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Abstract

A number of interpolation problems are considered in the Schur class of p x
g matrix valued functions S that are analytic and contractive in the open unit
disk. The interpolation constraints are specified in terms of nontangential limits
and angular derivatives at one or more (of a finite number of) boundary points.
Necessary and sufficient conditions for existence of solutions to these problems and a
description of all the solutions when these conditions are met is given. The analysis
makes extensive use of a class of reproducing kernel Hilbert spaces H(S) that was
introduced by de Branges and Rovnyak. The Stein equation that is associated with
the interpolation problems under consideration is analyzed in detail. A lossless
inverse scattering problem is also considered.
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1. INTRODUCTION 1

1. Introduction

In this paper we shall study a number of tangential interpolation problems in
the Schur class of p x ¢ matrix valued functions that are analytic and contractive
in the open unit disk when a finite number of interpolation constraints are imposed
on the boundary. We shall work within the framework of the augmented Basic
Interpolation Problem (aBIP). An introduction to this problem, which includes an
account of its development from more elementary problems (such as bitangential
versions of the classical Nevanlinna—Pick and Carathéodory—Fejér problems) as well
as other formulations, appears in [27].

In order to describe the aBIP we need to introduce some notation. Let H5*?
denote the set of CP*9—valued functions with entries in the Hardy space Hy of the
unit disk D and let H5*! be abbreviated by H5. Similarly, let L5(T) designate the
Hilbert space of measurable and square integrable C*—valued functions with inner
product

o) =50 [ e s (£ g€ LEm),

The space H} is identified as the closed subspace of L5(T) which consists of all

27
f € L&(T) whose Fourier coefficients f; = %/ e "t f(e)dt are equal to zero for
0

¢ < 0. The symbol (H’g)l stands for the orthogonal complement of H with respect

to the above inner product. More generally, (Hg Xq) + denote the set of CP*9—valued
functions with entries in Hy . The Schur class of CP*9—valued analytic contractions
in D is denoted by SP*¢. In what follows, HEX? will denote the space of p x ¢ mvf’s
with entries that are analytic and bounded on D. With every mvf (matrix valued
function) S € §P*7 we associate the matrix valued Hermitian form [, |g
| I, —S(e") it

ioals =g [ oty (gl ) Juenan )
which is defined for every choice of h € Lgpﬂ)Xk(T) and g € L(QPH)M(T) and any
positive integers k and £. This form is nonnegative:

[h, hls >0 for all he L(21>+q)xk(,]r)7

since ( 7S(I§u)* _Sl(eit) ) > 0 for almost all ¢ € [0; 27].

Throughout this paper I; stands for the identity matrix in C***, .J denotes
the signature matrix defined by

— IP 0
J<0 —Iq)’

and X ~* is a convenient shorthand for (X *)71 when X is invertible. We assume
that

M, N, PeC™" and C eCPtoxn (1.2)
is a given set of matrices satisfying the Lyapunov—Stein identity
M*PM — N*PN =C*JC (1.3)

and that the mvf
G(z) =M — zN (1.4)
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is regular:
det G(z) = det (M — zN) # 0. (1.5)
The partition
c=(@). aeern ceor (16)
2
which enables us to express the Lyapunov—Stein equation (1.3) in the form
M*PM — N*PN = C{C; — C5Cq, (1.7)

will be useful. The symbol zﬁﬁ)(M , N, P, C) will be used to denote the following
interpolation problem (which is a relaxed version of the aBIP that will be discussed
below):

(1) Find necessary and sufficient conditions which insure the existence of a
Schur function S € SP*9 such that

I, =5 1 Hy™ "
and
Ps < P, (1.9)
where
. i o YO Ip_ _S(eit) eft)—1
Ps: = o/, Ge") ™ C <—S(e”)* 1, )CG( ) dt
= [CG(O™ CG(O - (1.10)

(2) Describe the set <§(M, N, P, C) of all such muf’s.

If the mvf G(z) is not invertible everywhere on T, the condition (1.9) is meant in
the following sense: the integral

Lo ity —x v I —S(e™) ity —1

), G(e")™C ( S (eity* I, CG(e") ™ dt (1.11)

converges to a matrix Pg which satisfies inequality (1.9).

The zﬁﬁ)(M , N, P, C) can be formulated without mention of the space Hy
with the help of the symbol

H(z)=zM*— N* (1.12)
and the following remark:

REMARK 1.1. Condition (1.8) is equivalent to the following two conditions

B(Q) = (1, —S(¢) )CGE) ™ eHy™ (1.13)
and
B(¢) := H(¢)"'C* ( _ifo ) € Hy 7. (1.14)

PROOF. It is easily seen that a function f(¢) belongs to Hy if and only if the
function ¢ f(¢)* belongs to Hy . Therefore,

meter (TR ) emp s (s 1) oro € gy

q
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and, since B
CH() ™ =G()™" for (€T, (1.15)
condition (1.14) is equivalent to
(=S, 1, )OG([)™" e (HF™),
which together with (1.13) is equivalent to (1.8). O
REMARK 1.2. Since the form [, ] is nonnegative, it follows that the matrix Pg

defined by (1.10) is positive semidefinite. Moreover, it satisfies the Lyapunov—Stein
equation

M*PsM — N*PsN =C*JC (1.16)
and is subject to
ﬂ Ker CG(¢)™! C Ker Ps. (1.17)
CeT
det G(¢) #0

For a proof of (1.16), see e.g., [15, Lemma 2.1]; the inclusion (1.17) follows
readily from (1.10) and means that every vector f € C" such that CG(z)~1f =0,
belongs to Ker Ps (if the columns of CG(z)~! are linearly independent, then the
identity CG(z)~1 f = 0 forces f = 0, so the conclusion f € Ker Ps does not convey
any new information).

It follows from (1.9) that the condition
P>0 (1.18)

is necessary for the aZ/Bﬁ’(M, N, P, C) to have a solution. It turns out that this
condition is also sufficient. Moreover, if P > 0, then the set S(M, N, P, C) can be
parametrized in terms of a linear fractional transformation; see Theorem 5.1 below.

Theorem 5.1 was proved in [15] by adapting Potapov’s method of Fundamen-
tal Matrix Inequalities (FMI's) to the aBIP framework. Additional analysis of
the FMI corresponding to the aBIP is given in Section 3. There we also discuss
connections between Potapov’s method and the reproducing kernel Hilbert space
methods which are frequently used for the investigation of interpolation problems.
Some preliminary facts about positive kernels and some concrete reproducing kernel
Hilbert spaces that are needed in the sequel are given in Sections 2 and 4.

The :f?)ﬁ)(M, N, P, C) is termed nondegenerate if P > 0 and is termed de-
generate if P is singular (and positive semidefinite). In Section 5 we present an
alternative parametrization of the set S (M, N, P, C) in terms of a Redheffer linear
fractional transformation (see Theorem 5.9 below) which sometimes (especially in
the degenerate case) turns to be more convenient for applications (see, e.g., Sec-
tions 11 and 12 in [15]). This approach has been adapted in [27] and [15] from
the work of Katsnelson, Kheifets and Yuditskii [36] on the abstract interpolation
problem and the work of Arov and Grossman [9], [10] on the coupling of unitary
colligations.

The problem of describing all functions S € SP*? for which equality prevails
in (1.9) is quite different. For such a problem the matrix P has to inherit the
properties (1.16) and (1.17) of Ps. More precisely, assuming that (1.5) is in force
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and that P is a positive semidefinite solution of (1.7), let aBIP(M, N, P, C) denote
the following “augmented” basic interpolation problem:

(1) Find necessary and sufficient conditions which insure the existence of a
Schur function S € SP*9 satisfying (1.8) and the equality

Ps = [CG(¢)™, CG(g)—l]S =P (1.19)
(2) Describe the set S(M, N, P, C) of all such functions.

It is easily seen that

~

S(M, N, P,C) C 8(M, N, P, C). (1.20)
By the preceding discussion, the conditions (1.3), (1.18) and
N Ker CG(¢)™! C Ker P (1.21)
CeT
det G(¢) #0

are necessary for the aBIP(M, N, P, C) to have a solution. However, they are not
sufficient. A criterion for the solvability of the aBIP(M, N, P, C) will be given in
Section 6 and adapted to two concrete cases in Sections 8 and 12. In the former
we also present a matrix analogue of conditions for the solvability of a boundary
Nevanlinna—Pick problem that was obtained in a recent paper of Sarason [50].
Another approach to handling boundary interpolation problems in the scalar case
is presented in [29].

We remark that

n—1 )
ﬂ KerCG(¢)™! = ﬂ Ker C (G(a)_lN)j
CeT 3=0

det G(¢) #0

for any point o € C at which G(«) is invertible. Thus, in the special case when
P >0 and M = I, condition (1.21) holds if and only if
n—1
ﬂ Ker CN’ = {0},
j=0
i.e., if and only if the pair (C, N) is observable. There is an analogous interpretation
in the more general setting (when P is still positive definite but M is not necessarily
invertible); the relevant theory in this general setting is developed in extensive detail
in [6].
In [15] the aBIP(M, N, P, C) was considered under the assumption that G(z)
is invertible at every point on the unit circle:
det G(¢) =det (M —(N)#0 for |(|=1, (1.22)
which of course, is a more restrictive condition than (1.5). It was shown in [15,
Lemma 3.1] that under assumption (1.22) the problems aBIP(M, N, P, C)) and
aBIP (M, N, P, C) are equivalent, i.e., the sets S(M, N, P, C) and g(M, N, P, C)
of their solutions coincide. For this case the interpolation conditions of the aBIP

can be expressed in terms of contour integrals. The use of contour integrals to
formulate interpolation conditions was suggested by A. Nudelman in [43] and was
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utilized in [13] for the case when the associated Pick matrix P is invertible; for
additional discussion and comparison, see [25, Section 7.4].

In this paper we shall focus on the opposite “extreme”: the case when all the
singular points of G~! fall on T:
det (M —zN)#0 if z ¢T. (1.23)

In this case (1.8) is an automatic consequence of (1.9):

LEMMA 1.3. Let (1.23) be in force, and let S € SP*? satisfy (1.9) for some
positive semidefinite matrix P € C"*™. Then S also satisfies condition (1.8) (or
equivalently, conditions (1.13) and (1.14)).

PROOF. To show that the mvf’s B and B defined in (1.13) and (1.14) belong
to H5*™ and Hy ™7, respectively, we shall use the maximum principle for Smirnov
class functions. We recall that a mvf which is analytic in D is said to belong to
the Smirnov class N7™? if it can be represented as the ratio of a HEX%function
and a scalar Ho, (D)-function which is outer. For mvf’s in this Smirnov class the
following maximum principle holds:

N L) = By
for more information on matrix valued Smirnov classes see [8], [37].
Let B be defined by (1.13). By (1.23), all the roots of the scalar polynomial

det G(z) fall on T and hence, det G(z) is outer in Hoo (D). The rational mvf G~1
admits a representation of the form
- Gi(2)
1_
Gz = det G(z)’

where G is a C"*"—valued polynomial. Thus the mvf
I, ~S()) CGi(2)

det G(z)
belongs to the matrix Smirnov class N7*", since (I,, —S(z)) CG1(z) belongs to
HEX™,

B(z) = (

Making use of decomposition (1.6) and definition (1.10), we rewrite (1.9) as

1 2 A Vats IP it ity—1
% 0 G(e ) ¢ ( *S(eit)* )(Ipv —S(e )) CG(e ) dt
1 27 ) X X .
<P [ GO (1~ S S() GG

T Jo

and conclude that B(e') belongs to L5*". By the maximum principle for Smirnov
class functions, B € H*".

Next, since the scalar polynomial det H(z) is outer in Hy, (D), it follows much
as above that the function B defined in (1.14) belongs to the Smirnov class foq.
Taking advantage of (1.15), we rewrite (1.9) as

2 _ —S(eit _ _
i H(ezt)flc* < S(e ) ) (75(6“)*, Iq) CH(ezt)f*dt
27 Jy I
1 27 . . . .
<P G(e™)~*Cx (I, — S(e™)S(e™)*) CLG(e™) L dt.
0
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Therefore, B(e™) belongs to L2*? and, by the Smirnov maximum principle, B €
H} ™9, which completes the proof. O

COROLLARY 1.4. Let (1.23) be in force, let P be a positive semidefinite solution
of the Lyapunov-Stein equation (1.7) and let S € SP*? satisfy (1.9). Then S belongs
to S(I,, N, P, C).

Under condition (1.23), we may assume without loss of generality (see Remark
2.12 below) that M = I,, and spec(N) C T. In this case every positive semidefinite
solution of the corresponding Stein equation

P — N*PN = CCy — C5Cy (1.24)

is partly specified by N, C; and Cy. Two special choices of N are considered in
detail:

BIITl —

Bl R

Tm =

where (31,..., 0, and § are points on T.

It will be shown in Section 8 that for the first choice of N, the off diagonal blocks
of every solution P of the Stein equation (1.24) are uniquely specified, whereas the
diagonal blocks of P may be chosen freely. By taking advantage of this freedom,
it is easily seen that, for this choice of N, the Stein equation (1.24) always has a
positive semidefinite (and even a positive definite) solution P. It will be shown in
Section 8 that the corresponding aT?:ﬁ’(In, N, P, C) is equivalent to a Nevanlinna—
Pick boundary problem which is usually posed in terms of nontangential boundary
limits. By including this problem in the general framework of the a/Bﬁ), we are
able to describe the set of all its solutions using general results from Section 5.

It turns out that for the second choice of N in (1.25), the Stein equation
(1.24) may not have a positive semidefinite solution. The structure of the set of
all solutions P of (1.24) and necessary and sufficient conditions for (1.24) to have
a positive definite (or positive semidefinite solutions) are discussed in Sections 10
and 11. The corresponding aTBﬁ’(In, N, P, C) turns to be equivalent to a certain
tangential Carathéodory-Fejér boundary problem. The block entries of P which are
not specified by (1.24), are related to certain nontangential boundary limits of the
interpolant S. This is clarified in Section 12. To this end, we use some auxiliary
results on the boundary behavior of analytic functions in D which are collected in
Section 7.

In Section 13 we consider another Carathéodory-Fejér boundary problem (the
full matrix interpolation problem) which was studied by Kovalishina in [40] and
show how to incorporate this problem into the general scheme of the aBIP. This
identification enables us to obtain a description of the set of all solutions even when
the Pick matrix P is singular. A number of related results obtained by Kovalishina
are also discussed in some detail.

The classical theorems of Carathéodory and Julia on angular derivatives (at the
boundary) of Schur functions may be found in [51, Chapter 4] and [49, Chapter
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6]. For additional sources and discussion see the Notes at the end of each of these
chapters. Generalizations to matrix valued Schur functions were considered in [39];
for tangential versions, see [23, pp. 97-99] and Section 8 below. In Section 9 we
present a tangential analogue for higher order angular derivatives for matrix valued
Schur functions.

The analysis in both Sections 8 and 9 (as well as in a number of other sections)
makes extensive use of the reproducing kernel Hilbert spaces H(S) for p x ¢ matrix
valued Schur functions (see Section 2 below for the precise definition) that were
introduced by de Branges and Rovnyak in [17] and [18]. The use of these spaces
to study angular derivatives seems to have been initiated in [23, Chapter 8] and,
independently for scalar Schur functions, by Sarason in [48]; see also his monograph
[49] for further extensions. Some general classes of interpolation problems for
square mvf’s that include constraints on the boundary have also been considered
from another point of view in [12] and [14].

The results of Sections 9 and 12 are used in Section 14, where the lossless
inverse scattering problem (LISP) is discussed. This problem may be stated as
follows:

Given S € SPX4, find all J—inner muf’st © that are analytic in D and meet the
constraint

(1 ~sEyeE0e" (g )20 (<.

