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It is shown that the following conditions are equivalent for the general-
ized Schur class functions w at a boundary point ¢y € T: Carathéodory—
Julia type condition of order n ([2], [3]); agreeing of asymptotics from
inside and outside of the disk D up to order 2n+ 1 ([11]); to-isometry of
the coefficients of the boundary asymptotics; a certain structured matrix
P constructed from these coefficients being Hermitian ([1]). Some inter-
connections between these properties are established for more general
classes of functions.

1. Introduction

In this paper we discuss some questions arising in the context of the Carathéodory—
Julia theorem. For a point ¢y on the unit circle T, let

Upe:={z€D: 0<|z—t] <e},

int
th,a,s

={z €Uy : |larg(z —to)| < a} for a € (0, g),

1
et _={zeC:-el’, .}
z

to,o,€ to,x,e
and
int t
Tipae i= T UTE

to,o,e to,o,€
We consider Uy, . as a punctured neighborhood and I'; - as a punctured nontan-
gential neighborhood of ¢y that can be split into interior and exterior parts. The
parameter ¢ will be dropped from notation. We write 2=t if a point z approaches
a boundary point ¢y € T staying inside I'y, o for some o € (0, ) and we will write
z — to if z approaches to unrestrictedly in D (i.e., staying inside Uy, ). Also, “the
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limit exists” will always mean that the limit is finite. For notational convenience,
we use the symbol a* for the complex conjugate of a € C. The symbol § will stand
for the Schur class of analytic functions w mapping the unit disk into its closure.
We start with the classical Carathéodory—Julia theorem [7, 9].

Theorem 1.1. Let w € S, to € T and let

2
dy(2) = % (1.1)
The following are equivalent:
1. d:= liZIr_lijolfdw(Z) < 0. 2. d:= zl/i—THtlo dy(2z) < 00.
3. The nontangential limits
wo = zl%rrtlo w(z) and wy = zl%rrtlo w'(2) (1.2)

exist and satisfy |lwol =1 and witowy € R.

Moreover, if the latter hold, then d=d= witows > 0.

Higher order analogues of the above results have been presented in [3]. To recall
them we first introduce some needed notations and definitions.

Given a function w analytic at z € D (not necessarily in the Schur class) and given
n € Zy, let us introduce the Hermitian matrix

1ot 11— |w)?"

PY(2) = |- ———
)= Baae 1o

(1.3)

i,j=0
which will be referred to as to a Schwarz-Pick matriz (a distinguished property of
the Schur class is that for w € S, the matrix P¥(z) is always positive semidefinite.
We extend this notion to boundary points as follows: given tg € T and given a
function w analytic on a neighborhood Uy, of to, the boundary Schwarz-Pick matrix
is defined by

PY(tp) := lim PY(2), (1.4)

Z/—>\t0

provided the limit in (1.4) exists. It is clear that once the boundary Schwarz-Pick
matrix P¥ (¢o) exists, it is Hermitian (and it is positive semidefinite, if w € §). We
denote the lower diagonal entry in the Schwarz-Pick matrix P¥(z) by

1 9% 1 — |w(z)?
(nh)2 9zm0zr 1 — |22
and remark that if n = 0, then both P (z) and d,, »(2) reduce to d,,(z) introduced
in (1.1).
Throughout the paper, we will use notation w;(z) :=
symbol w; (to) for the nontangential boundary limit

(4)
: . w\W(z
w;(to) 1= zhzntlo w;i(z) = zhzntlo j!( )

dyn(2) == (1.5)

)
wj—!(z) and we reserve the

(1.6)
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provided the latter limit exists. If w is either analytic at ¢y € T or if it possesses
the nontangential boundary limits (1.6) for j =0,...,2n+ 1, we let

’wo(to)* w1 (to)* e wn(to)*
U;f(to) — 0 ’LU()(tO)* 7 (17)
. T t. wy (tO)*
0 0 wo(to)*
w1 (to) w9 (to) e wn+1(t0)
Hﬁ(to) _ w9 Eto) 1U3ft0) e wn+:2(t0) (18)
Wnt1(to) Wnia(to) ... wWant1(to)

where the first matrix is of the upper triangular Toeplitz and the second of the
Hankel structure. We also introduce the structured matrix

Py (to) = H; (to) ¥n (t0)Uy, (to) (1.9)
where ¥, (to) = [\I/jg]?ezo is the upper triangular matrix
[t 3 6§ - (D"( 5 )t ]
0~ 2t5 - (=D ) )"
Po(to) = | 3 (—1)n( n )tg+3 , (1.10)
[0 o 0 (_1)71(2)15(2)"“_
with the entries
0, if j>¢
\I/je = (_1)€( f )téJerrl7 if j< /. (111)

Also we will make use of similar structured matrices associated with ¢ty € T and a
sequence {w;} of complex numbers:

wg wy,
Uwo,...,wn) = | 1 =1 |, H(wi, .o wong) = [wipjl; g (1.12)
0 wg
and
P(to, wo, .. ., want1) := H(ws, ..., want1) P (to)U(wo, ..., wy). (1.13)
Definition 1.2. Given a point ty € T, we will say that a sequence {wy, ..., wy,} of

complex numbers is tp-isometric if

T(wo, - - ., wn) T (t0)U(wo, - - -, wn) = T (o) (1.14)
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where U is the complex conjugate of U. We will say that an infinite sequence
{w; }$2, is to-isometric if the equality (1.14) holds for every n € Z,.

Remark 1.3. It follows from Definition 1.2 by the upper triangular structure
of matrices in (1.14) that if {wo,...,w,} is to-isometric, then the subsequence
{wo, ..., wr} is to-isometric for every k < n. In particular, for K = 0 we conclude
from (1.14) that |we| = 1.

The following theorem has been established in [3].

Theorem 1.4. Let w € S, to € T, n € Zy and let dy n be defined as in (1.5). The
following are equivalent.
1. The following limit inferior is finite
dy = lim inf dyy,n () < 0. (1.15)
Z—10

2. The following nontangential boundary limit exists and is finite:

dwn(to) == lm dypn(z) < co. (1.16)
z—to

3. The boundary Schwarz-Pick matriz PY¥ (to) defined via the nontangential bound-
ary limit (1.4) exists.
4. The nontangential boundary limits w;(to) exist for j = 0,...,2n + 1 and
satisfy
|w0(t0)| =1 and Pg(to) Z 0,
where P¥ (ty) is the matriz defined in (1.9).
Moreover, if this is the case, then d, = dy n(to) and P¥(to) = P¥ (to).

