the Stein identity (3.4) and comparing
the right block entries we get

132
Py

132
Py

-T Ty = EE; — CCy

which implies

(21 —T)"" {EE; - 56;} (I—215)""
EIQ
Py

F:’lQ

22

= (I -T)" + Ty (I — 2T3) "

Now we substitute the last equality into (5.4) and take into account (6.16) to get
E 12

22

Ty - 21y) L

U(z)=(z2I-T)" FN] e )

Y
0] wv(z)

On account of partitionings (3.18), the latter equality leads us to

*

y
v(()*
(I = CTy) Y ToPon Ty (I — ZT;)*)

() PU(z)

(]51*2(6[ — Tl*)ilpll(zj— Tl)ilﬁlg
Y
e (6.21)
Upon substituting (6.19) and (6.21) into (5.8) we get
L= w(QwE) Y s e s
T (TS RN A

_ Yy
Ve(z)v(z)
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Thus, the kernel K, (z,¢) admits a representation

_yPa Ty (I - 2Ty
v(2)Ve(2)

Ky(z,() = R({)*"P11R(z) where R(z)

and thus,
sq_Ky <sq_Pi1=K—/

which completes the proof of the theorem. O

Remark 6.2. At this point Theorem 2.2 is completely proved: the necessity part
follows from Theorem 4.3 and from the necessity part in Theorem 4.2; the suf-
ficiency part follows (as was explained in introduction) from Corollary 2.4 and

Theorem 2.5 which have been already proved.

Remark 6.3. We also proved the sufficiency part in Theorem 4.2 when the Pick

matrix P is invertible.

Indeed, in this case, every solution w to the FMI (4.5) is of the form (4.15),
by Theorem 4.3. But every function of this form solves Problem 1.6, by Theorem
2.2.

7. The degenerate case

In this section we study Problem 1.6 in the case when the Pick matrix P of the
problem (defined in (1.14)) is singular. In the course of the study we will prove
Theorem 2.1 and will complete the proof of Theorem 4.2.

Theorem 7.1. Let the Pick matriz P defined in (1.14) be singular with rank P =
¢ < n. Then there is a unique generalized Schur function w such that

s Ku(2,0) = (7.1)
where Ky, (z,C) is the kernel defined in (4.4). Furthermore,

1. This unique function w is the ratio of two finite Blaschke products

o

with no common zeroes and such that

(7.2)

deg By + deg By = rank P. (7.3)
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2. This unique function w belongs to the genmeralized Schur class Sy where

k' = deg By < k and satisfies conditions
dy(t;) <7 and w(t;) =w; (i=1,...,n) (7.4)

at all but k — k' interpolation nodes (that is, w is a solution to Problem
1.6).
3. The function w satisfies conditions

dyp(t;) =7y and w(t;) = w;
at at least n — rank P interpolation nodes.
Proof: Without loss of generality we can assume that the top ¢ x £ principal

submatrix Py; of P is invertible and has x negative eigenvalues. We consider

conformal partitionings

T, 0
T {0 TQ], E=[B B, C=[0 O] (7.5)
and
P= [P” Pl?] , det Pyy #£0, sq_Pi1 =k =sqP. (7.6)
Py P

Since rank Py; = rank P, it follows that Py — PglPﬁlPlg the Schur complement

of Pi; in P, is the zero matrix, i.e.,
Py = Py P Pro. (7.7)

Furthermore, it is readily seen that the i-th row of the block P»; in (7.6) can be
written in the form

1 —wp,wy 1 —wywe

e Py = = (By —wi,C1) I - toaiTy) ™"

L—topits 1 —tppite
and similarly, the j-th column in Pj9 is equal to

Pisej = (I —te;T7) " (B} — Cuwes) (7.8)
(recall that e; stands for the j-th column of the identity matrix of an appropriate

. . .. . . L — wy wey
size). Taking into account that the ij-th entry in Pso is equal to ——————

1 — toqiter;
(if ¢ # j) or to veqs (if © = j) we write the equality (7.7) entrywise and get the
equalities
1 —wiw;

= (B - wiC) (- )T PR U ) T (B —w,CF)(19)
e}
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fori#je€{€+1,...,n} and the equalities
vi = (By —wiC) (I - Th) PRt (1 - T7) " (B — wiCY) (7.10)
fort=/¢+1,...,n. The rest of the proof is broken into a number of steps.