The LISP was first considered for scalar Schur functions in [20]. Therein necessary
and sufficient conditions for the existence of a rational solution with one or more
poles on the boundary were expressed in terms of the representing measure for the
Carathéodory function?® (1+ S)(1— S)~!. This study was motivated by questions
in network theory and stochastic estimation theory. Some other applications of
boundary interpolation problems are indicated in [30].

The general LISP for square matrix valued Schur functions was solved in [3].
There too it proved convenient to work with the (now matrix valued) Carathéodory
function (I, + S)(I, — S)~*. The LISP for general p x ¢ matrix valued Schur
functions was considered in [23, Section 8]. An explicit construction of all rational
solutions which are analytic in the closed unit disk D and of the solutions with one
simple pole on the boundary was given there. In Section 14 we shall extend this
analysis to obtain a description of all the rational solutions of the LISP with an
arbitrary number of poles on the boundary, simple or not. There too conditions for
the existence of a solution to this problem will be formulated directly in terms of

S.

2. Preliminaries

A n xn mvf K,(z) defined on Q x Q is said to be a positive kernel if

T

Z ui Ko, (wi)u; >0

ij=1

IThe precise definition of a J—inner mvf will be given in Section 4.
2See Section 3 for the definition.
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for every choice of an integer r > 1, of points wi,...,w, €  and of vectors
u,...,u. € C" or, equivalently, if the Hermitian block matrix with ij-th entry
K, (w;) is positive semidefinite. This property of K will be denoted by K, (z) = 0

and we write K1 (z) = K2(z) if K1(2) — K2(z) = 0. It is readily checked that if
K, (z) = 0, then K, (2)* = K,(w). The following simple observations follow readily
from the definition of a positive kernel and will be useful.

PROPOSITION 2.1. Let K, (2) be a positive kernel on Q x Q and let Ty(z) and
T5(z) be two muf’s of appropriate sizes. Then
(T1(2) + T2(2)) Ko (2) (Th(w)* + T2(w)") 2 2T (2) Ko (2)T1(w)*
+2T5(2) Ko (2)To(w)".

PROPOSITION 2.2. Let KL(2) = K2(2) =0 on Q x Q and let |[KL(2)|| <~ for
every pair of points z,w € ). Then

IKSR <y (V2,weQ) (2.1)

PROOF. Since K2(z) = 0, it follows that for every z, y € C",
[ K5 (2)yl* < (2" K2(2)2)(y" KZ(w)y) < (27K (2)2)(y" KL (w)y) < 2]yl

which leads easily to (2.1). O

If K,(z) is continuous on 2 x €, then

K,(z) = 0 if and only if /F/Fga(g)* K (¢)¢(¢)d¢ds >0 (2.2)

for every simple curve I' C 2 and every C"—valued function ¢ which is continuous
on I'. This equivalence was established for open subintervals Q of R in [34] and
for arbitrary open subsets €2 of R in [45, Section 2.12]. Therefore, since the same
arguments are applicable for open subsets €2 of C, we are led to the following result:

PROPOSITION 2.3. Let 2 C C be a simply connected open set and let the kernel
K, (z) be positive on  x Q and analytic in z and ©. Furthermore, let A(z) be
analytic in Q. Then for every nonnegative integer m, the kernel

an

K™ (2) = ———— (A(2) K, (2) A(w)*
() = s (AG) Ku(2) A(w))
s also positive on  x €.
PROOF. Take an integer r and points wi,...,w, € Q and let " be a closed

simple contour in € which surrounds all of these points. Then

i,j=1 0z™mOw™

- (%‘) / / ()" A(Q)K(C)A(s)™ (C) dCds,

where

0 = (g - o)
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By (2.2), the matrix on the left hand side of the latter chain of equalities is positive
semidefinite. Therefore, Kém)(z) = 0. O
In the same spirit one can prove the following slightly more general statement.

PROPOSITION 2.4. Let QQ C C be a simply connected open set, let the kernel
K, (z) be positive on QxQ and analytic in z and @ and let A1(2), ..., Ax(2) be muf’s

which are analytic in 2. Then for every choice of nonnegative integers mq,. .., myg
the block matriz kernel K(z,w) with the block entries
amj"l‘mé
Kjo(z,w) i= (A (KD A@))  Gih=1,....k)

0z™i Q™
is positive on €2 x Q.
A Hilbert space H(K) of C™-valued functions which are defined on a subset
of C is said to be a reproducing kernel Hilbert space with reproducing kernel K, (z)
if for every point w €  and every vector € C", the function K, (z)x belongs to
H(K) as a function of z and
(f, Kom)pry =2"f(w) (V[ € H(K)). (2.3)

Formula (2.3) implies that

T T T
Z x; Ky, (wi)r; = <Z K, xj, ZK“%%> >0 (x; € C", w; €9)
i,j=1 j=1 i=1 H(K)

and hence exhibits the reproducing kernel K, (z) of H(K) as a positive kernel. Con-
versely, by the matrix version of a theorem of Aronszajn [7], every positive kernel
K, (z) on Q x Q can be identified as the reproducing kernel of such a reproducing
kernel Hilbert space.

The following proposition characterizes H(K) in terms of positive kernels (for
a proof, see [47] for the scalar case and [1, Lemma 2.2] for the matrix case).

PROPOSITION 2.5. A wvector valued function f defined on Q belongs to H(K)
and satisfies ||f||§{(K) < v if and only if the following kernel is positive on £ X :

Ko(z) =77 f(2) f(w)" = 0.

EXAMPLE 2.6. The Hardy space HY is a reproducing kernel Hilbert space with

n

pul2)
pw(z) =1—zo. (2.4)

In this case, formula (2.3) is just Cauchy’s formula for HY.

the reproducing kernel K, (z) = , where

EXAMPLE 2.7. Let P € C™*™ be a positive definite matrix with entries F;j,
let f1,..., fn be a set of n linearly independent k x 1 vector functions which are
meromorphic in D and let H be their span endowed with the inner product based
on

(fis fi)n = Py
Then H is a reproducing kernel Hilbert space with reproducing kernel
K, (2) = F(z)P7'F(w)*, where F(2)= (fi(2), ..., fa(2)).
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If S € SP*? then
Aw(z) _ LI — S(Z)S(w)
Puw(?)

is a positive kernel on D x . The corresponding reproducing kernel Hilbert space
will be referred as to H(S).

The following alternate characterization of H(S), as the space of all vector
functions f € HY such that

w(f) = sup {117+ Sgls — llglhs } (2.6)
geH]

(2.5)

is finite and ||f||$-c(5) = k(f), is due to de Branges and Rovnyak [17], [18].

The next lemma expresses the reproducing kernel A, of the space H(S) in
terms of the nonnegative form [, ]g defined via (1.1).

LEMMA 2.8. The formula

n@ = (st ) o (s )7, 27

is valid for every pair of points z and w in D.

PROOF. It is readily seen that the functions

1, 1 S(w)* = SQ)*
fz<< ”*)— and  g,(¢) = ———=—"— 2.8
©={ser )o@ ©=""00 25
I
belong to ngﬂ)w and (H%*P)L, respectively. Thus, as p E)Z) is the reproducing

kernel for HY, it follows from definition (1.1) that

[foy, feals = <( fg* _I;g ) ( S(ICS)* )P%’ ( S(Ig)* )Px_z>Lg+mr)

T S(z)*x N
= <Awya > + <gwy7 ( ) > = Aw (Z)ya
P/ my Pz /Ly

for every choice of z and y in CP and hence that (2.7) is valid. O

The following simple observation will be useful.

LEMMA 2.9. Let [, |s be the form defined in (1.1) and let F,,(¢) be a (p+q) xn
muf defined for ( and w in . Then the kernel

F.(z):=[F,, F.]g
18 positive on D.
PRroOOF. For every choice of an integer r and of points wq,...,w, € D,
.

(F“-’j(wi)):,jzl - ([ij’Fwi]S)iyj:1

1 [ I -Se™ \ 5,
= — F(et)* P F(eit
o’ o (6 ) < 75(6“)* Iq ) (6 )dt7

F(Q) = (Fu, (€), - -+, Fu, (€)) -
Thus, the matrix on the left hand side of the second line of the proof is positive
semidefinite. Therefore, F,(z) > 0. O

where
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We conclude this section with the following two lemmas which allow us to
express the mvf G(z) defined by (1.4) in a certain canonical form which will simplify
some later computations.

LEMMA 2.10. Let Ty and T5 be two invertible n X n matrices and let
M =T,MT,, N=T,NT,, P=T*PI{"', and C=CTb. (2.9)
Then tlze\pﬁ)blimiaBIPw,f, g) gndjﬁﬁ) (M, N, P, C) are equivalent to
aBIP(M, N, P, C) and aBIP (M, N, P, C), respectively.
PRrROOF. It suffices to note that
M*PM — N*PN = C*JC,
and that

C

08 = ( G, ) (T — 2Ry

= ( g; > (M —zN)"'17 = CG(2) Ty,

which implies that
Ps = |CG(O)™, €GO

[ca() Tt 0G4
= Tli* [CG(C)_la CG(C)_I]STfl
= T *PsT L

S

O

The next lemma (for the proof see [15, Lemma 2.3]) is a slight variation of the
canonical representation for regular pencils (see e.g., [28, p. 28, Theorem 3]).

LEMMA 2.11. Let M and N satisfy (1.5). Then there exist invertible matrices
T, and T from C™ ™ and matrices Ay € CF1 ¥k A, € CF2>*F2 gnd A3 € Cksxks
with

spec Aq U spec Ao C D and specA3 C T (2.10)
such that
Ikl 0 0 A1 0 0
TWMT5 = 0 A, 0 and TiNTy = 0 Iy, O

The following remark is an immediate consequence of the last two lemmas.

REMARK 2.12. Let condition (1.5) be in force. Then, without loss of generality,

the matrices M and N from the data set (1.2) of the aBIP can be assumed to be
of the form

Ik1 0 0 Al 0 0
M = 0 Ay, 0 and N = 0 Iy, O , (2.11)
0 0 I 0 0 A

where the A; are matrices satisfying (2.10) and can be presumed to be in Jordan
form.
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3. Fundamental matrix inequalities

In [15] the aBIP was considered using two different approaches. One of them
was based on Potapov’s method (which characterizes the solutions of an interpo-
lation problem in terms of a related fundamental matrix inequality; see e.g. [41])
suitably adapted to the present framework. The next theorem extends that anal-
ysis (especially [15, Lemma 3.5]) and characterizes all the solutions of the aBIP
in terms of positive kernels and in terms of the reproducing kernel Hilbert spaces

H(S).

THEOREM 3.1. Let (1.5) be in force, let P be a positive semidefinite solution of
the Lyapunov—Stein equation (1.3), let S be a p x ¢ muf which is analytic in D and
let B(z) and A, (z) be defined by (1.13) and (2.5), respectively. Then the following
statements are equivalent:

(1) S belongs to the set S(M, N, P, C).
(2) The following kernel is positive on D x D:

S.(2) i= ( B](DZ) ff(”;) ) - 0. (3.1)

(3) The matriz S.(z) is positive semidefinite for every point z € D at which
G(z) is invertible.

(4) For every choice of x € C", the function B(z)x belongs to the space H(S)
and

| Bz[|3,g) < 2" Px. (3.2)

PROOF. (1) & (2). Let S belong to S(M, N, P, C), let f. be defined by (2.8)
and let

no-( o )eo

Fixing € C", y € CP and a point z € D at which G(z) is invertible, we get

I, -S C - I r
[hya fzI]S = <( 75* Iq ) ( C; )G 1y7 ( S(;)* )E>L’2’+q(1‘)
C _ x
= <(Ip7 *S) ( C; )G 1ya E>H12’

= 2" (01 — S(2)C2) G(2) ™y,
in view of (1.8). But this in turn clearly implies that
[h, f:]s = B(z),
since & and y are arbitrary. By Lemma 2.8 and (1.9),
[fu, f2]s = Au(z) and [h, hls = Ps < P,

respectively. Setting F,,(¢) = (h(¢), fu(¢)) in Lemma 2.9 we conclude that the
kernel

< [ [hhls  [fo hls
Su(2) = ( [h, fols  [fus f2ls )
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is positive on D x D. Upon substituting the three preceding evaluations into this
kernel we come to

s.9 -8, = (P ) ) =0,

which implies (3.1).

Now suppose conversely, that (3.1) is in force. Then, setting z = w we obtain
the matrix inequality

S.(2) == ( Bi) i(’(zz) ) >0, (3.3)

which holds for all z € D, at which G(z) is invertible. This is the fundamental
matriz inequality (FMI) of the aBIP and it guarantees that S is a solution of the
aBIP(M, N, P, C); for a proof, see e.g., [15, Lemma 3.5].

(2) < (8). The implication (2) = (3) is selfevident; the converse is covered by
the preceding paragraph.

(2) & (4). First we note that (3.1) is equivalent to the positivity of the kernels

S (2) = ( g(f):; f”Ai}Ej)) ) =0  (YzeCm) (3.4)

and thus, it suffices to verify the equivalence of conditions (3.2) and (3.4). If Pz = 0,
then (3.2) is equivalent to B(z)x = 0 as well as (3.4). If Pz # 0, then by Schur
complements, (3.4) is equivalent to

Ay(2) =y 'B(2)zz*B(w)* =0, where ~=z*Px > 0.
The rest follows by Proposition 2.5. O

REMARK 3.2. The assumption that S is analytic on D that is made in the
second line of the statement of the Theorem 3.1 can be relaxed. It is enough to
assume that S is defined at every point of ID. Under this relaxed assumption,
statements (1), (2) and (4) in Theorem 3.1 are still equivalent and each one implies
statement (3). We shall not pursue this here; see e.g., the discussion of Hindmarsh’s
theorem in [21, p. 36] or the original Hindmarsh paper [31] for more on this circle
of ideas.

If S is a solution of the aBIP, then the estimate (3.2) for the H(S)—norm of
the associated mvf B may be supplemented by the following statement:

LEMMA 3.3. Let S € SP*7 be a solution of the aZ/Bﬁ’(M, N, P, C) and let B
be defined by (1.13). Then, for every choice of x € C™,

HBQUH%((S) < z*Psx (3.5)
with equality if either S is isometric almost everywhere on T or CoG~' € H™".

PRrROOF. Taking advantage of characterization (2.6) we get

2 _ 2 2
I1Bolfys) = sup {I1B2+ Sglld; — gty | - (3.6)
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By (1.10) and (1.13),

&* Pgx |Bafr + ((Iy — §*5) CoG ™', cgc:—1z>Lg

. 2
= |IBally + H(Iq _575) @G*lx\

q Y
2

whereas the bottom condition in (1.8) together with the assumption that g belongs
to HI, imply that

<B':L'7 SQ>H12’ < BLL‘ g>
= (S*(I, 7500 Z, 9) g
= < Iq 75* )02G7 x, g>Lr21 - <(7S*7 Iq)CGilly g>Lg
= < I, =58 S)CoG ', 9>Lg
Therefore,

1Bo+ Solld — ol = | Bely + 20 (Ba, So)pgs + 1150122 — ol
= :E*Psx+2§R<(Iq *S*S) CQGillL', g>Lq
— (I — §*8) oG, oG,
—((Ig = 575) 9, 9) 1
= a*Psx— ((I; — S*S) (CoG 'z — g), CoG 'a — 9) L

= @ Psw— (I, - §°8)* (267" — g) HQL , (3.7)

which, in view of (3.6), serves to complete the proof. O

We remark that if S is isometric, then p > ¢ and H(S) = HY & SHi. For
additional information and references, see e.g., [23, Section 2].

The next example shows that in general, equality cannot be achieved in (3.5).