In case n = 0, Theorem 1.4 reduces to Theorem 1.1. Note that the structured
matrix P¥(tg) (which first appeared in [11]) is a higher order analogue of the
product witow. It turns out (and will be shown in this paper) that property (3)
in Theorem 1.4 follows from a weaker assumption

|w0(t0)| =1 and Pg(to) = ]P)g(to)*, (117)

even if w does not belong to the Schur class and is analytic on a neighborhood
U:, c only. The following theorem establishes this fact and presents a number of
equivalent reformulations of conditions (1.17).

Theorem 1.5. Let w be analytic in a neighborhood Uy, of to € T and let us assume
that the nontangential boundary limits w;(to) exist for j = 0,...,2n + 1. The
following are equivalent:

1. Conditions (1.17) are satisfied.

2. The sequence {wo(to), ..., want1(to)} is to-isometric, i.e.,

U(wo, - . ., Wan+1) ¥ (to)U(wo, . . ., want1) = Wony1(to).

3. There exists a rational unimodular on T function f (a ratio of two finite
Blaschke products) so that

w(z) = f(2) +o((z — to)*" ) as 255t. (1.18)
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4. The asymptotic relation
2n+1
w(z) = Z w;(to)(z — to)? + o((z — to)?" 1) (1.19)
j=0
holds as z tends to tog nontangentially from inside and outside of the unit disk
D, where for |z| > 1
w(z) 1= ; (1.20)
w(1/z)
Moreover, if this is the case, then the boundary Schwarz-Pick matriz PY (to) exists
and is equal to P¥ (to).

Remark 1.6. Extension (1.20) is called the symmetry continuation and has nothing
to do with analytic continuation unless the function w is unimodular on an arc of
T. In general, existence of a nontangential asymptotics (1.19) for w(z) from inside
of D with w(tg) # 0 implies existence of an asymptotics of the same order from
outside for the symmetry continuation of w. However, in general, the coefficients
of the asymptotics from outside may differ from the coefficients of the asymptotics
from inside. Thus, agreeing of the two asymptotics is a special property of the
function w. Theorem 1.4 tells that this property implies (1.15) and Theorem 1.5
shows that Schur class functions it follows form (1.15). In general (1.15) does not
imply this property (see example in Section 4). However, if w is in generalized Schur
class then it does. We show in Section 4 that Theorem 1.4 can be literally extended
to the class of genearlized Schur functions. The agreeing of the two asymptotics
was actually taken by I.V. Kovalishina as a basis for her constructions in [11], [11]
as opposed to [3] and [6], where all the constructions started from (1.15).

The next theorem is a version of Theorem 1.5 under slightly relaxed assumptions:
existence of the nontangential boundary limit wa,41(fo) is relaxed to the uniform
nontangential boundedness of w(?"+1):

sup |w T (2)| < 0o for some a € (0, g) (1.21)
2€lNty,a
It can be shown (see Lemma 3.1 below) that the latter condition guarantees the
w) 2)
J!

existence of the nontangential boundary limits w;(tp) := lim for j =

Z/—>\t0
0,...,2n.

Theorem 1.7. Let w be analytic in a neighborhood Uy, of to € T. The following are
equivalent
1. The bound (1.21) is in force and the sequence {wo(to),...,wan(to)} is to-
1sometric.
2. There exist a rational unimodular function [ (a ratio of two finite Blaschke
products) so that

w(z) = f(2) +O((z — t0)*" ™) as z55to. (1.22)
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3. The asymptotic relation
2n

wz) = Y w;to)(z —to)’ +O((z — to)*"),

§=0
holds as z=tq from inside and outside of D.

Moreover, if this is the case, then

sup dyn(z) < cc. (1.23)
Zerto,a

As a corollary we obtain the following extended version of Theorem 1.4.

Theorem 1.8. Let w € S, tg € T, n € Zy. The statements 1-4 in Theorem 1.4,
the statements 1-4 in Theorem 1.5 and the statements 1-3 in Theorem 1.7 are all
equivalent.

For the proof it is enough to note that every statement in Theorem 1.5 implies
(1.16) while condition (1.23) is obviously stronger than (1.15).

2. tp-isometric sequences

A tp-isometric sequence {wy, ..., w,} has been characterized in Definition 1.2 by
the matrix equality (1.14); in more detail,

Wy ... W wy ...ow
‘I’n(to) = \I’n(to). (21)
0 wo 0 wg

Remark 2.1. Note that the latter matriz equality is equivalent to the following n+1
(in general, independent) relations

k—

<.

(—1)5( kot )tf‘fzijz =1 for k=0,...,n. (2.2)

J

~
i
o

k
Jj=0

Indeed, multiplying both parts in (2.2) by (—1)*¢5*! and making use of numbers
(1.11) we get
k k—j
Z w; VW p—ew; = Vo for k=0,...,n,
§=0 £=0
that can be written in the matrix form as
wy ... W

[ wg ... Wp } ‘I’n(to) : = [ \IJOO . \Ifon ] (23)
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and express equality of the top rows in (2.1). It was shown in [2] that (2.3) is
equivalent to the “whole” equality (2.1).

Lemma 2.2. Let tg € T, wo,...,w, € C and let T € CHtOX(+D) gnd M, E €
CrHDX1 e given by

to 0 ... O 1 wo

IR 0 w1
T, — 1 1 |, E,=| .|, M,= . ) (2.4)

. . 0 . .
0 1t 0 wy,
The Stein equation

X -T,XT; =FE,E; — M,M (2.5)
has a solution X if and only if the sequence {wo, ..., wy} is to-isometric. Moreover,

in this case every solution X to (2.5) is of the form (1.13) for some choice of
Wnits .- Wony1 € C.

The proof can be found in [2, Section 10] along with some other equivalent refor-
mulations of the equality (2.1).

Theorem 2.3. Let w be analytic on a neighborhood
1
D, (to)={z:7<|z| < - ,argty—e < argz < argto+ ¢}
T

of to € T and unimodular on D, -(to) N'T and let
w(z) =Y w;(to)(z — o)’ (2.6)
§=0

be its Taylor expansion at to. Then

1. The boundary Schwartz-Pick matriz Py (to) exists and admits the represen-
tation
P (to) =Py (to) (2.7)
for everyn € Z,, where PY (o) is defined via formula (1.9). Therefore, P¥ (to)
1s Hermitian.
2. The sequence {w;(to)}52, is to-isometric.