Step 1: If w is a meromorphic function such that (7.1) holds, then it is
necessarily of the form
olle+oly)
oy)e + ok
for some Schur function € € Sy, where ©W) is given in (3.20).

w = T@(1) [8] = (7.11)

Proof of Step 1: Write the kernel K,,(z, () in the block form as
Py Pyo Fi(z)
Ky(2,0)= | Pa Py Fs(2) (7.12)
F (O Fa(Q) Ku(z0)

where F and F; are given in (4.10). The kernel

._ Py Fi(2)
Ku(20) = [F1<<>* Kou(20)
[ Py ~ (I = 2T7)" (B} — Ciw(2))
(B1 —w(¢)*Cr)(I — ¢Ty) ! Ku(2,¢)

is contained in K, (z,¢) as a principal submatrix and therefore, sq_K! < x. On
the other hand, K} contains P; as a principal submatrix and therefore sq_ K} >
sq_ P11 = k. Thus,

sq_K}, = k. (7.13)
Recall that P;; is an invertible Hermitian matrix with s negative eigenvalues and
satisfies the first Stein identity in (3.4). Then we can apply Theorem 4.3 (which is
already proved for the case when the Pick matrix is invertible) to the FMI (7.13).
Upon this application we conclude that w is of the form (7.11) with some £ € Sy
and ©W) of the form (3.20)

Step 2: Every function of the form (7.11) solves the following truncated Prob-
lem 1.6: it belongs to the generalized Schur class S, for some k' < k and satisfies
conditions

dy(t;) <vi and w(t;) =w; (i=1,...,0

at all but k — k' interpolation nodes.

Proof of Step 2: The Pick matrix for the indicated truncated interpolation

problem is P;; which is invertible and has k negative eigenvalues. Thus, we can
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apply Theorem 2.2 (which is already proved for the nondegenerate case) to get the

desired statement.

The rational function ©() is analytic and J-unitary at ¢; for every i = ¢ +

1,...,n. Then we can consider the numbers a; and b; defined by
[Z] =0 (t;)! H] for i=0+1,... n. (7.14)

It is clear from (7.14) that |a;| + |b;| > 0. Furthermore,
Step 3: It holds that
la;| = 1b;| #0 and ﬁ:ﬁ for i,5=04+1,...,n. (7.15)
Proof of Step 3: Let i € {¢+1,...,n}. Since the matrix @) (¢;)~! is J-unitary

and since |w;| = 1, we conclude from (7.14) that

e e M o B O ERIO R

¢ 1
Thus, |a;] = |b;| and, since |a;| + |b;] > 0, the first statement in (7.15) follows.
Similarly to (7.16), we have

= [w 1]J{wi]—|wi|2—1—0. (7.16)

aja; —bib; = [wi 1] 0W(t,)*J0W(t;)~! {“ﬂ (7.17)

for every choice of i,5 € {£+1,...,n}. By a virtue of formula (3.16),

o) rseM )t —J _ [ Cy
1—2C | B

|a-cryirta - tier -r).
(7.18)
Substituting the latter formula (evaluated at { = t; and z = ¢;) into the right hand

side expression in (7.17) and taking into account that [wz* 1} J [ui]] = wjw; —1,
we get
aja; —bib; = wiw; — 1+ (1—&it;) (B —wiCr) (I —&Th) " Pt

x (I = tT7) " (B —w;Cy).