EXAMPLE 3.4. Let M = 0, N =1, C; = 4, Cy = 1 and P = 2. Then
G(z) = —z~! and the function S(z) = 1 is a solution of the corresponding aBIP.
It follows from (1.10) and (1.13) that for such a choice of the interpolation data,

3
Ps = 1 and B(z)=0.

The example indicates that we cannot expect equality in (3.5) if CoG~! has
poles inside ). Nevertheless, the conclusions of the preceding lemma can be
strengthened:

LEMMA 3.5. Let S € 8P*Y be a solution of the ﬁ)(M, N, P, C), let B be
defined by (1.13) and let

det G(z) #0 for z e D. (3.8)
Then, for every choice of x € C™,

| Bz|l3ys) = 2" Ps.
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PROOF. Since S is a solution of the aZ/Bﬁ’(M, N, P, C), (3.7) holds. Therefore,
by (3.6), the assertion of the lemma is equivalent to

. 2
(I, = 5°8)* (G2 —g)|

inf =0.

geH]

In view of condition (3.8) and Remark 2.12, we may assume without loss of gener-
ality that M = I,,,

N = ( %1 ;1) ) , where specA; CD, specA; CT (3.9)
2

and the matrices A; and Ay are in Jordan form. Therefore,

Glz) = ( Glo(Z) Ggo(z) ) - ( . BZAI I, SZAQ ) (n1 +na =n).

Let Co = (Ca1, C22) and x = ( il ) be block decompositions conformal with

(3.9) so that :
CoG(2) 'z = Co1G1(2) Loy + OpGa(2) tus.
Then, since 021G1_1I1 € HI,
2
inf

) 2
nf (7, = 575)* (0207 9)| , = inf

Ly  g€H]

(I, = §°8)% (C22G3 a2 — )|

Ly

By another application of (3.7), it is readily seen that the last infimum is equal to

osr ()2 ()

Thus, in order to complete the proof, it suffices to establish the assertion of the
lemma for G(z) which is invertible off T. This will be done in Section 14, after the
proof of Theorem 14.2. O

2

H(S) '

The mvf
W(z) = —H(z)"'M*P+ H(2)"'C{B(2)
= —H(z) 'M*P+H(z)"'C; {C1 — S(2)C2} G(2)™t  (3.10)
plays an important role in the subsequent analysis. It will appear as an entry
in the transformed fundamental matriz inequality (3.16), which will be obtained

from the FMI (3.3) in Theorem 3.8 by invoking an appropriately chosen matrix
transformation.

LEMMA 3.6. Let P be a Hermitian (not necessarily positive semidefinite) solu-
tion of the Lyapunov-Stein equation (1.3), let S be a CP*?-valued function and let
B and W be the muf’s defined in (1.14) and (3.10), respectively. Then

Ci (I, =S(2)Sw))Cr = H(z)W(2)G(2) + G(w)" W (w)" H(w)"
+pu(z)M*PM + H(z)PH (w)*
—H(2)B(2)B(w)*H(w)". (3.11)
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PRrROOF. By (3.10) and (1.13),
H(2)W(2)G(z) = —M*PG(z) + Cy (Cy — S(2)C%),
whereas
pu(z)M*PM + H(z)PH(w)* — M*PG(z) — G(w)*PM = N*PN - M*PM
= ;0 —C{Cy,
by the definitions (1.4) of G, (1.12) of H and the Lyapunov-Stein identity (1.3).
Therefore, the expression on the right hand side of (3.11) is equal to
C3C, — CiCL 4+ C7 (CL — S(2)C2) + (CT = C5S(w)*) Cy
—(C3 = C18(2))(Ca — S(w)"Ch) = Cf (I, — 5(2)S(w)") C1,
which completes the proof of lemma. O
LEMMA 3.7. Let P be a positive semidefinite solution of the Lyapunov-Stein

equation (1.3), let S belong to SP*9 and let B and B be the muf’s given by (1.13)
and (1.14) respectively. Then the real part of the muf

W(z)=2W(2)+ 1P =—L1H(z) ' (N* +2M*) P+ 2H(2) " 'C;B(z) (3.12)

is positive semidefinite almost everywhere on T and

Ci (I, = S()S@)") €1 = H(2) (W(2) + W(w)" = B(z)B)") H(w)"
+0(2)(CFB(2)M + M*B(w)*Cy — M*PM)
(3.13)

for every choice of points z and w in D.
PROOF. In view of (3.12) and the formula
G(2) = 2H (@) + pu(2)M,
the expression on the right hand side of (3.11) can be written as
H(z) (W(z) FW(w) — E(z)é(w)*) H(w)" + po(2)M*PM
+pu(2)H(2)W (2)M + po,(2) MW (w)*"H (w)".
Therefore, since
H()W ()M = —-M*PM + C{B(2)M,
it coincides with the expression on the right hand side of (3.13).

Next, since W, B and B have boundary values a.e. on T, we may set z = w =
e’ in (3.13). Then, with the help of formulas (1.13)—(1.15), we get

it it it — vk I, —S(eit) it\—1
W)+ W(e") =G(e")"C _S(eit) 7 CG(e™)™ 7, (3.14)
q
which shows that W has positive semidefinite real part a.e. on T, since S €
SPx4a, O

Note that in the formulations of the two preceding lemmas, .S is not assumed
to be a solution of the aBIP. If S is a solution of the aZ/Bﬁ’, then the associated
function W belongs to the Carathéodory class C"*™ of n x m mvf’s which are
analytic and have positive semidefinite real part in .
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THEOREM 3.8. Let P be a positive semidefinite solution of the Lyapunov-Stein
equation (1.3), let S belong to g(M, N, P, C) and let B and B be the muf’s given
by (1.13), and (1.14), respectively. Then the the muf W defined by (3.10) is analytic
in D and the transformed kernel

P W(w)*

W(2) P+ 2W(z) + oW (w)* — B(z)B(w)* | =0 (3.15)
Puw(2)

is positive on D x D. In particular, the transformed fundamental matriz inequality
P W(z)*

P z *— B(2)B(2)* >0 3.16

W PEWE T zzvg)) ()BG)” | = (3.16)

holds for every z € D and the muf W defined by (3.12), belongs to the Carathéodory
class C™*™,

PrOOF. The inequality (3.16) is obtained from the FMI (3.3) by multiplying

by
_ G(z)™" 0
B(z) = ( CH(:)\MG(2) " H(z)\Ch )

on the left and by E(z)* on the right. Details are furnished in the proof of Lemma
3.4 of [15]. The kernel inequality (3.15) may be extracted from the kernel inequality
(3.1) in much the same way by multiplying by E(z) on the left and by E(w)* on
the right. It follows from (3.16) that
P+2W(2) 4+ 2W(2)" — B(2)B(2)* _ W(2) + W(2)* — B(2) B(2)" 20 (zeD)

p=(2) p=(z)
and therefore, that W(z) has a positive semidefinite real part in D. Since, by
definition (3.12), W (z) is meromorphic in D, it is in fact analytic in D and belongs
to C™X™, O

The transformed fundamental matriz inequality was introduced and applied to
continuous interpolation problems by V. Katsnelson in [33] and [34]. See also [35],
[36] and [38] for various applications of this idea.

The following result will be useful.

LEMMA 3.9. Let S belong to <§(M, N, P, C) and let the associated muf W
defined via (3.10) belong to H2X™. Then S belongs to S(M, N, P, C).

PROOF. The assumption on W guarantees that the mvf W also belongs to
H?>™ and hence that

1 27

7 (W(e™) + W(e)*) dt = W(0) + W(0)* = P.
™ Jo

Therefore, by (3.14) and (1.10),
1 [ ey I —S(e') ity —
Po :— — it —x vk D ity —1 — P
SR ; G ™ C ( _S(eity* I, CG(e")™ dt
Thus, S € S(M, N, P, C). O
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4. On H(O) spaces

A (p+q) x (p+ q) mvf © which is meromorphic in D is said to be J—inner in
D if
(1) it is J—contractive:
O(2)JO(2)* < J
at every point z € D in the domain of analyticity of © and
(2) its nontangential boundary values, which exist a.e. on T, are J—unitary:
O(e™)Je(e™)* = J.
In this case the kernel
_J—06(2)JO(w)*
Puw(2)
is positive on D x D and serves to define a reproducing kernel Hilbert space of
(p + ¢) x 1 meromorphic mvf’s in I which we shall refer to as H(©). An abstract
characterization of reproducing kernel Hilbert spaces of (p 4+ ¢) x 1 vector valued
functions with reproducing kernels of the form (4.1) with a © which is J—inner
with respect to the upper half plane is due to L. de Branges [16]. His formulation
contained an extra technical condition which was later shown to be superfluous by
J. Rovnyak [46]. The corresponding characterization for spaces with kernels based
on © which are J-inner with respect to D was worked out by J. Ball [11]. A unified

approach to both settings and additional generalizations, discussions and references
may be found in [4].

Ko(z,w) (4.1)

All these characterizations are expressed in terms of the generalized backward
shift operator
f(z) = fla)
(Raf)(z) = —a
which is defined for every point a in the domain of analyticity of f. In order to
simplify the discussion, we shall focus on finite dimensional spaces, since these will
suffice for our purposes.

(4.2)

THEOREM 4.1. Let M be a finite dimensional Hilbert space of (p+q) x 1 vector
valued meromorphic functions in D, let F be a (p+ q) x n muf whose columns form
a basis for M and let P denote the Gram matrixz of this basis, i.e.,

(Fa, Fy)m = y"Px (4.3)

for every choice of x andy in C™. Then M is an H(©) space for some J—inner muf
O if and only if there exists at least one point o € D in the domain of analyticity
of F' such that

(1) M is Ry —invariant and
(2) the identity
<f7 g>M + a<Rafa g>M + 5‘<fa Rag>./\/l
—(1=[al*){Raf, Rag)m = g(e)"Jf() (4.4)

holds for every choice of f and g in M.
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Moreover, in this case F is rational and © is uniquely specified up to a right constant
J—unitary factor by the formula

O(2) = Ly — pu(2)F(2) P F ()", (45)
where 1 is any point on T in the domain of analyticity of F.

REMARK 4.2. The R,—invariance imposed in the first condition of Theorem
4.1 forces F(z) to be of the form

F(z)=C(M —zN)"! (4.6)

for some choice of C' € CPTOD*" A e C"*" and N € C™ " with M —aN invertible
(see e.g., [25, Section 3]). Then in fact it turns out that the structural identity (4.4)
holds if and only if the Gram matrix P is a solution of the Lyapunov—Stein equation
(1.3). The equivalence of the de Branges identity with the Lyapunov—Stein equation
for finite dimensional R,—invariant spaces seems to have been first established in
[24]; simpler and more transparent proofs may be found in [25] and [27].

Remark 4.2 leads immediately to the following reformulation of Theorem 4.1:

THEOREM 4.3. Assume that G(z) = M — zN s invertible for at least one point
z € C and that the columns of CG(z)™! are linearly independent (in the sense that
CG(2) Ytz = 0 for every point z in a nonempty open set in which G(z) is invertible
implies that x is the zero vector in C"). Furthermore, let P > 0 be any n X n
positive definite matriz. Then the n—dimensional vector space

M={CG(z)'z: zeC"} (4.7
endowed with the inner product
(CG(2)a, CG(2) 'y)pm = y*Px (4.8)

is an H(©) space if and only if P is a solution of the Lyapunov-Stein equation
(1.3).

REMARK 4.4. Formulas (4.5) and (4.6) show that if H(©) is finite dimensional,
then © is rational. The converse is also true: © is rational if and only if H(©) is finite
dimensional. Moreover, the McMillan degree of © is equal to the dimension of H(©).
It is perhaps also worth emphasizing that formula (4.5) is a realization formula for
O(z). It does not appear in one of the standard forms D + 2C(I,, — zA)™'B or
D+C(zI, — A)~ B because it is not “centered” at either zero or infinity. For more
information on these and other more general realizations, see [6].

The preceding discussion leads easily to the following useful conclusion:

THEOREM 4.5. Let © be a rational J—inner muf of McMillan degree n. Then
there exist matrices C € CPTO*n P c C"*" g matriz polynomial G(z) = M —zN
with constant coefficients M, N in C"*™ and a point y € T such that

(1) P is positive definite and satisfies the Lyapunov-Stein equation (1.3).
(2) G(p) is invertible and the columns of CG(z)™! are linearly independent.
(3) © is uniquely specified by the formula

O(2) = Ipvq — pu(2)CG(z) " P G(p) " C", (4.9)

up to a constant J-unitary factor on the right (in fact any point u € T at
which G(p) is invertible, will do).
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PRrROOF. By Remark 4.4, H(©) is an n dimensional space. Let F be a (p+q) xn
mvf whose columns form a basis for H(©). Then, in view of Theorem 4.1 and
Remark 4.2, F(2) = CG(z)™!, for some choice of matrices C, M and N of the
indicated sizes, and det G(z) # 0. Moreover, the Gram matrix P that is defined
by formula (4.3) for the space M = H(O) is a positive semidefinite solution of
(1.3), thanks to the de Branges identity (4.4). Formula (4.9) for ©(z) emerges by
matching the two formulas (4.1) and

Ko(z,w) = F(2)P"'F(w)*
for the reproducing kernel of H(©) and then choosing w = p, where p is a point on
T at which F is analytic, and then further normalizing © by the condition
O(p) = Ip+q- (4.10)
O

Setting and objectives.
For the rest of this section we shall assume that C, M, N and P is a given set
of matrices such that (1.3)—(1.5) hold and that
the columns of CG(z)™! are linearly independent (4.11)

(in the sense explained in the statement of Theorem 4.3) and P > 0.

Let r =rank P. If r = n, i.e., if P > 0, then it follows from Theorem 4.3 that
the space M defined by (4.7) and endowed with the inner product (4.3) is an H(O)
space. However, if < n, then (4.8) does not define an inner product. To overcome
this difficulty when r > 1, we shall restrict attention to the subspace

Mo ={FQu: ueCF}, where QeC"™ and Q*PQ > 0. (4.12)

Then k& < r and Mg endowed with the inner product (4.3) is a k dimensional
reproducing kernel Hilbert space with reproducing kernel

K,(2) = F(2)Q(Q*PQ) 'Q*F(w)*.
However, in order to be an H(O) space, it is also necessary (and sufficient) that

Mg is Ro—invariant for at least one point o € C at which G(«) is invertible.

THEOREM 4.6. Let P be a positive semidefinite solution of the Lyapunov-Stein
equation (1.7), let a be a point in C at which G(«a) is invertible and let (4.11) and
(4.12) be in force. Then the following statements are equivalent:

(1) Mg is Ro—invariant.
(2) Mg is Rg—invariant for every point 3 € C at which G(3) is invertible.
(3) There exists a k X k matriz N¢ such that
NG(a)™'Q = QNy.
(4) The vector space Mg endowed with the inner product (4.3) is an H(O)
space.
Moreover, if any one (and hence everyone) of these conditions is met, then the

rational function © of McMillan degree k is uniquely specified by the formula
O(2) = Iptq — pu(2)Co Gy (2) Py ' Go () " CL T (4.13)
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up to a J—unitary constant factor on the right, where

M = I, + alNg, GQ(Z) =My — 2Ny, Po=Q"PQ, Cy ZCG((J&)ilQ
(4.14)
and p s any point on T at which G(p) is invertible.

PROOF. The proof is broken into steps.

Step 1. Statements (1) and (3) are equivalent.
Proof of Step 1: Suppose first that (1) holds. Then there exists a k X k
matrix Ng such that
(RaCG7'Q)(2) = CG(2)"'QNy.
But now as
(RaG™1)(2) = G(2)'NG(a) ™",
it follows that
CG(2)"'NG(a)™'Q = CG(2)*QNy
and hence that (3) holds, since the columns of CG(z)~! are linearly independent.

This completes the proof that (1) = (3). The opposite implication drops out easily
by running the argument backwards.