Proof. Since w is unimodular on D, .(to) N'T, its symmetry continuation and
analytic continuation across the arc agree and

w(z)w(1/z) =1 for every z € D, (o). (2.8)

Therefore,




8 Vladimir Bolotnikov and Alexander Kheifets

The latter formula makes sense for every z,( € D, (to) such that 2{ # 1. We
extend it by continuity to all of D, .(to) X Dy, (t9) upon setting

Ku(2,1/2) = 20/ (2)w(1/2). (2.10)

The kernel K, defined by the formulas (2.9) and (2.10) is analytic in z and conju-
gate analytic in ¢ on D, .(to) X Dy, ¢(to). Therefore, the boundary Schwarz-Pick
matrix P¥ () can be defined by the formula

N 1 gt
Pn(tO): Z'_]'WK’LU(Z5Z)

] : (2.11)

4,J=0

rather than as the limit of the interior Schwarz-Pick matrices. To express the ij-th
entry P;; in (2.11), we use (2.9) along with the Leibnitz’s rule:

1 07 fw(x) —w(1/0) w(()

P;; = Z|_j| azia@‘ < Z_% . E ) o (2.12)
1 j j ot [w(z) —w(1/Q) W
B i!j!§(£)52@d< Z_% ) ( ¢ ) =¢=t

We want to show that P;; is equal to the ij-th entry in the matrix P¥(¢o), i.e. (see
the formula (1.9)), that

w;(to)”
Py = [witi(to) wira(to) ... wiyje(to) | ¥alto) i
wo(to)
0
i j—
= Y wiea(to) Y W yopwiek(to) (2.13)
=0 k=0

It is easily seen (we refer to [4, Section 6] for details) that

z’!k!azia(%)’f

1 ai-‘rk w(z) _ w(l/{‘) B w(i—i—k-‘rl)(z) - ( )
Tkt e

for i,k € Z,. On the other hand, we have by the chain rule,

/-1
1 0 -1 k ok+1

— = (=)= : (rt=1,2,..)
VARG I L+k+1 (4 1)] 1 k+1
¢ CHHRH(k + 1) 160

k=0
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and combining the two latter formulas gives

1 ot [w(z) —w(1/0)
il 9ziaCt z— %

z=(=to

o~

{—1
Y ( k ) A (w(z)—w(l/@)

Otk+1, ) k41 _1
k:0§++z!(k+1)! 8zi8(l) z- ¢
¢ z=(=to
-1
f—1
= (=1 ZtéJrkH ( k ) Wi+ k+2(to)
k=0

for £ =1,2,..., while for £ = 0, we have

10 <w<z>—w<1/<)>

= wit1(to)-
z=(=to

il 0zt z—

I I

Finally, by the Leibnitz’s rule,

()

and we substitute the three latter formulas into (2.12) to get

14

S O o)

J
(=to m=0

J
P = wipi(to) D (1)t wjm(to)”

m m /-1 N
(1) Hmegtit +2( i )wi+k+2(f0)wg‘—é—m(f0)

_ - - *
+Zwi+é+l(t0) (—1)F kg teri=k ( J ¢ >wj—é—k(fo)
(=1 k=0
j it .
= Zwi+e+1(fo)Z(—l)J_ktf)HH_k ( J ¢ >wj—é—k(t0)*-
—0

k
Making use of the numbers (1.11) allows us to rewrite the last equality in the form

i i
Py = witeri(to) Y Ve jrwj—e—i(to)”
£=0 k=0

which coincides with (2.13) and therefore, proves equality (2.7). This equality im-
plies in particular, that the structured matrix P¥ (o) of the form (1.9) is Hermitian
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(since PY(tg) is). Then it follows by [6, Theorem 7.1], that P¥ (¢o) satisfies the Stein
identity
Py (to) — TPy (00) Ty = EnE, — M (to)n M, ()"

where T, and E,, are the same as in (2.4) and where

MY(to) = [ wolto) ... walto) |

Then, the sequence {wo, ..., wy} is tg-isometric by Lemma 2.2. Since n € Z, is
arbitrary, the second assertion of the theorem follows. Note that tg-symmetry of
the sequance {wyp,...,w,} can be derived directly upon differentiating identity
(2.8). O

Lemma 2.4. Let ty and wo, ..., wan+1 € C be such that |lwo| = 1 and the matrix
P(to; wo, - . ., Wan+1) defined in (1.13) is Hermitian. Then there exist fo, ..., fant1 €
C with |fo] =1 such that the matrices P(to; fo,- - - font1) and P(to; o, - -, S2n+1)
are positive definite where s;’s are the numbers given by

J
$i=Y_ fi—ewe for j=0,....2n+1. (2.14)
£=0

Proof. We will use the following notation for the matrices introduced in (1.12) and
(1.13):
U} := U(wo, ..., wg) and Hy := H(wo,...,wakt1),
and
Py = ]P’(to; wo, - - - ,w2k+1) = H%"I’k(to)Uzu (2.15)
and for the similar matrices associated with the sequences {f;} and {s;}. Note
that if s;’s are defined by the convolution formulas (2.14), then

2 =UPYU] and Hj = (U))*HY + H. (t,)T5. (2.16)
The desired sequence { fo, - . ., fon+1} Will be constructed inductively. Note that for
every k < n, the matrx P} is Hermitian as a principal submatrix of P}Y which is

Hermitian by the assumption of the lemma. For k = 0, we have Py := towwg € R.
Let fo and f; be such that

|fol =1 and ]P)g = tof1fi > max {0, —towiwg}
(such a choice is obviously possible). Then for sg = fowo and s1 = fow + frwo,
we have |sg| = 1 and
P; = toslsg = to(fowr + flwo)f{ng = t0w1w§ + toflfg > 0.

Let us assume that for k& < n we already have {fo,..., far—1} such that the
matrices P£_1 and IP; _, are positive definite where s;’s are defined by the formula
(2.14) for j = 0,...,2k — 1. We will show that for an appropriate choice of for, and
fok+1, the extended matrices }P’£ and [P} are positive definite which will complete
the proof by induction.
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Since |fo] = 1 and IE”£71 > 0, it follows by an interpolation result (see e.g., [11, 1,
3]), there exists a finite Blaschke product b(z) such that

b (¢,
,('O)zfj for j=0,...,2k—1. (2.17)
J]:
Letting
p(2k) (o) b(%“)(to)
= d = a7 av
far P fov+s (2k+ 1)1

define sop and sgp41 according to (2.14). The matrix
P/ = HI Wy () U] (2.18)

is positive semidefinite, since it is equal (by construction) to the matrix P%(to)
associated to the finite Blaschke product b via formula (1.9) and therefore, it is
equal (by Theorem 2.3) to the boundary Schwarz-Pick matrix P (¢y) which is
positive semidefinite since b € S.