The latter expression is equal to zero, by (7.9). Therefore, afa; = bfb; and conse-

quently,

aj - b;k a;

bj - at bi

2

where the second equality holds since |a;| = |bs].
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Step 4: Let a; and b; be defined as in (7.14). Then the row vectors
A= I:ag_;,_l . an} y B = [b[.ﬂ,_l cee bn] (719)

can be represented as follows:
Al [C 1 [-P;Pro
] = g e TR . (7.20)
Proof of Step 4: First we substitute the formula (3.30) for the inverse of (1) into
(7.14) to get
1 [ C — — %\ — * *
ol = 1]+ G—m | g | =TT PR = T]) 7 (B - Cwy)
bi 1 E,
for i =€+ 1,...,n and then we make use of (7.8) and of the vector e; to write

the latter equalities in the form
A Wpiq C — —
[B} e = { ?} - [ Ei } (ul = T1) ™ Py Proei(p — tevi)

fori=1,...,n—{. Now we transform the right hand side expression in the latter

equality as follows

A C C 1
|:B:| e, = |:Ez:| e; — |:E1:| (ILLI— Tl) 1P111P12 (ILLI— TQ) €e;

<[gﬂ (ul —Tp) ' — [gi] (ul — T1)1P1—11P12) (ul — To) e;

_ ¢ —1 [P Pr _
= {E} (ul —T) { 7 (ul —Ts)e;
and since the latter equality holds for every i € {1,...,n — £}, (7.20) follows.

Remark 7.2. Comparing (7.20) and (3.29) we conclude that

[g} —oW(z)! {g] (21 —T)! [ —Pfilpm } I-T).

By the symmetry principle, (V) (2)~ = JOM) (1/2)* J and thus, the latter identity
can be written equivalently as
A _ ] C [ -pPi'pP
[ 3 ] (21 - T»)' =0W(/z) [ B ] (21 -T)7" [ n }
Taking adjoints and replacing z by 1/Z in the resulting identity we obtain eventu-
ally
(I—2T3)" 1 [A* —B*]=[ —PuP;' 1] -21)7' [ —E*]0W(2).

(7.21)
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Step 5: A function w of the form (7.11) satisfies the FMI (7.1) only if the
corresponding parameter £ is the unimodular constant
an

E(z) =& = Zﬁ: == (7.22)

Proof of Step 5: Let us consider the Schur complement S of the block Py in (7.12):

Pso Fy(2) ] { P

S(z,¢) = Fy(0)* Ku(z,0) o Fi(¢)*

} P! [Pz Fi(2)]
Since
sq_Ky, =sq_P11 +sq_S =k +sq_8S,
it follows that the FMI (7.1) is equivalent to positivity of S on p(w) N D:
S(z,¢) = 0. (7.23)
Since the “11” block in S(z, () equals Poy — Pglellpu which is the zero matrix
(by (7.7)), the positivity condition (7.23) guarantees the the nondiagonal entries
in S vanish everywhere in D:
Fy(2) — Py P Fi(2) = 0. (7.24)
By (4.11), the latter identity can be written as
[—Po P" 1) (I —2T*) " (E* — C*w(z)) = 0. (7.25)

We already know from Step 1, that w is of the form (7.11) for some £ € Sy. Now we
will show that (7.25) holds for w of the form (7.11) if and only if the corresponding
parameter £ is subject to
A*E(z) = B* (7.26)

where A and B are given in (7.19). Indeed, it is easily seen that for w of the form
(7.11), it holds that

&

1

and therefore, identity (7.25) can be written equivalently in terms of the parameter
€ as

1 1
oy el

-1
E* —C*w=(0M¢e + 0l —C* E*
w (21 + 22) [ } @éll) 6512)

0

[—P21P1_11 I] (I- ZT*)_l [C* —E*} @(1)(2) [5(12)]

which is, due to (7.21), the same as

(I— =15 [4* B]J [5(2)] ~0.
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The latter identity is clearly equivalent to (7.26). Writing (7.26) entrywise we get

the system of equalities
a;&(z) =b; (t=04+1,...,n).

This system is consistent, by (7.15), and it clearly admits a unique solution &y
defined as in (7.22). Combining Step 1 and Step 5, we can already conclude that
the FMI (7.1) has at most one solution: the only candidate is the function

w = T@(1) [50] (727)

where & is the unimodular constant defined in (7.22). The next step will show
that this function indeed is a solution to the FMI (7.1).