Step 2. Let M and Go(z) be defined as in (4.14) and assume that (3) holds.
Then G (2) is invertible whenever G(z) is invertible and the following formulas
are valid:

MG(a)™'Q = QM, (4.15)
and
G(2)G(a)7'Q = QG4 (2). (4.16)
Moreover,
(RsCGQ)(2) = CG(2) "' QNsGo (8) ™" (4.17)

for every point 8 € C at which G(f) is invertible.
Proof of Step 2: Clearly
MG(a)™'Q = (M —aN +aN)G(a) 'Q = Q + aNG(a) 'Q = Q(I; + aNy),
by (3). This proves (4.15) and leads easily to (4.16). Since @ is a full rank matrix,
it follows from (4.16) that G¢(z) is invertible whenever G(z) is invertible and
moreover, that
Go(a) = I.
To obtain (4.17), observe that in view of (4.16),
G(2)71Q = G(a) ' QG ()
and therefore,
(RsCGTIQ)(2) = CG(a)'Q(RpGL)(2)
= CG(a)T'QG (2)NeGo(8) ™
= CG(2)'QNoGo(B),
as claimed.
Step 3. Statements (2) and (3) are equivalent.

Proof of Step 3: By (4.17), (3) = (2). Therefore, since the implication
(2) = (1) is selfevident, and (1) = (3) by Step 1, it follows that (2) < (3).
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Step 4. Statements (1) and (4) are equivalent and formula (4.13) is valid.

Proof of Step 4: If (4) is in force, then, by Theorem 4.1, (1) holds. Conversely,
if (1) is in force, then (2) and (3) are also in force and hence, in view of formula
(4.16),

CG(2)7'Q = CG(a) QG (2) ™t = CoGo(2) 71, (4.18)
which allows us to characterize Mg as
Mg = {CoGo(2) tu: ueCF},
endowed with the inner product based on
(f, 9Imo = (CoGol2) ™ u, CoGo(2) ' v)mg = v Pou.

It remains to show that Py satisfies the requisite Lyapunov—Stein identity, By (1.3),
Q*G(a) *M*PMG(a)™'Q — Q*G(a) *N*PNG(a)™'Q
=Q"G(a) " C"JCG(a)Q,

which, on account of (4.14), can be rewritten as

MEPo Mg — NSPo N = C5JCy.
Since Py > 0, Theorem 4.5 is applicable and thus, Mg = H(©) and deg® = k. O

In this paper we are primarily interested in R,-invariant subspaces Mg of
dimension r = rank P, since (as will be shown in the next section) these give rise

to the J—inner function © that is used to describe all the solutions of the zﬁ?vﬁ).
Consequently, from now on we shall choose @ € C"*" such that

Q*PQ >0 (and hence rank@*PQ =rankP =r) (4.19)
and define the subspace
Mg ={CG(z)"'Qu: ueC"}. (4.20)

The constraint (4.19) admits the following geometric interpretation: (4.19) holds if
and only if the space C" can be decomposed as

C*=KerP + Q (4.21)
where the sum is direct and Q is the subspace of C™ given by
Q=Ran Q:={Qz: ze€C"}.
Furthermore, the constraint (4.19) allows us to define a pseudoinverse matrix
PP =Q @ PQ) Q" (4.22)
which satisfies the equalities
pHppEt = pl and pPUp =P

(for a proof, see [15, Lemma 7.1]). Note that in general, the matrix P~ defined
via (4.22) is not the Moore—Penrose pseudoinverse, since the matrices PEUP and
PP are not necessarily Hermitian.

The following theorem is an immediate consequence of Theorem 4.6.
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THEOREM 4.7. Let P € C™*™ be a positive semidefinite solution of the Stein
equation (1.3) with rank P =71 (1 <r <n), let « be a point in C at which G(a) is
invertible, let Q satisfy (4.19) and assume that (4.11) is in force. Furthermore, let
Mg be the space defined in (4.20) and endowed with the inner product (4.8). Then
Mg =H(©) for some J—inner mvf © if and only if

N(M —aN)™'Q = QNy (4.23)
for some N € C™*7. In this instance, © is a rational myf of McMillan degree r;
it can be specified by the formula
0(2) = Ipiq — pu(2)CG (2) PN G(0) " C (4.24)
where u € T is an arbitrary prescribed point at which G is invertible, and is unique
up to a J-unitary constant factor on the right.

PRrROOF. In view of Theorem 4.1, it remains only to show that formulas (4.13)
and (4.24) are the same when k = r. But this follows readily from (4.18) and
(4.22). 0

The following example shows that a space M of the form (4.7) with degenerate
inner product may not have an r dimensional subspace which can be identified as

an H(©) space.
1 0
Joa=(o1)

Then (1.3) holds, rank P = 1, G(z) = ( é t7 ) and NG(z)™! = ( 8 é )

Let us assume that (4.23) is satisfied, i.e., that there exist matrices

EXAMPLE 4.8. Let p =2, ¢ =1, and let

0 0 11 0
pe(0 V) (o) e (G

and Cy = (1, 0).

O =

QZ(Z)€C2X1 and Ng e CH*!

such that

Q*PQ=b2>0 and < 8 ) = NG(2)"'Q = QN¢y = < Z%ﬁ > (4.25)

The second relation in (4.25) implies that bN¢ = 0 and b = aN¢, which is not
compatible with the first relation in (4.25).

5. Parametrizations of all solutions

As we have already mentioned, the aBIP may be considered using Potapov’s
method of fundamental matrix inequalities. In particular, by Theorem 3.1, the set
S(M, N, P, C) is the same as the set of all solutions S of the FMI (3.3). This set
was parametrized in [15] in terms of a linear fractional transformation under the
additional assumption that there exists a matrix @ € C"*" that meets (4.19) such
that

MQCQ and NQCQ, (5.1)

where the r dimensional subspace Q is equal to the range of Q.
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A decomposition of the form (4.21) with the above mentioned invariance prop-
erties was used by V. Dubovoj in [22] to study the degenerate matrix Schur prob-
lem. This corresponds to the case where M = I,, and N is equal to the block shift
matrix. In more general settings, however, a decomposition of this form with the
requisite invariance properties may not exist.

The invariance properties of the subspace Q enable us to build a linear fractional
transformation describing all the solutions of the degenerate aBIP(M, N, P, C).
The matrix of coefficients of the linear fractional transformation

o 011 b2\ | cr cr
@<921 922>'<<C‘1>H<<CQ> (5.2)
is given by (4.24); it is J—inner in D, by Theorem 4.7.

THEOREM 5.1. Let (4.11), (4.19) and (5.1) (or (4.23)) be in force, let P € C"*™
be a positive semidefinite solution of the Lyapunov-Stein equation (1.3) of rank r
(where 1 < r <n) and let the muf © given by (4.24) be decomposed into four blocks

as in (5.2). Then all the solutions S of the zﬁﬁ)(M, N, P, C) are parametrized
by the linear fractional transformation

S(2) = To(€) := (011(2)E(2) + 012(2)) (621 (2)E(2) + 022(2)) ™", (5.3)
in which the parameter £ € SP*1 is of the form

£(z) = U< “?E)Z) ;’ > v, (5.4)

where U € CP*P gnd V' € C1*? are fized unitary matrices that depend only on the
interpolation data,

v =rank (M*PM + C5C3) —rank P =rank (N*PN + C{Cy) —rank P, (5.5)
and E(2) is an arbitrary muf in the Schur class S®=)%(a=v).

PROOF. In view of Theorem 3.1, it suffices to show that the transformation
(5.3) with £ as in (5.4) parametrizes all the solutions of the FMI (3.1). But this is
precisely what is shown in the proof of Theorem 7.4 of [15]. O

REMARK 5.2. The case r = 0, is not covered by Theorem 5.1. However, this
case is simple: if S is a solution of the aBIP(M, N, P, C) with r = 0, then P = 0,
Ps = 0, S(z)Cy = C; and the Stein equation (1.3) implies that C7Cy = C5Cs.
Therefore, S is of the form U S(OZ) IO V', where v = rankC; = rankCy, and U
and V are unitary; see e.g., [23, p.8] for help with this, if need be. For the rest of
this paper we shall focus on the case r > 1.

Note that for the nondegenerate a/Bﬁ)(M, N, P, C) (det P # 0) the integer v
defined by (5.5) is equal to zero; therefore, there is no constant block in (5.4) and
the parameter £ varies over all of SP*4. Moreover, the function © is now given by
formula (4.9). Thus, for the case when det P # 0 the last theorem simplifies as
follows.

THEOREM 5.3. Let P € C™*"™ be a positive definite solution of the Lyapunov—
Stein equation (1.3) , let (4.11) be in force and let the muf © given by (4.9) be decom-

posed into four blocks as in (5.2). Then all the solutions S of the aZ/Bﬁ’(M, N, P, C)
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are parametrized by the linear fractional transformation (5.3), in which the param-
eter £ varies over all of SP*9.

The next theorem characterizes the set S| (M, N, P, C') when P is a singular
positive semidefinite solution of the Stein equation (1.3) of rank r > 1.

THEOREM 5.4. Let P € C"*™ be a positive semidefinite solution of the Lyapunov—
Stein equation (1.3), let (4.11) be in force and let (4.19) and (5.1) be in force for
some matriz Q@ € C"*", My and No and let © be defined as in (4.24). Then a
muf S is of the form (5.3) for some & € SP*1 of the form (5.4) if and only if it
is a solution of the a/Bﬁ)(Mo, Ne, Py, Co), where My, No, Po and Cg are the
matrices defined in (4.14).

The proof follows immediately from Theorem 5.3 and the representation (4.13)
of ©.

Theorem 5.4 is not applicable if condition (5.1) is not in force. If G(z) is
invertible on T, then some of the off diagonal entries in M and N can be modified
as in [15, Section 5] to produce a new problem that has the same set of solutions as
the given problem and for which (5.1) is in force. However, in the present setting

it is more convenient to parametrize the set of all solutions of the aBIP in terms
of a Redheffer linear fractional transformation. Accordingly, we now recall some
facts from [15] on a Redheffer type representation for the set S (M, N, P, C) of all
the solutions of the aBIP based on the methods of [36]. Let us consider the n x n
matrix valued function

Ay (2) = G(w)"PG(2) + pu(2)C5Cs. (5.6)

which was introduced in [26] and used extensively in [26] and [27] (in a more
general setting) and which will play an important role in this paper too. We begin
with a list of formulas which are taken from [26] and [27]. They can be verified
by straightforward computation, especially if they are tackled in the order in which
they are stated.

LEMMA 5.5. If P > 0 is a solution of the Lyapunov—Stein equation (1.7), then
the following formulas are valid for every choice of z and w in C:

(1) Auz) = HEPH@)" + pul2)CECh, (57)
(2) Au(z) = A(w)',
(3) Pul2)G(2) PCW) + pul2) H(:)PH(w)'

= ()G () PG(w) + pulw) H(z) PH(:)",

(4) po(2)"Au(2) + pu(2)Au(2)"
= p2(2)G(W)" PG(w) + pu(w)H (2) PH(2)" + |pu(2)|* (CTC1 + C5Ca) .

It turns out that the kernel of the matrix A, (z) does not depend on the choice
of z and w in . To be more precise, let us introduce the subspace

K =KerPM N Ker PN N KerC (5.8)
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and a family of subspaces
K¢ =KerPG(() (] KerC (C€T). (5.9)
The formulas

K =KerPM N KerCy =Ker PN N Ker(Cy,
which follow readily from the identity

M*PM + C;Cy = N*PN + C;C4

(which is just another way of writing (1.7)), allow us to express the integer v in
(5.5) in terms of K as

v =dim Ker P — dim K.
The inclusion K C K is selfevident; equality prevails for every point ¢ € T at which
G(¢) is invertible. This is an easy consequence of the identity

G(¢)*PM + (N*PG(C) = C*JC,

which is valid for ¢ € T and solutions P of the Lyapunov—Stein equation (1.7).
This inclusion is also established in the next lemma, which extends Lemma 6.2 of
[15]. The extension (i.e., (5.11)) is an easy consequence of Lemma 5.5. The third
statement is immediate from (5.10) and (5.11).

LEMMA 5.6. Let P > 0 be a solution of the Lyapunov-Stein equation (1.7) and
let we D. Then:

(1) For every point z € D and for every point z € T at which G(z) is invertible,

Ker A, (z) = Ker A, (2)* = K. (5.10)
(2) For every point ¢ € T,

Ker A, (¢) = Ker A, (¢)* = K¢. (5.11)
(3) The subspace K¢ coincides with K for every point ¢ € T at which G(() is

invertible.

From now on, let dim K = k and let Q € C**("=%) be an isometric matrix
whose columns span K1, the orthogonal complement of K in C" with respect to
the standard inner product.

The next conclusion is a consequence of the preceding two lemmas.
LEMMA 5.7. If P > 0 is a solution of the Lyapunov-Stein equation (1.7) and

w € D, then Q*A,(2)Q is invertible for every point z € D and for every point
z € T at which G(z) is invertible. Moreover, if

Ke=K for every point (€T at which det G(¢) =0, (5.12)
then Q*A,(2)Q is invertible in the closed unit disk D.

We now define
AJN) = Q(QAL(:)Q) ' Q7
for all points z € C at which the indicated inverse exists. Since det {Q*A, (2)Q} is
a polynomial in z of degree at most n — k, which has no zeros in D by the preceding
lemma, the inverse can fail to exist at most at n — k points, all of which fall outside
D. Moreover, Lemma 5.6 guarantees that:
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LEMMA 5.8. If P > 0 is a solution of the Lyapunov-Stein equation (1.7) and
w € D, then the function AEH (2) is rational and has at most n — k poles all of

which fall outside D. Moreover, if the condition (5.12) 4s in force, then A([;u (2) is
analytic in the closed unit disk D.

Let P > 0 be a solution of the Lyapunov—Stein equation (1.7), let w € D and let

P denote the orthogonal projection of C™ onto K. Then the following equalities

hold at every point z € D at which AL (z) is analytic (for a proof, see [15, Lemma
6.9]):

2) = I, — Py. (5.13)

These equalities serve to show that AJH (z) is the Moore—Penrose pseudoinverse
(see e.g. [42, Section 12.8]) of A, (z) for every point z € D at which AL (2) is
analytic.

Next, following the analysis in Section 12 of [27] and its refinement in Section
10 of [15], let

W, = ( P%Gﬁ‘“) ) and W, = ( _P%Hf‘*’)* ) (5.14)
pu(w)2Cy pu(w)2Ch
for some fixed choice of w € D. Evaluating (5.6) and (5.7) at the point w we get
Au(w) = G(w) " PG(w) + pu(w)C5C = H(w)PH(W)" + pu(w)CTCh,
which can be written as
A, (w) =WiWy = Wy, (5.15)
and guarantees that the linear map
V: Wix — Wha
is an isometry from Dy = RanW; C C*"*? onto Rv = RanW, C C**P. By
(5.15),
dim Dy = dim Ry =rank A, (w) =n — k,
and thus, the dimensions of the orthogonal complements
Dy =C""" oDy and Ry =C'PoRy
are equal to
¢ :==dimDy =k+q and p :=dimRy =k +p,

respectively. Let Wit € C*t0xd" and Wi e CHtP)*P" he isometric matrices
whose columns span D\l, and R\l,, respectively. Since rank P = r, it follows from
(5.14) that Wi and W3- can be chosen in the form

1 X Yl 1 X Y2
Wi < 0z and W5 = 0 Zy, ) (5.16)

where X € C**("=7) ig an isometric matrix whose columns form an orthonormal
basis for Ker P. The main conclusion is formulated below as Theorem 5.9. The
formulas that are exhibited in Theorem 5.9 are derived in [15, Theorem 10.1]; an
earlier version with some additional restrictions appears as [27, Theorem 12.1].
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The fact that the set of all solutions of the aBIP is parametrized by the Redheffer
transformation (5.17) rests on the results of [36]). The analysis in [36] is applicable

because the set of all solutions of the aBIP(M, N, P, C') coincides with the set of
solutions to the AIP problem that is formulated in [36]) when it is specialized to

the setting of the aﬁ/Bﬁ’(M, N, P, O).