Since the structured matrix P}’ is Hermitan, it satisfies (see Theorem 7.1 in [6] for
the proof) the Stein identity

PY — TWPYT} = E,E; — MM

where Ty, Ei, and My, are defined via formulas (2.4). Then it follows by Lemma
2.2 that the sequence {wy, ..., wy} is to-isometric:

U ¥, (to) Ui = ®n(to). (2.19)

Consider the matrix
o= Hy WL (t0)UR.

Upon substituting relations (2.16) into the right hand side expression and making
use of (2.19) we get

P; = (( w HfW) O, () UL U]

= (UL HY®, (to)ULU] + HIT"W,, (t) UL US
(U HY @, (1)UL UL + H] W, (to)U]

which on account of (2.15) and (2.18) can be written as

= (U))*PYU + P (2.20)

Since the matrices P}’ and ]P)i are Hermitian, the matrix P} is also Hermitian. It
is readily seen from the structure of the matrices on the right hand side of (2.18)
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that the only entry in IE”£ that depends on for41 is the lower diagonal entry

K k—
[P/] = 3 fereriVerifice
A o1V k- fi_o—;
ket 1,k+1 ==
k-1 k—t
k42k+1
= (=DM fora fo Y Frerern Y Wen—ifio;
=0 =0

which is nonnegative since IE”£ > 0. Since |fo| = 1, we conclude that the replacement
f2k+1 — f2k+1 —+ (—1)kl%k+lfol' Where xTr > O, (221)

increases the lower diagonal entry in IE”£ by x and does not affect all the other
entries. This replacement modifies so;41 accordingly to (2.14)

Sokt1 — Sakr1 + (=D fowor = sopy1 + (—1)* 2" L sox

and does not change s; for j < 2k. Since the matrix U£ depends only on fy,..., fx,
it follows from (2.20) that the entries in P§ do not change but the lower diagonal

entry [P which gets the same raise x as []P’f ] . Thus, modifyin
y k]k+1,k+1 g B it kg ymg

fok+1 as in (2.21), one can increase the lower diagonal entries in P§ and IP’£ by
any preassigned z > 0. Since the £ x k principal submatrices PP} _; and ]P{_l
in (k+1) x (k+ 1) matrices P; and IP’£ are positive definite by the induction
hypothesis, that latter modification makes P} and }P’£ positive definite if x is large
enough. This completes the proof of the lemma. O

Theorem 2.3 shows how one can generate infinite ¢yp-isometric sequences using
unimodular functions analytic at to. Note that #o-isometric sequences {w;}52
that arise in this way are characterized by the additional condition
limsup|wj|% < oo
j—o0

that guarantees a nonzero radius of convergence for the series in (2.6). The fi-
nite case is much simpler: the next theorem shows that every finite to-isometric
sequence arises as a sequence of Taylor coefficients at ¢ty of a ratio of two finite
Blaschke products.

Theorem 2.5. Let tg € T and wy, ..., want1 € C. The following are equivalent:
1. |wo| =1 and the matriz P(to; wo, ..., wan+1) defined in (1.13) is Hermitian.
2. The sequence {wy, ..., Wwant1} 18 to-isometric.
3. There exist finite Blaschke products s and f so that the function w = %
satisfies interpolation conditions
() (¢
wito) = ) o o =0, 2n 1, (2.22)

J!
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Proof. The implication (3) = (2) follows by Statement 2 in Theorem 2.3.

(2) = (1): Let us assume that {wp, ..., want1} is to-isometric and let the matrices
Ton+1, Eont1 and Mo, 11 be defined via formulas (2.4). By Lemma 2.2, the Stein
equation

X = Ton1 XT3,y = Ean1 B3,y — Monya M3, 44 (2.23)
has a solution X = [Xw]fz;r(l) Comparing the corresponding entries in the equality

(2.23) we come to the system
toXoi = toXio = wipi1wg (i=0,...,2n),
toXit1 +toXij+ Xy = wipwjy (i=1,...,2n; j=0,...,2n),

which, upon being solved recursively, leads to

0 .

. i J it+j+1 *

X = E E (=1)’ ( i )tO T wp (2.24)
§=0 i=0

for

0<k+0<2n—1. (2.25)

Thus, for every solution X of the Stein equation (2.23), the entries with the indeces
from the domain (2.25) are uniquely defined by the right hand side of the equation.
Moreover, these entries satisfy the symmetry

X=X} (0<k+0<2n-1) (2.26)

which follows from the abovementioned uniqueness and the fact that X* satisfies
the Stein equation (2.23) if and only if X does. Making use of numbers U;; given
in (1.11), one can rewrite (2.24) as
[
Xpe =YY wiyip1Wywj_; for 0<k+(<2n—1. (2.27)
j=0i=0

The latter means that for k,¢ € {0,...,n}, Xy¢ is equal to the correspond-
ing entry in the matrix P(to;wo,...,wa,+1) defined by (1.13). In other words,
P(to; wo, . . ., wan+1) is the (n + 1) x (n + 1) leading principal submatrix of X. It
now follows from (2.26) that P(to; wo, . .., wan+1) is Hermitian. Equality |wo| = 1
is a part of the definition of tp-symmetry.

(1) = (3): Let us assume that |wg| = 1 and the matrix P(to; wo, . . . , Wan+1) defined
in (1.13) is Hermitian. By Lemma 2.4, there exist fo,..., font1 € C with |fo| =1
such that the matrices P(to; fo,- .., fan+1) and P(to; So, ..., S2nt+1) are positive

definite where s;’s are the numbers given by (2.14). Since sg = wo fy, we have
|so| = 1. By the interpolation result mentioned in the proof of Lemma 2.4, there
exist finite Blaschke products s(z) and f(z) satisfying the conditions

s (to) FD(to)

3 =s; and q =f; for j=0,...,2n4+1.
J: J
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Now it follows from (2.14) that the ratio w(z) = % satisfies the conditions

(2.22). O

We conclude the section with several remarks. The first one (for the proof, we refer
to [2, Corollary 7.9]) relates the third statements in Theorems 1.5 and 2.5:

Remark 2.6. Lettyg €T, k € Zy, wy,...,wr € C and let w be a function analytic
in Uy,. Then the nontangential boundary limits w;(to) exist and satisfy

(@)
. wP(z
w;(to) :== zhsntlo j( )

:wJ fOT ]20,714:

if and only if w admits the asymptotic expansion

w(z) = wo +wi(z —to) + ... +wp(z —to)* +o((z —to)* as z5t.