Step 6: The function (7.27) satisfies the FMI (7.1) and interpolation condi-

tions
dy(ti) =v and w(t;) =w; for i=0+1,...,n. (7.28)

Proof of Step 6: First we note that since ©) is a rational J-inner function of
McMillan degree ¢ and since & is a unimodular constant, the function w of the
form (7.27) is a rational function of degree ¢ which is unimodular on T. Therefore,
w is the ratio of two finite Blachke products satisfying (7.3). Since w belongs to
S, (by Step 2), it has £’ poles inside D and thus, the denominator By in (7.2) is
a finite Blachke product of order &'

It was shown in the proof of Step 5 that equation (7.26) is equivalent to
(7.24)) and thus, for the function w of the form (7.27), it holds that

Fy(2) = Py P Fi(2) (7.29)
which is the same, due to definitions (4.10), as
(I = 213) 1B — C3w(2)) = PuPyy (I - 217) 7 (B} — Clw(z)).  (7.30)
Next we show that for w of the form (7.27) it holds that
Ku(2,¢) = F1(¢) Py Fi() (7.31)

or, which is the same,

1 — w(Q)*w(z)

T = (B(Q) O =C) T P (=) (B~ Cu(2)). (7:32)
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Indeed, on account of (7.18),
(Br = w(¢)*C) = CTy) ™' Py (I = 2T7) ™ (BY = Ciw(2))
MW () *JOW ()1 — J Tw(z

1—2C 1
—w(z)w(()* oW () JOM ()~ [w(z
Iy QIO ],

Representation (7.27) is equivalent to

{wﬂ — o) m % where v(z) = OF) (2)& + 04 (2),

and therefore,

wior et sem [*P] - BL L g,

1 v(z)v(¢)*
since |Ey| = 1. On account of this latter equality, (7.33) implies (7.31). By (7.7),
(7.29) and (7.31), the kernel K,,(z, ¢) defined in (4.4) and partitioned as in (7.12),

can be represented also in the form

Py
K,(2,0) = Py Pt [ P1 P Fi(2) |
Fi(¢)*

and the latter representation implies that sq_K,, = sq_P;1 = k, i.e., that w
of the form (7.27) satisfies the FMI (7.1). It remains to check that w satisfies
interpolation conditions (7.28). Since w is a ratio of two finite Blaschke products,
it is analytic on T. Let ¢; (¢ < ¢ < n) be an interpolation node. Comparing the
residues at z = t; of both parts in the identity (7.30) we get
—tieief (E‘;F - C;’w(tl)) =0
which is equivalent to
1—wiw(t;) =0

or, since |w;| = 1, to the second condition in (7.28). On the other hand, letting
z, ¢ — t; in (7.32) and taking into account that w(t;) = w;, we get

dult) = (Br—w(t) Co)I — G0 PRt (I —4T5) " (B — Cu(t)

= (Br—w;C)(I = &T1) " P (I = t17) 71 (B} — CTwy)

which together with (7.10) implies the first condition in (7.28).

The first statement of the Theorem is proved. Statement 2 follows by Step 2

and (7.28): the function w meets interpolation conditions (7.4) at all but x — &’
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interpolation nodes (and all the exceptional nodes are in {¢,...,t¢}). Statement
3 follows from (7.28). O

Remark 7.3. Statement 2 in Theorem 7.1 completes the proof of sufficiency part
in Theorem 4.2: if P is singular, then a (unique) solution of the FMI (4.5) solves
Problem 1.6.

8. An example

In this section we present a numerical example illustrating the preceding analysis.
The data set of the problem is as follows:
tlzlu t2:_17 w1 :17 ’U}2:—1, ’71:17 /72:0 (81)
Then the matrices (2.3) take the form
1 0 C 1 -1
R

1 _ *
ﬂ = 1 we have also
1 —t1ts

|11 4 [0 1
P[] [0 1]
It is readily seen that P is invertible and has one negative eigenvalue. Thus, Prob-
lems 1.3, 1.4 and 1.6 take the following form.

and since

Problem 1.4: Find all functions w € S such that
w(l) =1, dy(l) <1, w(-1)=-1, dy(-1)<0. (8.2)
Problem 1.3: Find all functions w € Sy that satisfy conditions (8.2) with equalities
in the second and in the fourth conditions.
Problem 1.6: Find all functions w such that either

1. w € 81 and satisfies all the conditions in (8.2) or
2. w € Sy and satisfies the two first conditions in (8.2) or
3. w € Sy and satisfies the two last conditions in (8.2).