THEOREM 5.9. Let P > 0 be a solution of the Lyapunov-Stein equation (1.7),
let we D, let A,(2) be the function defined in (5.6) and let §,(2) = z —w. Then
all the solutions S of the aBIP are parametrized by the Redheffer transformation

S(2) = W1a(2) + W11 (2)E(2) (I — a1 (2)E(2)) ™ Waa(2), (5.17)
where
Ui1(2) = Zo+ pu(w) 26.(2)C1 AL (2)G(w)* P2 Ys, (5.18)
Uin(z) = pu(z)Cra0M(2)C3, (5.19)
z) = 00(2) yru (1 0u(2) b3 OV A (NG(w) P2
Uoy(2) pw(z)yl I pw(w)P Hw)*A (2)G(w)*P )Y2, (5.20)
Una(2) = Z7 — pulw) 20,(2)Y; P2 H(w) ALY (2)C5, (5.21)

v is the number given by (5.5) and & is a free independent parameter varying over

SWw=)x(a=v) - The mof
_( Vu(z) Via(z)
¥(2) = ( U (2) Wan(2) )

is inner in D.

REMARK 5.10. If w = 0, then the formulas (5.18)—(5.21) simplify to

Ui(2) = Zy+ 2005 ()M P2y, (5.22)

Un(z) = aalte)es, (5.23)

Uo(z2) = 27 (I+2P%NA£;”(Z)M*P%)Y2, (5.24)

Up(z) = Zi+2vyPrNALY ()0, (5.25)
where

AF() = QQ (M P(M — 2N) + C565}Q) ' Q (5.26)

and Q € C"*("=%) is an isometric matrix whose columns span the orthogonal
complement of the subspace K of C™ that is defined by (5.8) with respect to the
standard inner product in C™.

COROLLARY 5.11. The a/Bﬁ)(M, N, P, C) has a unique solution (which is
rational) if and only if v = min(p,q) and it has infinitely many solutions if v <
min(p, q).

This conclusion follows immediately from the parametrization (5.17) of all the

solutions of the aBIP: if v = min(p, q), then the second term does not appear
on the right hand side of (5.17) and the mvf ¥y (which is clearly rational) is the

unique solution of the aBIP. Tt turns out that even for the indeterminate case,
W15 is a very special solution of the aBIP with important extremal properties.
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The next lemma summarizes some useful formulas that will be used in the
sequel. A justification of these formulas and another related formula is furnished
in the proof of Lemmas 10.2 and 10.3 of [15].

LEMMA 5.12. Let P > 0 be a solution of the Lyapunov-Stein equation (1.7),
let z, w € D and let U2, U171 and Yoo be the functions given by (5.19), (5.18) and

(5.21), respectively. Then

(I,, —U15(2))CG7Y(z) = C1ADUR)G(w)*P, (5.27)
(= W19(2)*, I,) CH(2)~* CoAL Y (2)*H(w)P, (5.28)
CiUy(z) = H(2)P?Y,(2)Ya, (5.29)
Uay(2)Cy = —YYu(2)P?G(z), (5.30)
where
To(z) = % {1 - g:éz))PéH(w)*AL” (z)G(w)*Pé} . (5.31)

6. The equality case

In this section we return to a general aBIP (M, N, P, C') and establish neces-
sary and sufficient conditions for this problem to be solvable.

THEOREM 6.1. Let P be a positive semidefinite solution of the Lyapunov-Stein
equation (1.3) and let KC and K¢ be the subspaces defined in (5.8) and (5.9), respec-
tively. Then the aBIP (M, N, P, C) is solvable if and only if KK = K¢ for every
point ¢ € T at which G(¢) is not invertible (i.e., if and only if (5.12) holds®).

PROOF. Since P is a positive semidefinite solution of the Lyapunov—Stein equa-
tion (1.3), the aBIP(M, N, P, C) is solvable and all its solutions are parametrized
by formula (5.17). In particular, the function ¥;2(z) defined in (5.19) is a solution

of the aﬁ/Bﬁ’(M, N, P, C) (corresponding to the parameter £(z) = 0). We show
that under assumption (5.12), ¥U13(z) is a solution of aBIP(M, N, P, C). Let W
be the mvf constructed via (3.10) from Wyo:

Wo(z) = —H(2) "M*P+ H(2)'Cy ( I, —Vi2(2) ) CG(2)".
Then by (5.27),

Wo(z) = —H(2) *M*P + H(z)"'C; 1 AD U (2)G(w)* P. (6.1)
Making use of (5.7) and (5.13), we get
pu(2)CFCIAY(2) = I, — P — H(z)PH(w)* ALY (2), (6.2)

where P is the orthogonal projection of C™ onto K. By definition (5.8),
PG(w)Px =0
and therefore, upon multiplying (6.2) by G(w)* P on the right, we get
pu(2)CrCL AU () G(W) P = G(w)*P — H(2)PH(w)* ALY (2)G(w)* P.

3We remark that in view of Lemma 5.5, the condition (5.12) holds if and only if K¢ = K for
every point ¢ € T.
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Substituting the latter relation into (6.1) and making use of the equality
Gw)" — pu(z)M* =0H(z),
we obtain B )
w
— P - ——PH(w)*ALU(2)G(w)*P. 6.3
) ) WAL G o
Let K = K¢ for every point ¢ € T at which det G({) = 0. Then by Lemma 5.8,
the rational mvf AEH (z) is analytic in the closed unit disk D and it follows readily
from (6.3) that the rational mvf Wy is analytic in I as well. Therefore, W15 is
a solution of aBIP(M, N, P, C') by Lemma 3.9. This completes the proof of the
sufficiency of (5.12).

Wo(Z) =

Suppose next that S is a solution of the aﬁ/Bﬁ’(M, N, P, C), that (o € T and
that f € ICQ), i.e.,

PG(o)f =0 and Cf=0. (6.4)
By Theorem 3.8, the mvf W defined by (3.12) belongs to Carathéodory class C"*"
and the inequality (3.16) holds for all z € D. Multiplying (3.16) by the matrix
( G(C)f 0
0 I,

the first relation in (6.4), we conclude that

W(z)G(C)f = 0.

Consequently, the mvf W which is defined by (3.12), satisfies

W(2)G(Co)f = (zW(z) + 1P) G()f = 0.

) on the right, by its adjoint on the left and taking advantage of

Therefore,
frG(G)* (W(Q) + W(¢)*) G(C)f =0
at almost every point ¢ € T. In view of (3.14), the last equality can be written as

ro@reo e (g, T3 Yecoa@r-o @)

Since
G(O)'G(G) = In + (= Q)G 'N
and Cf =0, it follows from (6.5) that

_ 2 px £TH —% Yk - —1 _
€= QP NGO (S(C)* 3 )OG<<> Nf=o.
Therefore,

e e (g 59 ) e s —o

50"
for a.e. ¢ € T and hence, by (1.10),
* * 1 2 * * 1\ —* v¥ Ip 75(6’”) 1t
fIN*PsNf = o ; f*N*G(e")™"C < —S(eity* I, )C’G(e VN f dt
= 0.

Thus, PsNf = 0 for every solution S of the zf?)ﬁ)(M, N, P, C) and hence, if
Ps = P, then it is readily seen that f € K. This proves that K¢, C K and thus, as
the opposite inclusion is selfevident and (y is an arbitrary point on the unit circle,
K¢ = K for every ¢ € T. O
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As a byproduct of this analysis, we obtain the following conclusion for positive
semidefinite solutions of the Lyapunov—Stein equation (1.3).

COROLLARY 6.2. Let P be a positive semidefinite solution of the Lyapunov—
Stein equation (1.3) and let (5.12) hold. Then (1.21) holds also.

PROOF. By Theorem 6.1, the aBIP(M, N, P, C) has a solution S. Thus,
Ps = P and (1.21) now follows from (1.17) by Remark 1.2. O

THEOREM 6.3. Let P be a positive semidefinite solution of the Lyapunov-Stein
equation (1.3), let condition (5.12) be in force and let v be the integer defined in
(5.5). Then the set S(M, N, P, C) consists of exactly one element if and only if
v = min(p, q); it consists of infinitely many elements if v < min(p, q).

PROOF. Let v = min(p,q). By Corollary 5.11, the a/Bﬁ)(M, N, P, C) has a
unique solution S = W;s which is defined in (5.19). Since condition (5.12) is in
force, the set S(M, N, P, C) is not empty and hence must consist of the unique
element W15 due to the inclusion (1.20).

Let v < min(p,q). Then the set 5’\(1\47 N, P, C) consists of infinitely many
elements and all of them are parametrized by the formula (5.17). Since condition

(5.12) is in force, the rational mvf Al (2) is analytic in D and it follows readily
from (5.18)—(5.21) that the coefficients ¥, of the Redheffer transform (5.17) are
rational mvf’s that are analytic in D. Let £ be an arbitrary rational function from
S(P=v)x(a=v) such that

W1 (2)E(2)|| < 1 at every point z € D. (6.6)
We show that the function S corresponding to such a parameter via formula (5.17)
is a solution of the aBIP (M, N, P, C'). To this end set
Se(2) = W11 (2)E(2) (I; = Y21 (2)E(2)) ™ Was(2)

so that

S(z) = U1a(z) + S:(2) (6.7)
and let W be the mvf constructed via (3.10). Upon substituting (6.7) into (3.10)
we get

W(z) = Wo(z) — We(2),
where Wy is given by (6.1) and

W.(z) = H(2) 107 S.(2)CaG(2) .
Making use of the equalities (5.29) and (5.30), we get
Wa(z) = H(2)'CiUn(2)E(2) (I — Ua1(2)E(2)) ! Waa(2)CaG(2)
= —P3Y,(2)Y2E(2) (I — Wi (2)E(2)) " Vi Tu(2) P2,

where T, is the mvf defined in (5.31) and Y; and Y, are constant matrices from

the block decompositions (5.16). Since AL () is analytic in D, it follows from
(5.31) that the rational mvf Y, is analytic in D as well. Therefore, the rational
mvf W, is analytic in D by (6.6) and Wy is analytic in D by (6.3). Thus, the
rational mvf W is analytic in D. By Lemma 3.9, S of the form (6.7) is a solution of
the aBIP(M, N, P, C). This completes the proof, since there are infinitely many
parameters £ which are rational and satisfy (6.6). O
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COROLLARY 6.4. Let P be a positive definite solution of the Lyapunov-Stein
equation (1.3) and let condition (1.21) be in force. Then the aBIP(M, N, P, C)
has infinitely many solutions.

PROOF. Since P > 0, the number v defined by (5.5) is equal to zero, which is
certainly less than min(p, ¢). In view of Theorem 6.3, it remains only to show that
condition (5.12) is in force. Under assumption (1.5), KerM N KerN = {0} and,
since P is invertible, K = {0}, by definition (5.8). Thus, it suffices to show that
K¢ = {0} for every point ¢ € T. To this end, let (o € T and let f € IC¢,. Then,
since P > 0,

Mf=CNf and Cf=0. (6.8)
By Remark 2.12, we can assume without loss of generality that the matrices M and
N are of the form (2.11). Let

f=col(f1, far f3) and C = (51, Co, 53) (6.9)

be partitioned conformally with the block decompositions (2.11) of M and N. Sub-
stituting (2.11) and (6.9) into (6.8) and taking advantage of the spectral conditions
(2.10), we conclude that

fi=0, fa=0, fs=CoAsfs and Csfs=0.
Then
CsAbfs =G "Cafs =0 (k>0)
and therefore,
Cs (I, — CAs) ™' f5=0
at every point ¢ € T where (I, — (As) is invertible. Since the entries f; and fo of
f are equal to zero, the latter equality implies that

C(M—(¢N)'f=0
at every point ¢ € T where G(() is invertible. By condition (1.21), f belongs to

Ker P and since P is positive definite, f = 0. Thus, /¢ = {0} for every point { € T,
as needed. 0

7. Nontangential limits

In what follows we shall focus on the case when all the singular points of G~!
fall on T. The corresponding interpolation problems are then expressed in terms
of nontangential limits at these points. In this section we shall prepare a number
of basic facts on nontangential limits for mvf’s which are analytic in the open unit
disk and especially, for functions from the classes Ho and C. First we review some
needed definitions.

For 3 € T and ¢ € (0, %), the “ice cream” cone
Us(¢) = {z: 2| <1 and |arg(f - 2)| < ¢} (7.1)

is called a Stoltz angle with vertex at 8 and half angle ¢ (see e.g. [44, Chapter 1]).
It is obviously symmetric with respect to the radius connecting 8 with the origin.

Let Uz C D be an open set whose boundary ol is a rectifiable Jordan curve.
We shall say that U3 is a nontangential neighborhood of a point 5 € T if it belongs
to some Stoltz angle Ug(¢) and has 3 as a limit point.
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We say that a mvf F' which is analytic in D, has the nontangential limit A at
B € T and write £ lir% F(z)y=A if

F(z) A as z— 03 and zeUg(p) (0<¢<g).

It turns out that the boundary behavior of the Carathéodory function W defined
in (3.12), is closely connected to the boundary interpolation conditions imposed on
S. Therefore, the following lemma will be useful.

LEMMA 7.1. Let ® belong to C™*™ and let

1 [P eit 4,
P =7 — - do(t 7.2
@=iat o [ S o) r2)

be its Riesz—Herglotz representation with o = «* and a positive semidefinite n X n—
matriz—valued measure do(t). Let f = e € T and let o({to}) denote the matriz
assigned to the point B by the matriz—valued measure o. Then the nontangential
limits |
£ tim (=~ B 80(z) = (<177 Lo {1o)) (7.3
z— s

and '
J'6

£ lim ((z = Byt ®(2)Y = ——o({to})

exist for all integers j > 0.

PROOF. By assumption, the points z € D of interest tend to a boundary point
(3 and belong to a Stoltz cone Ug(¢) for some angle ¢ < 7. Since z tends to £, it
can be assumed without loss of generality that z also belongs to the cone

Vs() = {z: (Jargz —argf| < ¥ < T — 6} (7.4)

with vertex at the origin and half angle 1 < § — ¢. Thus, one can assume z to be
of the form

z=re"B, where |arg(z — )| < ¢ and |7| < ¢ < g —¢. (7.5)
It follows from (7.5) and the law of sines that r < ns(lgfﬂ and therefore,
sin sin sin(¢ + 7) 1
_ sin ¢ - T )
1—r 1— ity 2cos(¢+ %) 2cos(é + 1)
which in turn, leads to the estimate
s=B| _ 2Bl _|1—re]
et —z 1— 2| 1—r
— € sin 2 1
= |1 <142 2 _—. 7.6
‘ +r177" + ‘1 cos(¢p + ) (7.6)

It follows from (7.2) that

B0 () = i!/o " ﬁda(t) (G >1)

™

and therefore,
) ) i 27
(=BT =L [ f(t)do),
0
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where ( By
z— )" e
L@%:zﬁtgﬁr-
By (7.6), f. has a summable majorant and it is readily seen that

. . 0 if e £ g,
ézhl% fz(t) - { (_1)j+15 if et = ﬁ
Therefore, by the dominated convergence principle,
) ) - 2m
£ lim (= - Bitled () = L[ 2 lim £.(£)do (1)

™ Jo

(-1 J“” o({to}) (€% = B).

which proves (7.3) for j > 1. The case j =0 is established in much the same way
with the help of the representation (7.2) (see e.g., [23, Lemma 8.1]).

The second assertion of the lemma follows from (7.3): by Leibnitz’s rule,

k
£ lim ((= — B 2(2)" = Zlm Z ( F > DY gysigls)

=oe N J ) G+
k
_ k41 K 10
= (4T St - prriene)
7=0
KB L k1
= ‘;;‘0({t0});§%(‘*1) jt1
k!
= oo
Il
LEMMA 7.2. Let ® belong to C™*™ and let
z

Then the nontangential limits

Zlim (z — )@ (2)9) = (- )J+1 a({to})

z—p
and

2 1im (- 971 8(2)? = ~Lo({to})

exist for all § > 0, where B = e € T and o({to}) is the measure assigned to
the point to by the matriz—valued measure o from the Riesz—Herglotz representation
(7.2) of .