Remark 2.7. Note that any tp-isometric sequence {wy, . . ., w, } admits a ty-isometric
extension.

Indeed, if {wy,...,w,} is to-isometric, then |wg| = 1 (by Remark 1.3) and the
Stein equation (2.5) has a solution X (by Lemma 2.2). It is easily seen that then
X* also satisfies (2.5) and therefore, Y := £(X + X*) is a Hermitian solution of
(2.5). By the second assertion in Lemma 2.2, there exist wy41,...,Want+1 such
that

Y = ]P(to,wo, .. .,w2n+1)

and since the latter matrix is Hermitian, it follows by Theorem 2.5 that the se-
quence {wp, ..., Want1} 18 to-isometric.

3. Proofs of Theorems 1.5 and 1.7

To present the proofs of Theorems 1.5 and 1.7 we still need some preliminary
results.

Lemma 3.1. Let w be analytic on Uy, and let w1 be bounded on an open
nontangential neighborhood I'y, o of to € T:

|wan+1(2)] < v (z € 'ty ,a)- (3.1)

Then the following nontangential limits

w(to) = Jim w;(z),  w;(z) = —

exist for 3 =0,...,2n and

2n—j

wj(z)—z(jJiri)wa‘ﬂ'(to)(z—to)i+O((Z—t0)2njH) (Sto). (3.2)

=0
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Proof. We start with the Taylor representation

2n—j z) ) . w(?n j+l)(<)

‘ (- ()*"7d 3.3
9= X e [ e o 69
of the function w;(z) at a point w € I'y, o. Since

w?(z) WU+ (4 j -+ 1)! |+
J (): ’ ()_(]+)'wj+i(z)—<j+ >wj+i(2)7

il il il

1=

representation (3.3) can be written as

wj(z) = Qij ( I )wa‘ﬂ'(w)(z —w)

=0 J

st ) () [umn©G -0 G

The latter integral does not depend on the path of integration between w and z.
We set for short (we integrate along a rectifiable Jordan curve connecting z and w
inside the unit disk D)

Cor = / want1(C) (2 = ¢)*"7dC. (3.5)

Since w(z) is bounded on Iy, , and z — ¢ is also bounded on T'y, o X Ty, o, Wwe may
conclude that the following two integrals are well defined and the following limit
relations hold true

to
Guto = / wan11(¢) (to — ()*"77d¢ = lim F, .,
w 25ty

and

Gto,z = / W2an+1 (C) (Z - C)2n_jd< = wlgtl Fw,z-

to
Sending z € U to to in (3.4) (for w fixed) we conclude that there exists the limit

wy(to) = lim wy(2) = Z (75 Yt~y + Cns ) () G

for 7 = 0,...,2n. This proves the first assertion of the lemma and allows us to
pass to limits in (3.4) as w € 'y, o tends to ty for a fixed z to get

w;(2) = ; (74 Yt =t + ) (%) G

Upon choosing the path of integration for Gy, . to be the line segment connecting
the points z and tp and making use of (3.1), we get the estimate

|Gro,2| < lz =t 7, (3.6)
which implies (3.2). O
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In the next lemma,

1o 1 —w(2))?
Tl 921070 1— |22
stands for the ij-th entry of the Schwarz-Pick matrix P¥(z).

P (2) (3.7)

Lemma 3.2. Let w(z) and f(z) be two functions analytic on D such that w?"+1 (z)
and fP*V(2) are bounded in some open nontangential neighborhood [0 of to €
T and let

lim w;(z) = lim f;(2) =: w;(to) for j7=0,...,2n (3.8)

z—to z—to

(note that the existence of limits in (3.8) is guaranteed by Lemma 3.1). Then
PY(z) = P{;(2) = O((z — to)*" ") (3.9)

fori,j=0,....,n as z=tg. In particular, dy ,(z) — dsn(z) = O(1).

Proof. Straightforward differentiation gives

1 ot e
’— i * 3.10
ilj! 021079 1 - |z|2 I;)% |Z|2)k+fz+1wﬂ (2)" (3.10)

where, as before, w;(z) stands for ,w(ﬂ)( ) and where

min

—~

k,0)
k+€ m) sk—m _€—m

Upe(z Z = m)iml Zhmmtmm (1 — 2™, (3.11)

Substituting (3.7), (3. O) and similar formulas for f into (3.9) we get
1 0™ [f(2)]* = Jw(z)P

PY;(z) — Pl;(2) W 9mieT 1P (3.12)
) Y TS M e
k=0 £=0 o (1 — |z]2)kttrt 727 ‘
= Z (fi—k(2) —wi—k(2)) —UH_(Z)J;J;ZJF(ZB:
k=0 ¢=0 (1= 1[2%)
+ ;%% o) — w5 e(2)").
=0

Applying (3.2) to the functions wy and fi and making use of equalities (3.8), we
conclude that

wi(2) — fr(2) = O ((z — to)*" ") as 25t
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for k =0,...,2n. Since z — tg = O(1 — |2|?) when 2=t; nontangentially, we have

fimk(2) — wi—i(2)

(1 _ |Z|2)k+l+l
fi—e(z) —wj—i(2)

(1 = [z2)FFeHT

Now asymptotic relation (3.9) follows from (3.12), (3.13) and (3.14). The last
assertion follows from (3.9) upon letting i = j = n. O

O ((z—to)* ), <k<i<nm, (3.13)

= O((z—t)™ %), 0<t<j<n (3.14)

Lemma 3.3. Let w and f be two functions analytic on a neighborhood Uy, of ty € T
and let us assume that the nontangential boundary limits of their 2n + 2 first
derivatives at to exist and are equal:

wj(to) = .fj(t()) fO’I’ j = O,,2n—|—1 (315)

Then
PY(2) =Pl (2) =0(1) as 255t (3.16)
where PY(2) and P (z) are the Schwarz-Pick matrices associated with w and f

via formula (1.3).
Proof. By Remark 2.6, equalities (3.15) are equivalent to the asymptotic relation
w(z) — f(2) = o((z — to)*" ™ as 255t. (3.17)
Therefore we have
wi(z) — fe(z) =0 ((z — to)zn_k""l) for k=1,...,2n+1 as z — .
Substituting the latter asymptotics into (3.9) we get
PYi(2) =Pl (2) = o((z — o)™ ") (1,5 =0,....n)
which clearly imply (3.16). O

Proof of Theorem 1.5: The third statement in Theorem 1.5 can be reformulated
equivalently: there exists a rational unimodular function f satisfying conditions
(3.15). Now we apply Theorem 2.5 to the sequence {wyo, ..., wan4+1} where w; :=
w;(to) to conclude that the Statements 1-3 in Theorem 1.5 are equivalent.