Letting © = i, we get by the formula (2.2) for ©:
1 =17 o0l[o 1][ O 1 -1
o = wre-o|y 5 LT ][5 &[4 3]

z+1 1+4
1 (i—1)z22+2(1+2i)z2—1—1i (Bi—1)z2+2z4i—1
2(22 — 1) (i+1)22—-22+1+3i (1—4)22+2(2i—1)z+ 1+
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and thus, by Theorem 2.2, all the solutions w to Problem 1.6 are parametrized by
the linear fractional formula

w(z) = [((—1)z22+2(1+2i))z—1—i) E(2) + (3i — 1)22 + 22 4+i— 1

(1 +1)22 =224+1+3]E(2)+ (1 —0)22+22i — 1)z + 1+

when the parameter £ runs through the Schur class Sy. Furthermore, formula (3.3)

(8.3)

in the present setting gives

G &l [1 -17[7& o]fo 1]fi-i o7 [ 1 1-i
@] |1 1]]l0 1 -1 0 144 | -1 -1-i

and since the diagonal entries of P! are p;; = 0 and p11 = —1, we also have
n,iai 1 77'*52*2' P11 —0 p2 1
1 == =—1, 2 == =1 =5 =VU, =5 =—%
€1 €2 lex? |ea|? 2

By Theorem 2.7, every function w of the form (8.3) also solves Problem 1.4, unless

the parameter £ is subject to
E(1)=—-1 and dg(1)=0 (8.4)
or to
E(-1)=1i and dg(-1)< % (8.5)
On the other hand, Theorem 2.6 tells us that every function w of the form (8.3)

solves Problem 1.3, unless the parameter £ is subject to
E(l)=-1 and dg(l) <o

or to

E(-1)=1¢ and dg(—1) < 0.
Thus, every parameter £ € Sy satisfying conditions (8.4) or (8.5) leads to a solution
w of Problem 1.6 which is not a solution to Problem 1.4. For these special solutions,
it looks curious to track which conditions in (8.2) are satisfied and which are not.

This will also illustrate propositions 4 and 5 in Theorem 2.3.

First we note that there is only one Schur function £ = —1 satisfying con-
ditions (8.4) (this is the case indicated in the fifth part in Theorem 2.3). The

corresponding function w obtained via (8.3), equals

( ) 2022 — diz + 2i 1
w(z) = =—1.
—2i22 +4iz — 24

It satisfies all the conditions in (8.2) but the first one.

All other “special” solutions of Problem 1.6 are exactly all Schur functions

satisfying the two first conditions in (8.2). Every such function does not satisfy at
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least one of the two last conditions in (8.2). We present several examples omitting

straightforward computations:

Example 1: The function
2tz +2
E(z)= —F—
) =G o1
belongs to Sy and satisfies £(—1) = i and de(—1) = 1 (i.e., it meets condition

(2.17) at to). Substituting this parameter into (8.3) we get the function

z—1
W) = T
which belongs to Sy and satisfies (compare with (8.2))
14
w(l) =1, dy(1)=1, w(-1)= 3_+ 117 du(—1) = co.
i—

Example 2: The function

 (B=d)z—(1414)
S G e

belongs to Sy and satisfies (as in Example 1) £(—1) =i and dg(—1) = 3. Substi-
tuting this parameter into (8.3) we get the function w(z) = 1 which belongs to Sy

and satisfies (compare with (8.2))
wl) =1, dy(1)=0, w(-1)=1, dy(—1)=0.
Example 3: The function
[(3+1i)z+1—i]eFT — 2iz — 2
T o tinei 4 (i—1)2 1341

belongs to Sy and satisfies £(—1) = i and dg(—1) = 3. Substituting this parameter
into (8.3) we get the function

w(z) = [(2 — Z)sz 1] exFl — z 44

(z—i)es —iz+2i—1

which belongs to Sy and fails to have a boundary nontangential limit at to = —1.
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