PrOOF. By (7.2),
1 [ et 1 (%" do(t
@(z):—/ €tz da(t):—/ lo(t)
2zm J et — z )y et—z

2
(I)(])() ];'/0 ﬁ.

and
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The rest of the proof is much the same as the proof of Lemma 7.1. O

The Riesz—Herglotz representation (7.2) of ® guarantees that the kernel

®(z) + P(w)*

Ka(zw) = 1— 20

(7.7)

admits the integral representation
[ do(t)
K = - . -
)= || e

and hence is a positive kernel on D x D. Moreover, since

ot jl do(t)
023 0" (Ka(z,w)) = 7/0 (@ — 21 (e — )i’ (7.8)

the arguments used to prove Lemma 7.1 lead in much the same way to the following
two conclusions:

LEMMA 7.3. Let ® € C"*™ admit a representation (7.2) with a positive semi-
definite matriz—valued measure do, let Kg be the associated positive kernel defined
by (7.7) and let 3 = e' € T. Then the nontangential limits

2 tim (2= By @ = ) (Ka(ew)) = D o)) (79)
z,w—0 8Zj8@€ 1= 0 '
and
j+2 ) B .
£ tim T (- ) @ - )T Ka(s,0) = L o{to))

exist for every pair of nonnegative integers j and €.

PROOF. The proof of the first assertion relies on the integral representation
(7.8) and the arguments from the proof of Lemma 7.1. The second assertion follows
from (7.9) by a double application of Leibnitz’s rule:

Z lim o+ ((z ) A (- B)ZHK (z w))
z,w—f3 0z Jc? 02100¢ AR
- G+ DI+ 1)
=4 Lm, Z;;) < ) ( ) ESICESY
) _ aiJrk
x(z— )+ (w— 5)k+1m (Ka(z,w))
7 14 .
— oS Y0 (151 ) (11 ) = Zratt
1=0 k=0

O

LEMMA 7.4. Let ® € C™*", let Kg be the associated positive kernel defined by
(7.7) and let By and Bs be two distinct points on T. Then

J+L
. j — 2 \¢
< zli>rnﬁ1 62j8@€ ((Z - ﬂl)JJrl(w - 62) +1K@(Z,W))
w — B2

=/ 1 ( -6 )]+1( B )Hlﬂ
I 92900

w — (B2

(Ke(z,w))=0 (7.10)
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for every pair of nonnegative integers j and £.
PRrROOF. Using (7.8) we get

j+4 . 27
O Kaew) =22 [ (o),

0230wt T Jo

(2= Br) (@ — B2)

where

(z = B (@ — Bo)!

frw(t) = (el — z)iti(eit — )ltL

It is readily seen that
Z lim f.,0t)=0 (Vi)

z— b1

w — B2

and then, the second equality in (7.10) follows by the dominated convergence prin-
ciple (which is applicable, thanks to (7.6)). The first assertion now follows just as
in the proof of Lemma 7.3, by a double application of Leibnitz’s rule. O

LEMMA 7.5. Let F € H5*Y. Then, for every integer j > 0 there exists a
constant A; > 0 such that

A || F|gyoxa
HF(]) H ﬁ (7.11)
(1—|22)*2
for every z € D.

PROOF. Let p, be defined as in (2.4) and let y € CP. Then, since

ﬁ( Ip ) | CJIP
021 \p-(Q)) ~ 7 pa(

is the reproducing kernel for the j—th derivative in HY,

Gy |
p=(¢)I+t

CJ
J+1’ (C)J-i—l >H1’

<p (C)J“)
|2k

B G+ k) |2
= ”yHQkZ:o (KN2(j — k)! ' (1 — |z|2)ith+1
> &~ Gtk
p.(2)2H1 Pt (kD2(j — k)

Using again the reproducing kernel property together with Cauchy’s inequality and
setting

Hj

(==

1

v (St
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we conclude that for every choice of x € CY,
<F$ ¢y > ¢y
, Pz(C)]Jrl HZ PZ(OJJFI H?
Aj - [F llgggea - Ml -yl
- (1—|o2)*2 '
Choosing y = FY(z)z in the preceding inequality, we get
Aj P llgga - Nzl 1FD) (2)z|

(1~ [ePys |

IN

ly* FY (2)z] = j!

JUIFelss \

IFD (2)z|* <

which is equivalent to
A; - | Flgggealle]
(1—|2f2)7+2

and leads easily to (7.11). O

19 (2)]| <

COROLLARY 7.6. Let F € Hy* and let 3 € T. Then, for every pair of integers
7 >0 and k > 1, the nontangential limit

47 )
z Zliir;j i (z— By F(2)) =0

exists.

PROOF. Let z be of the form (7.5). Then it follows from (7.11) and (7.6) that

T 'Jrl
1= B FOE) < A Fllyges =2 [ 2 = gt
= UITIHTT 2
1 ]+% .
< A F pXq ]. - T2
APl (14 s ) -

and therefore, that

V4 m%(z — B F@ () =0  (j>0, k>1).

The rest follows easily by Leibnitz’s rule. (I
The next lemma is an analogue of Lemma 7.3 for Hardy functions.

LEMMA 7.7. Let F € Hy*? and let 3 € T. Then, for every nonnegative integer
m, the nontangential limit

. o%m F(z)F(w)* -
/1 - _pymt1Z \IZ A s gyl ) — . 12
cwp DzmAm™ <(Z 2 Pw(2) @=4) > 0 (7.12)
ProoOF. Let )
1 et 42 it it *
so that

B(2)+Pw)* 1 /27r F(e®)F(et)*dt
o

l—20 o« et —z2)(em — @)’
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The last equality implies that
P P(w)* F*u Frv\?
o (2) + ®(w) " < u v>

)

1—-zw Pw Pz

Ly
for z, w e D and u, v € C™.

Let p denote the orthogonal projection of LB(T) onto H. Then, since F €

nxgq
H,™",

p =
= Pz Pz
for z € D and u € C" (for a proof see e.g., [23, Lemma 2.1]), it is readily seen
that for every set of points w1, ...,w, € D, of vectors uy,...,u, € C" and every
positive integer m,
2 2
m * m * m *
F(wi) F(w)) _ Flwj) || _ Fru;
R ot I et
ij=1 @I i=1 “ HP =1 " | p
2 2

" Fru LB (wi) + B(w))*
< 5 X .
j=1 pwj » i,j=1 pwj (w'b)
This means that
P P (w)* — F(2)F(w)*
() + W)~ FRFW" o (. e (7.14)
Puw(2)
Therefore, the kernels
9*m P(2) + P(w)* ~
1 I _paym+1 2\ T EWW) o~ aym+1l
K20 = g (2= FE G o - )

and

50— 22 (e EELY )

are positive on D x D, by Proposition 2.3, and satisfy
Ky(2) = KZ(2) = 0,
on account of (7.14). By the proof of Proposition 2.2,
" K2 (2)y|* < (2" K2(2)2) (y" K (w)y) < (a" K (2)a) (y" Ky (w)y) (7.15)

for every z, y € C™. Since the measure in the Riesz—Herglotz representation (7.13)
of ® is absolutely continuous, it follows by Lemma 7.3 that

z limﬁ Kl(z) =0,

Z,w—

which together with (7.15) implies that
Z lim 2*K2(2)y = 0.

Z,(,UH/B

The latter is equivalent to (7.12), since  and y are arbitrary. O
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LEMMA 7.8. Let B € T and let F' be a muf which is analytic in D. Then
V4 lir% (z—=pB)""F(2)=0 (7.16)

if and only if
Zlim FO(z) =0 for j=0,...,m. (7.17)

z—03

PROOF. Let relation (7.16) hold. By the definition of nontangential limit,
it suffices to show that F)(z) tends to zero as z tends to 3 from inside any
preassigned Stoltz angle Ug(¢) defined via (7.1). Take ¢ (¢ < ¢ < §) and a Stoltz

angle Ug(¢) D Ug(¢). By (7.16), for every € > 0, there exists ¢ > 0 such that
I =B TFQ <& for j=0.....m and VC € Up(@)NDs(3).  (7.18)
where Dg(0) = {z : |z — 8] < ¢§}. Take z € Ug(¢p) NDg(6/2) and let T, be the

maximal circle which is centered at z and lies in Ug(¢). It is easily seen that T, also
belongs to Dg(d). Therefore, the estimate (7.18) is valid for every point ¢ € T,.
Moreover, the inequality

¢—p z—f
e 14+ |—— 14— 7.19
=k +c—z‘< i@ -0 i
holds for all ¢ € T, and thus, by Cauchy’s formula,
) _ g F(¢)d¢
HF] (Z)“ - o1 /Tz (C_Z)j+1
! dg IEQI [ ¢ = B[
< 21/ e { G

J
sin(¢ — ¢)

Conversely, if the relations (7.17) are in force, take £ > 0 and choose § > 0 such
that

which proves (7.17).

[FM™(2)|| <& forall ze Ug(p) NDg(d). (7.20)

Then, upon letting w — G in the Taylor representation

el b6 (4 R
P = 3 e+ [ IR Qdc @ < Usto) nDate)

and taking advantage of (7.17), we get

ﬁ /;(Z — ) EIM(¢)dC.

Using the estimate (7.20) and the parametrization ( = f+ (z — 8)t (0 <t < 1), we
get

F(z) =

1
IFE < gy [ = ama -t = e g,

which proves (7.16). O
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COROLLARY 7.9. Let 8 € T and let F be a muf which is analytic in D. Then

/ 215% (z=pB)""{F(z)—-Fh—(z—-0)F—...—Fp(z—0)"}=0, (7.21)
if and only if
()
/ liné F;'(z) =F  for j=0,...,m. (7.22)

For the proof it suffices to apply the preceding lemma to the function
F(z)=F(z)—Fy—(z=B)Fy — ... — Fyu(z — B)™.

REMARK 7.10. Let &/ C D be any simply connected open set whose boundary
is a rectifiable Jordan curve and let F' be a mvf which is analytic in D and is such
that F’ is uniformly bounded on U:

|F'(2)]| <k <oo (2€UCD).
Then F' is uniformly bounded on U.

For the proof we fix a point o € U, represent F in the form

F:) = F(@)+ [ F'Q)de
and conclude that
IF) < [F()]| + LN F ()] < [[F(a)]l + EL(0U) (2 € U),
where L(0U) denotes the length of the rectifiable curve OlU.
K
0zmOw™

be uniformly bounded for every pair of points z and w in a nontangential neighbor-
hood Ug of 3 € T. Then

COROLLARY 7.11. Let a kernel K (z,w) be analytic in z and @ on D let

2m

K(z,w) = ((z=B)(@ - B)K(2,w))

0zmOw™
1s uniformly bounded for every pair of points z and w in Ug.

PROOF. By Leibnitz’s rule,

- B B a2mK a2m71K
K = (z-8)(w- 5)W +m(z — ﬁ)W
~ _ a2m71K 9 anfQK
Tl = B) g mtgm T gam—igpm1-

The first term on the right is uniformly bounded by assumption. The three other
terms are uniformly bounded by Remark 7.10. (]
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8. The Nevanlinna—Pick boundary problem

In this section we apply the preceding analysis to study a boundary Nevanlinna—

Pick problem that will be formulated below in terms of the integers r1,...,7m,
1 <r; <min(p, ¢) , n =r1 + ...+, and the entries in the matrices
BlIrl C g €
M = I R N = S s C = 1 = 1 o m s
" o (02) (m nm)
By,
(8.1)

where the §; are distinct points on T, §; € CP*" and n; € C?*"7. Correspondingly,
by (1.4) and (1.12),

1 I
-1 _ g T I'm 2
G = ding { 29— s o) (5.2
and
H(z)™! = dia { 1 Iron } (8.3)
g oy LR e .

We shall consider the a/BﬁD(In, N, P, C) for this choice of N and C' and for any
n X n—matrix P > 0 satisfying the Stein equation
P — N*PN = C{Cy — C35Cs. (8.4)
We shall assume that
P= (Pjg);fbezl , Pj, € Craxre (8.5)

is partitioned conformally with N. Then, in view of (8.1), the Stein equation (8.4)
reduces to the following set of equalities:

(176]'54)le:£;£277’;7’€7 jagila"'am' (86)
The off diagonal blocks P;; of P are uniquely defined by (8.6) and are equal to

& —mine
Py = 1-4.3 5]'[%4 (J#40).

On the other hand, the diagonal blocks P;; are not defined by (8.6) but the condi-
tions

§& =m;m; for j=1,....,m (8.7)
are seen to be necessary for the Stein equation (8.4) to have a solution. They are
also sufficient to insure the existence of a positive semidefinite solution P > 0: if

(8.7) is in force, we define the off diagonal blocks of P by (8.5) and then choose the
diagonal blocks P;; of P large enough to insure the positivity of P.

The next theorem, which is established in [23, Section 8], serves to express con-
dition (1.9) in the present setting in terms of the boundary limits of an interpolant
S. The existence and identification of the limits in (8.9) and (8.12) under condition
(8.8) was obtained earlier in [39] by different methods.

THEOREM 8.1. Let S € §P*1, B € T and let £ € CP*" be a matrixz of full rank
r (r <min(p, q)). Then:
1. The following three statements are equivalent:



42 ON BOUNDARY INTERPOLATION

(1) The reproducing kernel A, (z) of H(S) defined in (2.5), is subject to the
bound
l€"A= (2)€]| < k]lElI* < o0 (8.8)

for every point z in a nontangential neighborhood Ug of 3.
(2) The nontangential limit

Py = £ lim €A ()6 (8.9)
exists.
(3) The nontangential limit
Z 1ir% S(z)*¢=n (8.10)

exists and serves to define the matriz n. Furthermore,
Llm S =¢ &E=n"n, (8.11)
and the nontangential limit

o §E-E7S(2)n
Py = £ lim 2= (8.12)

exists.

II. If any one (and hence every one) of the preceding three statements is in force,

then the columns of the muf B(z) = £S5 belong to H(S), the nontangential

ps(2)
limits (8.12) and (8.9) are equal and
a*Pue = z*Pyx = || Bz|3s)

for every x € C™.
III. Any two of the three equalities in (8.10) and (8.11) imply the third.

Theorem 8.1 is a matrix valued extension of the classical Carathéodory—Julia
theorem [19], [32], which may be obtained by setting p = ¢ = 1. Additional sources
and discussion regarding this classical result can be found in [49, Chapter VI]; see
also [20] and [51, Chapter 4] for various applications. An extension of Theorem 8.1
that incorporates high order directional boundary derivatives of a matrix valued
Schur function S will be presented in Section 9 (see Theorem 9.1).

Now we formulate the Nevanlinna—Pick boundary problem NPBP in terms of
boundary limits as in [14] and [39].

The NPBP: Given m distinct points B1,...,0m on T and given matrices
& € CP*7i, ;€ C7 and v; € C9*7 with ranké; = r;, find necessary and
sufficient conditions which insure the existence of a Schur function S € SP*? such
that:
I-5(2)S(2)* ,
A@- <7 (Y=1,...,m).

(8.13)

Z lim S(2)*¢;=mn; and Z lim &
Zﬂﬁj ( ) gj 7’] Zﬂﬁj 5‘7 pz (Z)
The next theorem shows that the NPBP actually is equivalent to the
aBIP(I,, N, P, C') with N and C defined by (8.1) for a special choice of P and
establishes a solvability criteria for the NPBP.
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THEOREM 8.2. Let N and C be defined as in (8.1) and let
§ & —njne
— (P ) 55 iFt
pP= (IDJg)Mz1 ,  where Pj = 1 — BB (8.14)
7 Jj=t
Then:

(1) P is a solution of the Stein equation (8.4) if and only if (8.7) holds.