Assume that the asymptotic equality (1.18) holds (or equivalently, the equalities
(3.15) hold) for a rational unimodular function f. Then P¥(to) = P{(ty), by the
definition (1.9), and the relation (3.16) holds by Lemma 3.3. Furthermore, since
f is rational and unimodular on T, the boundary Schwarz-Pick matrix P/ (to)
exists and is equal to P/ (¢y), by Statement 1 in Theorem 2.3. Now we pass to
nontangential limits in (3.16) to get
P} (to) = lim P(2) = lim P}(2) = P} (to) = P/, (to) = Py (to)-
z—1l0

z—to

To complete the proof of Theorem 1.5, it suffices to show that (3) = (4) = (2).
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Proof of (3) = (4): Assume that the asymptotic equality
w(z) = f(2) 4+ o((z — to)*" ™) (3.18)

holds (or equivalently, the equalities (3.15) hold) for a rational unimodular function
f as z5tp from inside of the disk D. Then we also have for |z| > 1,

w(e) = W73 =TT +ol(5 — 1)) = f(2) +o(( — o) (319)

as 2=5tg from outside of D, where f(z) stands for both symmetry and analytic
continuation, that agree since f is rational and unimodular on T. Since f is analytic
in a neighborhood of ¢y, its asymptotics form inside and outside of the unit disk
agree. The asymptotic equality (1.19) follows from the fact that the limits w;(to)
exist for j = 0,...,n as 25¢( from inside and outside of D (by Remark 2.6) and
are equal.

Proof of (4) = (2): Let us assume that the asymptotic relations (1.19) hold from
inside and outside of D. By definition of symmetry continuation we have

w(l/z) =w(z)™, |z| < 1.
Since
——tlo=——""""=0((2—1t)) as z—to,
it follows, by substituting 1/Z, |z| < 1 in (1.19), that
W78 = st (2 -2) +of(e - o)
=3 wit (z 0) o(( — to)*)

for k =0,...,2n+ 1 and therefore, that

w; (to)* 2879 (1 — 2t0) + o((z — to)¥)

(—to) wj(to)* 2" 7 (2 — to)? + o((z — to)").

<. <.
o o

¢
for |z| < 1. Simple rearrangements based on the relation z* = Z ( f ) tiH (2 — to)',
i=0
lead us to

2Pw(z)7t = Z

k
7=0

( o () we(to)*> (= — 1) + of(z — to)").

=
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Upon multiplying the corresponding parts both in the latter equality and (1.19)
(for |z] < 1) we get

2n+1 _ k  [k—j ] [y
3wl - P | {3 (Z(—l)lt{ff (%) we(to)*> (e = to)t
=0 J=0 \4=
k
=24 o((z —to)k Z( )t (2 —to) +o((z — to)")

Jj=0

Comparing the coefficients of (z — to)* in the latter equality we eventually arrive
at

b ke
Z (_1)5( k;e )tj Cw; (to)we(to) =1 for k=0,...,2n+1.

By Remark 2.1, the latter equalities mean that the sequence {wq(to), - .., wan+1(to)}
is tg-isometric. [l

Proof of Theorem 1.7: Let us assume that w®"*t1 is bounded on Iy« and that
the sequence {wy, ..., ws,} of the nontangential boundary limits w; := w;(to) is
to-isometric (the existence of the latter limits is guaranteed by Lemma 3.1). Let
Wap+1 be any number such that the extended sequence {wo, ..., wap, wany1} is
to-isometric (such a number exists by Remark 2.7). By Theorem 2.5, there exists
a rational unimodular function f such that f;(¢o) = w; for 5 =0,...,2n+ 1. The
functions f and w meets all the conditions in Lemma 3.2. Therefore,

dyn(2) —dsn(z) = 0(1) (3.20)

as z tends to ¢y nontangentially. Since f is rational unimodular function the limit
dyn(to) exists and in particular, dy ,(z) is bounded on I'y; o. Then (3.20) implies
(1.21). Equivalences (1) < (2)) < (3) in Theorem 1.7 are established in much the
same way as those in Theorem 1.5. (Il

4. Generalized Schur functions

Condition (1.15) does not make much sense for general analytic functions. For ex-
ample, the function w(z) = eT== meets condition (1.15) (for n = 0) at ¢, = 1, since
|w(z)| = 1 on the radius [0, 1); however, it has no radial limit as z approaches 1.
Thus the extension of Theorem 1.4 (at least in its present formulation) to general
analytic functions is unlike. However, this theorem can be extended to some classes
of functions that are close in some sense to S. In this section we will show how it
can be done for the so-called generalized Schur functions. Recall that a function w
belongs to the generalized Schur class Sy if it admits a representation of the form
s(2)

w(z) = )’ (4.1)
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where s is a Schur class function and b is a finite Blaschke product b of degree
k, having disjoint zeroes in D. A well known property of S, functions is that the
kernel

Koz, ¢) = 10O ‘f@?( )

has k negative squares on p(w), the domain of analyticity of w intersected with
D. Therefore, the Schwarz-Pick matrix PY¥(z) defined in (1.3) makes sense and
has not more than k negative eigenvalues (counted with multiplicities) for every
z € p(w) and every n € Z4; in formulas: sq_P¥(z) < k.
Remark 4.1. It is that once the boundary Schwarz-Pick matriz PY(to) exists,
squﬁ(to) S K.
The next theorem extends Theorem 1.4.
Theorem 4.2. Let w € S, to € T, n € Z4 and let d,, be defined as in (1.5). The
following are equivalent.
1. d:= hmitnfdw,n(z) < 0.
z—10
oy (o) = lim dy n(2) < 0.
z—to

2

3. The boundary Schwarz-Pick matriz P¥ (to) exists.

4. The nontangential boundary limits w;(to) exist for j = 0,...,2n + 1 and
satisfy

lwo(to)| =1, PR (to) =Py(to)" and sq_Py(to) <k,
where P¥ (ty) is the matriz defined in (1.9).