(2) If S is a solution of the NT)EP, then P is a positive semidefinite solution
of the Stein equation (8.4) and S is a solution of the ﬁ([n, N, P, C).

(3) If P is a positive semidefinite solution of the Stein equation (8.4) and S is
a solution of the aTBﬁ’(In, N, P, C), then S is a solution of the NPBP.

(4) The NPBP has a solution if and only if P is a positive semidefinite
solution of the Stein equation (8.4), i.e., if and only if (8.7) holds and
P > 0. Moreover, if in this case rank P > 1, then all the solutions of

the NPBP are parametrized by the linear fractional transformation (5.3)
where © is specified by (4.24) (or by the Redheffer transform (5.17) that
is specified by Theorem 5.9).

PROOF. The first assertion is readily checked by direct calculation. Sup-
pose next that S is a solution of the NPBP. Then, in particular, the func-
tions [|§7A(2)¢;]| are uniformly bounded in a nontangential neighborhood of 3;
for j = 1,...,m. Therefore, (8.7) is in force by Theorem 8.1 and hence, by the first
assertion, P is a solution of the Stein equation (8.4). By (2.7),

L=SOSE . 1y g 1 whee oo T )&
p=(2) & = [Wzjs Wajlg,  where W 4(C) <5(2)*>pz(€“)'

Substituting the decompositions of C' and G(z) from (8.1) and (8.2) into (1.10), we
see that the block entries of Pg are equal to

se(2)2 (A], e

Taking advantage of (8.13)—(8.15) we conclude by Fatou’s lemma that

&

[Ps]j; = [4 lim ¥, ;, / lim \1/]]
Z"ﬁj Z*)ﬁj s
1 o 3 1t * Ip —S(eit) it
= % . ézli{lﬁlj \Ilz,j(e ) < _S(eit)* Iq \Ilz’j(e )dt
1 1 o 1t * Ip —S(eit) it
S ézli»ngj %/O \Ilz,j(e ) < _S(eit)* Iq \Ilz,j(e )dt
= é hm [\Ilz,j; \IIZ,j]S
z—f;
: I —S(2)S(2)*
= £l & W&' < = Pjj. (8.16)

Since Pg satisfies the Stein equation (8.4), its off diagonal blocks are equal to the
corresponding blocks of P. Therefore, in view of (8.16), P > Ps > 0 and hence, by
Lemma 1.3, S € S(I,,, N, P, C'). This completes the proof of the second assertion.
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To verify the third assertion, assume that (8.7) holds and P > 0. Then, since P
is a solution of the Stein equation (8.4) by the first assertion, the aTBﬁ’(In, N, P, C)
is defined. Let S € g(In, N, P, C). Then, by Remark 1.1, the function B defined
in (1.14) belongs to H 9. In view of the special choice (8.1) of N and C,

E(z)col<nlgls(z)’ s nmgms(z))’
z— [ z2— fm
where the notation col signifies that the entries

e

are stacked to form a block column matrix of size (r; +...+7y) X ¢ = n x g. Thus,
by Corollary 7.6 (for j = 0 and k = 1), which is applicable since B; € Hy’ ™9,

Z Jim (n; —€5(2) = Z Jim (z=B;)Bj(2) =0 (j=1,...,m),

ceHY " for j=1,...,m

which proves the first set of assertions in (8.13).

-~

Since S € S(I,, N, P, C), the mvf W(z) defined by (3.12) (with M = I,,) is
analytic in D and has positive semidefinite real part there (see Theorem 3.8). Since
W takes the positive semidefinite value 1 P at the origin, it admits a Riesz—Herglotz
representation of the form

W(2) 1iéwel+ﬁw@, (8.17)

T or et — z
where do is a positive semidefinite n x n—matrix—valued measure. By Lemma 7.1,
the following limits exist

_ t ,

u%aﬁmw@zd“Dy)%zﬁ) (8.18)
z—0; s

for j =1,...,m, where o({t;}) denotes the matrix assigned to the point §8; by the

matrix—valued measure . Upon substituting the block decompositions (8.1), (8.2)

and (8.3) of C, G(z) and H (%) into (3.12), we see that the diagonal blocks of W (z)

=5 B gy (66 6 5Gm).

W;i(2)
Then, by (8.18),
§&6 —&S5Em _ o({th)

Z lim (1 —263;)Wy;(2) =7, — £ li = 1> 0.
Ziflﬁlj( 2B;)W;(2) = ZH%J 1- 25 = =
Thus,
e 48\ ).
J lim §& =& 7( )15 = - U({tj})m,
z— 3 1 —Zﬁj ™

and, by Theorem 8.1,

I, — 5(2)S(z)* §& — &S (2)n;

Z lim &F i = Z lim _
2 & p2(2) & z—f; 1—20;
o(1tit)iq

This shows that S meets the second set of conditions in (8.13) and hence completes
the proof of the third assertion.
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The first part of the final assertion is now selfevident from the second and third
assertions. Moreover, since N is a diagonal matrix, there exists a matrix Q € C™"*"
with range Q such that the constraints (4.19) and (5.1) are in force and formulas
(4.22) and (4.24) hold. O

We remark that in the third line of (8.16) we have equality:

LEMMA 8.3. Let S be a solution of the NPBP. Then

= 5(2)5(2)"

13 (8.20)

PROOF. Let S be a solution of the NPBP. Then, by Theorem 8.2, S €
g(In, N, P, C) for P defined by (8.14) and hence S also belongs to g(In, N, Ps, C).
Let W (z) be defined by (3.12) for this choice of M, N and P (i.e., with M = I,
and P = Pg). Then the argument leading to the inequality (8.19) with ~; replaced
by [Ps] ;; vields the inequality

) I, — S(2)S(2)*
Z lim &2 7 ¢ < [Ps].
Zlﬁj f] pz(Z) 5] = [ S]J_]?
which together with (8.16) implies (8.20). O

Now we make a few remarks on the “equality case”:

The NPBP: Given m distinct points B1,...,Bm on T and given matrices &; €
CP*"i with rank &; = 1;, n; € CT*" and v; € C7*"7, find necessary and sufficient
conditions which insure the existence of a Schur function S € SP*9 such that:

) . I-5(2)S(2)* ,
/Z lim S(2)*¢;,=n; and £ lim &—F—& =7, =1,....,m).

2 B; ( ) €] Uz 25B; €j D= (Z) €] Vi (] )
The next theorem is an analogue of Theorem 8.1: it shows that the NPBP is
equivalent to the aBIP(I,,, N, P, C).

THEOREM 8.4. Let N, C and P be defined as in (8.1) and (8.14). Then:

(1) If S is a solution of the NPBP, then P is a positive semidefinite solution
of the Stein equation (8.4) and S is a solution of the aBIP(I,,, N, P, C).

(2) If P is a positive semidefinite solution of the Stein equation (8.4) and S
is a solution of the aBIP(I,, N, P, C), then S also is a solution of the
NPBP.

(3) The NPBP has a solution if and only if P > 0, condition (8.7) holds and,
in addition,

Ker P(I, — B;N) (| KerC CKer P for j=1,...,m. (8.21)

PROOF. Let S be a solution of the NPBP. Then, by Theorem 8.1, § €
S(I, N, P, C). Moreover, by Lemma 8.3,
[Psl;; =i = Pij
and, since Pg satisfies (8.4) by Remark 1.2,
_ Sse e

(Poly =g for J AL
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Therefore, P = Ps and by Lemma 1.3, S is a solution of the aBIP(I,,, N, P, C).

To verify the second assertion, note that the assumptions imply that Ps = P,
and hence, by Theorem 8.1, that S is a solution of the NPBP. Therefore, we can
invoke Lemma 8.3 to conclude that in fact S is a solution of the NPBP:

I — *
4 hm 5;%5] = [Ps]jj = ij = ’)/j.

z—f;
Finally, the preceding analysis implies that the NPBP is solvable if and only if the
aBIP(I,, N, P, C) is solvable. However, by Theorem 6.1, the aBIP(I,,, N, P, C)
has a solution if and only if

Ker P(I, — 3;N) ﬂ KerC=KerP N Ker PN N KerC for j=1,...,m,

(8.22)
since 01, ..., Bm are the only points at which G(¢) is not invertible. This serves to
complete the proof, since (8.22) is equivalent to (8.21). O

Since the NPBP and the aBIP(I,, N, P, C) are equivalent, we may apply
Theorem 6.3 to conclude that the NPBP has infinitely many solutions if v <
min(p, ¢) (and so in particular, if the matrix P defined in (8.14) is positive definite)
and it has one solution if and only if

v :=rank (P 4 C5C%) — rank P = min(p, ¢). (8.23)

An alternative condition to (8.21) for the solvability of the NPBP has been estab-
lished in [50] for the case p = ¢ = 1 and may be easily extended to the matrix—valued
case as follows.

THEOREM 8.5. Let P be a positive semidefinite solution of the Stein equation
(8.4) with coefficients specified by (8.1). Then:

(1) If P is minimal in the sense that P does not magjorize any positive semi-
definite block diagonal matriz A of the form

A =diag{A1, ..., An} with A; € C¥", (8.24)

then the NPBP is solvable and moreover, it is equivalent to the NPBP.
(2) If the NPBP is solvable and condition (8.23) holds, then P is minimal
in the sense described in the first part.

PROOF. Let P be a minimal positive semidefinite solution of (8.4) and let .S be
any solution of the NPBP (such a solution exists, by Theorem 8.1). By another

application of Theorem 8.1, S € §(Im N, P, C). Since Py satisfies the same Stein
equation (8.4) as P, by Remark 1.2, P — Pg is a positive semidefinite block diagonal
matrix and

P—(P—Ps)=Ps>0.
Therefore, by the presumed minimality, P = Ps and hence, S € S§(I,,, N, P, C).
By Theorem 8.4, S is a solution of the NPBP, as claimed.
Suppose next that the NPBP is solvable and that (8.23) holds. Then the

NPBP has only one solution S which is also the unique solution of the NPBP
and therefore, Ps = P. Let
PP=P-A>0,
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where A is a positive semidefinite block matrix of the form (8.24). Then P’ is a pos-

itive semidefinite solution of the Stein equation (8.4) and the aTBﬁ’(In, N, P, C)
is defined and solvable. Since P’ < P, it follows that

8(I,, N, P', C) C8(I,, N, P, C) = {S}.
Since the set on the left hand side is not empty, it contains only one element S and

therefore, Ps < P’. The last inequality together with relations P/ < P and P = Pg
implies P’ = P. Therefore, A = 0, which is to say that P is minimal. O

To complete the comparison with Theorem 1 in [50], we recall first that if P
is positive definite then, by Corollary 6.4, there are infinitely many solutions of the
NPBP. Secondly, we give an independent proof of the fact that in the scalar case
of the NPBP with distinct interpolation points (1,..., 3, and singular P > 0
condition (8.23) is automatically met, i.e., the NPBP has a unique solution. More
precisely, we establish the following result:

LEMMA 8.6. Let p = q = 1, let P be a positive semidefinite solution of the
Stein equation (8.4) for the corresponding NPBP with distinct interpolation points
Bi,.. s Bm andr; =1 for j=1,...,m in (8.1) and let v be the integer defined in
(8.23). Then:

(1) P is invertible if and only if v = 0.
(2) P is singular if and only if v =1.

Proor. If p = ¢ = 1, then rank(C5Cy = 1 and therefore, it is clear from
(8.23) that v is nonnegative and does not exceed one. Thus, v = 1 or v = 0
and consequently, in order to complete the proof, it suffices to establish the first
assertion of the lemma.

In fact, since it is selfevident that Ker P = {0} = v = 0, it remains only to
prove the opposite implication. To this end, let us suppose that v = 0 and that
dim (Ker P) = k > 0. Let £ = m — k. Then, without loss of generality, we may
assume that the interpolation points (1, ..., G, have been ordered in such a way
that the upper right hand ¢ x ¢ block of P is invertible. Accordingly, let us introduce
the block decompositions

_{ Pu P2 (N1 0
P<P21 P22> and N< 0 N2>’
where P;; and N7 are £ x £ matrices and let the columns of the block matrix ( g )

with components U € C*** and V' € C*** span the kernel of P. Then, since Pj;
is invertible and
P U + P12V = 0pxp,

it is readily seen that
KerV C Ker ( ‘[i ) = {0}.

Thus V is invertible. Now, the assumption v = 0 together with (8.4) guarantees
that
rank P = rank (P + C5C5) = rank (N* PN + C7C4),
i.e., that
Ker P (] KerCy = Ker PN (] KerC} = Ker P. (8.25)
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In particular, the subspace Ker P of C™ is N-invariant and therefore,

(0w ) (v)=(v)
0 N v V
for some k x k matrix R. But this in turn implies that
N (UVTH) = UV N,
and hence, upon letting z;, j =1,..., k, denote the columns of UV, that
(Nl —Bg+jlg)xj =0 for j=1,... k.

However, as the points 31, ..., 8,, are distinct, the matrix Ny —Bg.HIg is invertible.
Thus, z;j =0for j =1,...,k, ie., U = Ogxk.
On the other hand, (8.25) implies that Ker Cy C Ker P, i.e., that

U
CQ< V > :OleH

(Mes1s -+ 5 Mek) = O1xi,

which in turn reduces to

since V' is invertible. But this contradicts the fact that |n;| =1 for j = 1,...,n.
Thus, the choice £ > 0 leads to a contradiction. Therefore, the only viable option
is k=0. O

9. A multiple analogue of the Carathéodory—Julia theorem

In this section we begin the analysis of higher order nontangential derivatives.
Our first objective is to extend Theorem 8.1. To this end, let r be an integer
satisfying 1 < r < min(p, q), let n = r(m + 1) and let

BIT' I’!‘
M=1,, N = pL , where €T, (9.1)
. 1,
B,
and
Cl 50 te fm X X
C= = , h i€ CP*" n; € CI77. 9.2
<Cg> (770 o Nm where & ' 6:2)
It is convenient to introduce the block shift matrix
0 I
_ 0 e _ Jj=1,..., m+1
T= ) - (6i7j_117')i=0,...,m ) (9-3)
. IT
0

so that N = I, + T. The mvf’s G(z) and H(z) introduced via (1.4) and (1.12),
respectively, now take the form

G(z)=1—2z8)1,—2T and H(z)=(z—pB)I, —T"
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Therefore,
I, zI, . zM1,
pp(z)  pp(2)? pp(z)m+1
m Zk}Tk} O L. . . ~
Gl(2) = pa(2) 9.4
) l;) pp(z)F+1 : - I, ©4)
= . 2
ﬂﬁ}z)
0 0 &6
and
I
5 0 0
m I I
T*)k L T
H'(z) = Z ( = (z—B) z—p (9.5)
_ +1
2= p) .
I, ; I,
(z=p)ym+1 (z=8)* 28
Moreover, since
BTN—!
G(z) =—(2— I, N
@)= (n+ 22
and N and T commute, we may also write
m
_1)k+1
Gz =S U gy, 9.6
&)= =g (O7) (96)
It is useful to introduce the matrix polynomials
H(z)=(z= Q)" H () =) (= p)FT )™ " (9.7)
k=0
and
G(z) = (2= )G (2) = (- = HFED)" TN (9.8)

and to note that
HO(B) = j1(T*)™ 7 and  GY(B) = ji(—=1)" I (BT)" NI (9.9)
We also introduce the kernel
1 o%m ~ ~
Lu(2) = (o2 5o (A)CiAGCH©)), (9.10)
where A, (z) is the reproducing kernel of H(S) defined in (2.5), and the mvf

Vi) = =Y Feerse)
m! dz™ !
L dm 7 * -1
=~ (H(,z)c1 (C) — S(2)C2) G (z)) . (9.11)
In view of Proposition 2.3, L, (2) is a positive kernel on I x D. We shall partition

it conformally with the block decomposition (9.7) of H(z) as

Lo (2) = [Lij(z, )]} 2o

with 7 x 7 matrix valued blocks L;;(z,w). The lower right hand block L, (2, w)
will play an important role in the subsequent analysis.