Moreover, when these conditions hold, then

d=dyn(to) and P (to) =P¥(to). (4.2)

For w of the form (4.1) we have
L-fw(@)|* _  1-s@)P  1-b)P
L=z [b(2)P(1—[2[7)  [b(2)[P(1 = |2?)°

Upon applying #% to both parts of the latter equality and arranging the

obtained (n + 1)? equalities in the matrix form, we get, by the definitions (1.3),
PY(z) = L¥"(z) — L"(z), (4.3)
where we have set
1 o7 1 1—|s(2)* 1
Ls7b = |V - T T — 4.4
() li!j! 021027 b(z) 1—[22 b(2)| 0’ (44)
i,J

=

1 9+ 1 1—|bz)? 1
Lob(5) — - — ) 4.
(2) li!j! 02020 b(z) 1-[= b(2)|. 45
i,5=
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Note that if K is a sesqui-analytic kernel and f is analytic at z, then the equality
1 ez TR ITO| =Vl |77 o KG9 0l
holds by the Leibnitz rule. Upon applying this equality to
1—s(2)s
)= 15D s = g
and taking into account that U,lz/b(z) = U (2)~! whenever b(z) # 0, we get
L¥(2) := Up(2) Py (2) Uy (2) (4.6)
where P2 (z) is the Schwarz-Pick matrix defined via formula (1.3). Letting s = b
in the latter formula, we get
LP(z) = Up ()" P (2)Up (2) . (4.7)
Remark 4.3. Let s be a Schur function, let b be a finite Blaschke product and let
L°(2) and L%b(z) be defined as in (4.4) and (4.5). Then

1. The nontangential limit

LY (tg) == lim L*(2) (4.8)

Z/—>\t0

K(z,¢ 1
z

exists if and only if the boundary Schwarz-Pick matriz P2 (to) exists and in

this case
L3t (to) = UP (to) Py (to) UL (to) . (4.9)
2. The limit
LY (t) = lim LY (2) = U (o) " P2 (o)UY (o) " (4.10)
Z—1l0

exists for every n € Zy, when z tends to ty € T unrestrictedly in C.

Proof. Since b is analytic at to € T and b(tg) # 0, the limit matrix U?(¢y) =
lim, ¢, U%(2) exists and is invertible. Now the first assertion follows from (4.6)
upon passing to limits as 2—tg. The second assertion follows since P? (t;) exists,
by Theorem 2.3. O

Corollary 4.4. Let w € S, be of the form (4.1) with a Schur function s and a finite
Blaschke product b. Then the boundary Schwarz-Pick matriz PY¥ (to) exists if and
only if P2 (to) exists and in this case,

PY(to) = U (to) ™" (P;,(to) — PZ(to)) TP (o) " (4.11)

Proof. Since the limit (4.10) exists no matter how z tends to to, it follows from
(4.3) that P¥(to) exists if and only L*(ty) exists; the latter is equivalent to the
existence of P2 (to), by Remark 4.3. Passing to the limits in (4.3) as 2=t and
making use of (4.9) and (4.10) we arrive at (4.11). O
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Lemma 4.5. Let s € Sg be a Schur function, let f be a function analytic at tg € T
and let n € Z,. Then

lim inf o (f(z)iwﬁ><oo

z—to O0znOZ" 1—1z|?

if and only if (the “if” part is obvious) the following limits exist and are finite:

i+j —s(2)]2
o (f(z)11_||(2|2| f(z)><oo (1,7 =10,...,n). (4.12)

lim —
Sty 02'07Z9

Furthermore,

e 1= [s(z)P~—\ . o 1 [s()2+—
B R RET (f =7 <Z>> = g <f == (Z>)-
(4.13)

The above result has been proved in [5] in the context of operator-valued Schur
functions s and vector valued functions f. The result is useful even in the scalar-
valued setting due to the following

Corollary 4.6. Let s be a Schur function, let b be a finite Blaschke product and let

1 foall 1—s(2)|?

Lin®) = 02 amnaz P = |27 (4.14)

the lower diagonal element of the matriz L>*(z) given in (4.4) be subject to

lim inf L3b(2) <00 (to €T). (4.15)
z—10

Then the nontangential boundary limit (4.8) exists and
lim L&P(2) = lim inf Lb(2). (4.16)
z—to z—to

Furthermore, the boundary Schwarz-Pick matriz PE (to) exists.

Proof. Condition means that we can apply Lemma 4.5 for f(z) = ﬁ. Then rela-

tions (4.12) mean that all the entries in the matrix L%°(z) possess nontangential
boundary limits and thus, the limit (4.8) exists. Then P2 (¢;) exists by Remark
4.3. Finally, equality (4.13) with f =  gives (4.16). O

Proof of Theorem 4.2: Let w € S, be a generalized Schur function with the Krein—
Langer representation (4.1) and let us assume that

d :=lim itnfdwm(z) < 00
zZ—10

Equating the lower diagonal entries in the matrix identity (4.3) gives

dun(2) = Ly (2) = Ly (2) (4.17)
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where L5?(z) is given in (4.14) and where, according to (4.5)
1 o 1—b(2)]?

b)) — :
Lyn(2) (n1)2 0270z™ |b(2)|2(1 — |2/|?)

By Remark 4.3, the limit
Ly, (to) = lim Ly (2)
z—to
exists. Then it follows from (4.17) that
lim itnf dyn(z) =lim itnf L5b(2) = LY, (to) (4.18)
Z—10

z—10
and since the limit inferior on the left is finite, we conclude that condition (4.15)
is satisfied. Then the boundary Schwarz-Pick matrix P (to) exists by Corollary
4.6. By Corollary 4.4, the boundary Schwarz-Pick matrix P¥ () also exists. Now
we can pass to the limits in (4.17) as 255t:
dun(to) = lim dun(2) = lim L33 (2) — Ly, (to)
z—to z—tg

which implies, on account of (4.18) and of equality (4.16) (that holds, by Corollary
4.6)

dw n(to) = lim itnf Ay n(2).
Z—10
This completes the proof of implications (1) = (3) = (2) in Theorem 4.2 and also
the first equality in (4.2).
Furthermore, since s € S, the existence of P? (ty) guarantees (by Theorem 1.4)
the existence of the nontangential boundary limits

(4)
s5(to) := lim i '(Z) for j=0,...,2n+1 (4.19)
z—1to .7_
such that |so(to)| = 1 and the matrix P? (to) defined via formula (1.9) is Hermitian.
Then the sequence {so(to), - .., San+1(to)} is to-isometric, by Theorem 2.5:
U1 (10) ®ant1 (10)Us 4 (f0) = Wans (to)- (4.20)
The sequence {bg(to), ..., bant1(to)} is to-isometric, by the second assertion in
Theorem 2.3: Thus, we have
—b
Ui 1(t0) ®2n41(t0)Us, 1 (o) = W2p g1 (fo)- (4.21)
Since b is analytic at ¢y and since b(tg) # 0, the existence of the boundary limits
(4)
w; (to) = lim v j'(z) (j=0,....2n+1) (4.22)
z—to !

follows from (4.1) and (4.21). Since s = wb, we have U3, ; (to) = UY, ; (to)U5, ;1 (o)
so that

Ug)n—i-l (to) = U;u-{-l (tO)Ugn—i-l (to)il .
The latter equality together with (4.20) and (4.21) implies

U1 (00) P2ns1(to)US, 1 (to) = ¥ani1(to)
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which means that the sequence {wg(to), ..., wan+1(to)} is to-isometric. By The-
orem 1.5, conditions (1.17) are satisfied and the matrix P¥ (o) constructed from
the limits (4.22) via formula (1.9), is equal to the boundary Schwarz-Pick matrix
P¥(ty). This proves the second equality in (4.2). Furthermore, this equality im-
plies that P¥(¢g) is Hermitian and (by Remark 4.1) that sq_P¥(¢p) < x. This
completes the proof of Theorem 4.2. O

The next theorem partly generalizes Theorem 4.2.

Theorem 4.7. Let w = % be the ratio of two Schur class functions satisfying
conditions
limitnf dsn(z) <oo and limitnf dyn(z) < oo (4.23)
z—10 z—tg

where tg € T andn € Z,. Then

1. The nontangential boundary limits w;(ty) exist for j = 0,...,2n + 1 and
lwo(to)| = 1.

2. The boundary Schwarz-Pick matriz PY (to) exists and is equal to the matriz
PY(tg) defined in (1.9). In particular, P¥ (to) is Hermitian.

By Theorem 1.4, conditions (4.23) guarantee the existence of the the boundary
Schwarz-Pick matrices P2 (tg) and P/ (o). The rest is the same as in the proof of
Theorem 4.2.

Note that in case when w = % is the ratio of two Schur class functions, the
condition
lim itnf dyn(z) < 0 (4.24)
z—to

follows from (4.23) but does not imply (4.23) in general. Thus, the conclusions in
Theorem 4.7 are obtained under apperantly too strong assumptions. Conditions
(4.23) in Theorem 4.7 cannot be relaxed to (4.24) and we do not know what
conditions in terms of d, ,(z) may replace (4.23).

5. Infinite ¢;-isometric sequences and related results

Theorem 2.5 shows that any finite tg-isometric sequence {wy,...,w,} arises as a
sequence of the first n + 1 Taylor coefficients of a rational unimodular function
at to (moreover, one can use rational unimodular functions with the only pole at
the origin to get all finite fy-isometric sequences. In this section we characterize
infinite tg-isometric sequences in similar terms.

Definition 5.1. We will say that a sequence {wj}fio of complex numbers is tg-
positive if |wg] = 1 and the matrix P(tg, wo, ..., w2n+1) defined as in (1.13) is
positive semidefinite for all n > 0.

Remark 5.2. By Theorem 2.5, a sequence to-isometric if and only if |lwo| = 1 and
the matriz P(to, wo, - .., Wwant+1) s Hermitian for every n > 0. In partcular, any
to-positive sequence s tg-isometric.
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Definition 5.3. Let tg € T. We will say that a Schur function w belongs to the class
St if

limitnf dyn(z) <oco forall n>0 (5.1)
z—10
or equivalently, if
lim dypn(z) < oo forall n>0, (5.2)
z—to

where dy, ,(2) is defined as in (1.5). We denote by QS the class of functions w
of the form w = % where s, f € Sj,.

Theorem 5.4. Letty € T and let w € Sy,. Then the nontangential boundary limits
w;(to) exist for every j > 0 and the sequence {w;(to)}32, is to-positive. Further-
more, any to-positive sequence arises in this way.

Proof. The first assertion follows from Theorem 1.4 and Definition (5.1) of #o-
positivity. In regard to the second assertion recall a known interpolation result [10]
(analogous to the classical Hamburger’s solvability criteria for the power moment
problem [8]) asserting that if a sequence {w;}32 is to-positive, then (an only then)
there exists a Schur class function w such that

)
w;(to) := Zl/igntlo v ; (2)

=w; for j>0.

For this function w we have |wo| = 1 and P¥(tg) > 0 for all n > 0 and then it
follows by Theorem 1.4 (implication (4) = (2) that condition (1.16) holds for all
n >0, i.e., that w € &,. O

Theorem 5.5. Let tg € T and let w € QS,. Then the nontangential boundary
limits wj(to) exist for every j > 0 and the sequence {w;(to)}52 is to-isometric.
Furthermore, any to-isometric sequence arises in this way.

Proof. The first assertion follows from Theorem 4.7. To prove the second assertion,
let us assume that {w;(to)}52, is a to-isometric sequence. Then by Remark 5.2,
|wo| = 1 and P(tg, wo, - .., want+1) is Hermitian for every n > 0. Then we use the
inductive construction from the proof of Lemma 2.4 to get a tg-positive sequence
{fi}520 such that the sequence {s;}52, defined by

J
55 = ij,g wy for j=0,1,... (5.3)
£=0

is to-positive. By Theorem 5.4, there exist functions s(z) and f(z) in S, satisfying
the conditions

5 (o) 9 (o) )
7 =s; and o f; for j=0,1,.... (5.4)
Now it follows from (5.3) that the quotient w(z) = % (which belongs to QSy,)

satisfies the conditions (5.2). O
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For general analytic functions we have the following result which is an infinite
analogue of Theorem 1.5.

Theorem 5.6. Let w be analytic in a neighborhood Uy, of to € T. The following are
equivalent:
1. The nontangential boundary limits w;(to) exist for every j € Z4 and the
sequence {w;(to)}52, is to-isometric.
2. There exist a function f € QSy, such that

w(z) = f(z)+o((z —to)™) forall n>0 as z5t. (5.5)
1
w(l/z)

3. w admits the analytic continuation by symmetry w(z) = across ty into

an external nontangential neighborhood
fto,aﬁ ={z¢dD: |z—ty] <e, |arg(z —to)| < a}
of to for every a € (0,%) and ¢ = (o) > 0.

Proof. For the proof of (1) < (3) it suffices to note that the nontangential as-
ymptotic equality (1.19) holding for every n € Z; from inside and outside of the
unit disk, is equivalent to Statement 3 in Theorem 5.6. Equivalence (1) < (2)
follows from Theorem 5.5: since the limits f;(¢o) exist for j > 0, the relation (5.5)
is equivalent to existence of the limits w;(tg) = f;(to) for j > 0. O
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