The next theorem is the main result of this section.
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THEOREM 9.1. Let S € 8P*4, let Cy € CP*", let H, G, Ly, and V be defined
via (9.7), (9.8), (9.10) and (9.11), respectively, and let Ly, (2z,w) be the lower right
hand r x r block in L, (2). The following are equivalent:

(1) For every point z in a nontangential neighborhood Ug of 3,

IIL.(2)]| < k < o0. (9.12)
(2) The nontangential limit
P = ézlul)rg L.(2) (9.13)
exists.
(3) For every point z in a nontangential neighborhood Us of 3,
I L (2, 2)|| < k1 < oc. (9.14)

(4) The nontangential limit £ lim Ly, (2z,w) exists.

Z,w—

Moreover, if any one (and hence every one) of the preceding conditions is in force,
then

(a) £lim % C;i—mm (I?(z)C;*S(z)) =3, (9.15)

o) Zlm - dz—mm (5(:)0a6()) = ~v . (9.16)

(c) D (T)™ 79 (CyCy — C3Cy) (—BT)Y N7t = 0. (9.17)
7=0

(d) The nontangential limit
Py:=Z/ 1ir% V(z) (9.18)

exists and moreover,
Py = P, = Ps, (9.19)
where Pg is the positive semidefinite matriz associated with S wvia (1.10)

(and hence Py is positive semidefinite).

(e) The columns of the function B(() = (C1 — S(()C2)G™(¢) belong
to H(S) and

(By, Bx)ys) = 2" Psy
for every choice of x,y € C". In particular, B € H)*".

(f) The function B(C)=H(()™' (C5 —CES(C)) belongs to HY 7,

We remark that (9.15) serves to define the matrix Cy. Then Cy and Cs are sub-
ject to (9.17) and the nontangential limit in (9.16) exists and is equal to —C; N 1.
Moreover, the Lyapunov-Stein equation (1.7) admits a solution if and only if the
condition (9.17) is in force. Under the stronger condition (9.12), it admits a positive
semidefinite solution. We shall discuss solutions of (1.7) in more detail in Sections
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10 and 11. An example in which (9.12) fails and the limit Py exists, but is not
Hermitian, is furnished just after the statement of Theorem 9.8.

Furthermore, for m = 0 and for the choice C; = £ and Cy = 7, the equali-
ties (9.15), (9.16) and (9.17) coincide with (8.10) and the two relations in (8.11),
respectively, whereas the nontangential limits (9.18) and (9.13) coincide with the
nontangential limits in (8.12) and (8.9). Thus, Theorem 8.1 is a special case of
Theorem 9.1 which in turn is an elaborate generalization of Lemma 8.3 of [23].
Formula (9.59) in the former plays the role of formula (8.6) in the latter. A quick
look at the relative complexities of these two formulas is a good indicator of the
extra effort required to establish this generalization. The proof of Theorem 9.1 will
be given below after a number of preliminary lemmas.

LEMMA 9.2. Let G=! and H be defined by (9.4) and (9.7), respectively. Then

10 (B o (262
il a@m<pw<z>>‘g() (25) (9:20)

PROOF. We begin with the resolvent like identities
H(w)™ = 2G(2) ™" = pu(2)G(2) " MH(w) ™" = pu(2)G(2)” H(w) ™",

which follow readily from the definitions (1.4) and (1.12). Therefore, by (9.7),

HWr _ gy <Er(w)* + %h) . (9.21)

By Leibnitz’s rule,

S ()£ e

=0
and, since d;ﬁ(w)* = mll,, it follows from (9.21) that
L (I e (e () e
= e (1) e (23)
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LEMMA 9.3. Let S € SPX4, Cy € CP*™ and let H be defined by (9.7). Then the
following statements are equivalent:

(1) S(z) satisﬁes (9.15).

2) %43%%(1?@)0;5(,2)):(T*)m*ic; (for j=0,...,m). (9.22)
1 o™ (HR)CiS(2)\ s

(3) & Jim, azm< e )—G(C) C; (VCeC\{p}). (923)

(@) Zlm (= HHE) " (CIS() - Cp) = 0. (9.24)

PROOF. (1) = (2). Let (9.15) be in force. Then, by Leibnitz’s rule,

1 . am ~ " 1 . dmfl - .
4 lm ((z - ﬂ)H(z)Cls(z)) = ol (H(z)ClS(z)) .
(9.25)
On the other hand, making use of (9.15) and the equality
(z=B)H(z) = T*H(2) + (z — B)™*1,, (9.26)
which follows readily from (9.7), we obtain
1 dm o
i 0m o (= 9 H()07S(2))
=T*C5 + ﬁlzlgr}j o (z= BT CrS(2)). (9.27)

Since C;S5(z) belongs to Hy *?, the second term on the right hand side of (9.27) is
equal to zero by Corollary 7.6. Then, a comparison of (9.25) and (9.27) leads to

the formula
m—1

. d T * * Y

=~ o (AEICss() = 1765,
which proves (9.22) for j = m — 1. Using similar arguments we obtain (9.22)
recursively for all integers j =m —2,...,1,0.

(2) = (8). Making use of (9.22), (9.4) and Leibnitz’s rule, we obtain
L, om <Er(z)c;s<z)>

ml 2= dzm pc(2)
"o . m-n1/ 1 \Y
=/ lim H()C;S(z —
== (m*J)'( (2)CTS( )> 7! (pq(Z))

m Ji
= 257 C =G *Cy.

(3) = (1). Setting ¢ = 0 in (9.23), we get (9.15).
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(2) & (4). Set
F(z) = H(2)C;S(2) and F; = (T*)"7C5 (j=0,...,m). (9.28)
Then, by (9.7),
H(:)C5=Fo+ (2= B)F + - + (2 — )" Fn

and hence we can rewrite (9.24) and (9.22) as (7.21) and (7.22), respectively. But
the two latter relations are equivalent by Corollary 7.9, since a mvf F of the form
(9.28) is analytic in D. O

The next lemma can be proved in much the same way.

LEMMA 9.4. Let S € §P*1, Cy € CT*™ and let G be defined by (9.8). Then the
following statements are equivalent:

(1) S(z) satisfies (9.16).

(2) « hr% % % (S(z)Cgé(z)) = (=)™ (BT)™ I NI (9.29)
(for j=0,.
@) Zim (S CQG ) ) (V¢eT(a).

(4) </ 113% (z—=B)(S8(2)C2 — C1)G(z (9.30)

Let S € SP*4, Cy € CP*™ and let H be given by (9.7). The mvf

wL(Q) ) Lo ( i ) A ()"
v, = — P, 9.31
= (3§ )=z (st )6 %31
which is defined and belongs to Hép X" a5 a (rational) function of ¢ for each

fixed choice of the parameter z € D, will play an important role in the subsequent
analysis. It is clear from (9.31) that

o L om (G _ Lo (Serafe)
wz<<>maz—m<m> and Wi(OMazm( p-(0) )
(9.32)

LEMMA 9.5. Let S € SP*? and let ¥, be defined by (9.31). Then:
(1) W2 = pS*Wl, where p denotes the orthogonal projection of L5(T) onto
HY.
(2) For every point ¢ € C\{f},

z hn% vl =G0 (9.33)

(3) If, moreover, the nontangential limit (9.15) exists, then

£ lim WE(Q) = GG (C e C\{BY). (9.34)
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(5 ()5 (52),

(see e.g., [23, Lemma 6.1)), it follows from (9.31) that

PROOF. Since

§=0
_ 1 0m (S()*CiH(2)" ) _ o
= o < - =2, (9.35)

which proves the first assertion of lemma. By (9.20) and (9.32),

m—+1
wiq=ai0” (59)

and upon taking limits in the last equality as z — [ we obtain (9.33). The last
statement of the lemma follows readily from (9.23).

LEMMA 9.6. Let S € SP*9, x,y € C", z,w € D and let

1 o™ ~
B.(Q) = (s =S(0) W.(Q) = — == (A(OCH()") . (936)
Then the function B.({)x belongs to the space H(S) and
(Bw:% Bzx>H(S) = <Bwya lI/.lzI)Hg = [‘I’wya ‘I’zx]s = I*Lw('z)y' (9'37)

Moreover, if the nontangential limit (9.15) exists, then

£ lim B:(C) = (I, =S(Q))CG)™ (V¢ eC\{B}). (9.38)

PROOF. By (9.36) and statement (1) in Lemma 9.5,
B. = (I, —S)®. = (I — SpS*)¥’. (9.39)

It is known (see e.g., [25, Lemma 6.2]) that for every choice of h € H, the function
(I — SpS*)h belongs to the space H(S) and

(g, (I = SpS)h)ns) = {9, Mg (Vg € H(9)). (9.40)

Therefore, since the function Wlz belongs to HY for every choice of the vector
x € C", B,x € H(S) by (9.39), whereas (9.40) leads to

(Buy, Ba)(s) = (Buy, (I = SpS™)W.a)w(s) = (Buy, Vi)uy.
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Next, in view of (9.35),

1
(-5 1wy = (-5 1) e ) Wy =1 - p)s ety € (Y*

and thus, as U2z € HY,

(=", 1) oy, Vo) = 0.

I, -8
(5 7 )enes),.

= ((I, =S) ¥y, \If;z>L5 (=8, 1) Wy, ‘1’39%5
= <Bwya \I/ix>

Therefore,

[‘Ilwya ‘Ilzx]s

Ly

which completes the proof of (9.37) except for the last equality. But that follows
easily from the reproducing kernel formula

B N e 9.41

(s Beayues) = — == (a"HE)CI(2)) (9.41)

which is valid for every choice of f € H(S), by choosing f = B,y. Finally, (9.38)
follows from (9.33) and (9.34), which, in turn, hold by Lemma 9.5. O

LEMMA 9.7. Conditions (9.12) and (9.14) are equivalent.

PRrROOF. Since ||Lym(z,2)|| < ||L.(2)] for every point z at which L,(2) is
defined, it remains to show that (9.14) implies (9.12). To this end, introduce the
matrix

E=(.,0,...,0eC™ (9.42)
and note that
vk | ETF if 0>k,
ETH(T*)" = { 0 i<k, (0 <4,k <m). (9.43)

Making use of (9.43) and (9.7), we can reexpress ET*H(z)C; in terms of the C™*?-
valued polynomials

4
Au(z) =Y (2= B)FET*C (£=0,...,m) (9.44)
k=0
as
ET'H(2)C; = ET"> (z—pB)"T*)"*C;
k=0

¢
(z=B)" "> (== BFET*C;
k=0

= (z=0)" " Al(z) (£=0,...,m).
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The latter equalities mean that the f-th block row of the matrix H (2)C5 is equal
to (z — B)™*Au(2), i.e., that
(z = B)"Ao(2)
H(z)Cr = 5 : (9.45)
(2 = B)Am-1(2)
A (2)

Upon substituting the latter representation into (9.10) we conclude that the block
entries L;;(z,w) of Ly, () can be represented as

Lij(z,w) = Lﬂ [(Z — B)" A (2) A (2) A (W) (@ — B)m_j} . (9.46)

(m!)2 9zmdw™
The next step is to invoke the representation (9.46) to show that

if sup ||Lge(z,w)|| <oo, then  sup ||Li_1—1(z,w)| < o0 (9.47)
z,welpg z,welg

in each nontangential neighborhood U of 3. Indeed, the inequality
Ar_1(2)Au(2)Ar—1 (W) = 2A40(2)Au(2)A(w)*
+2(z — B)Y(@ — B) ET Cy A, (2)CL (T*) E*
holds for every £ =1, ..., m and follows easily from the decomposition
A 1(2) = Ag(2) — (2 — B)ETCy
and Proposition 2.1. Therefore, by Proposition 2.3 and (9.46),

Lo 10-1(2,w) < 2Kj(2,w) + 2K3(2,w), (9.48)
where
1 1 o m—L0+1( — 2\m—~L+1 *
K(z,w) = (2 Gomdam ((z-5) (@—-0) Ae(2) A (2) Ag(w)")
and
2 1 an m—+1/— 2\m-+1 0 vk $\ L %
Ki(z,w) = ((z = B)"H @ = B)" T ET CY Ay (2)C1(T*) E”) .

(m!)2 9zmow™

If Ly ¢(2,w) is uniformly bounded on Us xUs, then K; is also uniformly bounded for
z,w € Ug, by Corollary 7.11. Moreover, by Lemma 7.7, applied first with F'(z) = I,
and then with F(z) = S(z), we conclude that K?(z,w) tends to zero, as z and w
tend nontangentially to 3. Therefore, since each nontangential neighborhood Ug of
(3 sits inside a closed cone in D, K?(z,w) is uniformly bounded for z,w € Us. Now
(9.47) follows from the inequality (9.48), by Proposition 2.2.

It follows from (9.14) by Cauchy’s inequality, that Ly, ., (z,w) is uniformly
bounded on Ug x Ug. Then by (9.47) all the diagonal blocks Ly ¢(z, w) of the kernel
L. (z) are uniformly bounded on Ug x Ug. Thus, as the kernel L(z,w) is positive on
D x D, it follows that its off diagonal blocks are also uniformly bounded. Therefore,
L(z,w) is uniformly bounded for every pair of points z and w from U3, which clearly
implies (9.12). O
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Proof of Theorem 9.1: The equivalence (1) < (3) has been established in
Lemma 9.7. The implications (2) = (1), (4) = (3) and (2) = (4) are selfevident.
Thus, to complete the proof of the theorem, it remains to show that if the constraint

(9.12) is in force, then the nontangential limit (9.13) exists and that the conclusions
(a)—(f) all hold.

In view of (9.12) and (9.37),
HBzacH%((S) = 2"L.(2)z < k|z|? (Vx e C", z € Ug). (9.49)
Let Ry : HY*? — HE™? be the backward shift operator defined (in accordance
with (4.2)) by the rule
F(z) - F(0)
(Rop)(z) = T
Then, since RySy = My belongs to H(S) and ||RoSyll+(s) < |ly|| for every

choice of y € CY (for a proof see e.g., [23, Theorem 2.3]), we may choose f = RySy
in (9.41) and invoke Cauchy’s inequality to obtain the estimate

(¢ H )0 (RoS) ()

m! dz™

= |[(RoSy, B.x)ns)|

IN

1RoSyllzu(s) | Bllzucs) < k= [|zlllly]l-

Since x and y are arbitrary, this implies that

= (EaCirs)@) | <b cup
By Remark 7.10,
A (A RS)(:) H <k (2€Up)

for some finite constant k2 > ki and hence, by Leibnitz’s rule, we conclude from
the last two bounds that

T (EICise) - s0) | < 45 (AeciRs))|
dmt
+m HW (H(z)c;(ROS)(Z)) H
< (m+ ks (9.50)
Since -
O (AG)0s0) = mcis(0),
it follows from (9.50) that

o (Ae)cise)

for some finite constant k3. In view of assumption (9.12) and the derived bound

(9.51), there exists a sequence of points «; € Ug tending to § such that the limits
limﬁ L., (a;) = P, e C™" (9.52)

o;—

< ks (z € Up) (9.51)

and
m

(Er(z)c;S(z)) =y e CrXP

Z=Q;

m — —
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exist. By (the proof of (2) = (8) in) Lemma 9.3, the existence of the last limit
implies the existence of the limit

o (ﬁ(@c;sg)) _ G-

Sal —
m! a}gﬁ azm 1—2C

for every point ¢ € C\{3} . It is convenient to break up the rest of the proof into
steps.

Step 1. The integral (1.11) converges to a matriz Ps which satisfies

o= e (6 )eo] <n (9.5

where Py, is the matriz defined via (9.52).
Proof of Step 1: By (9.37),
L,(z) = [P, ‘IJZ]Sv
whereas, by (9.33) and (9.34),

Oy —

i %, = (¢} ) 6@ e,

Thus, by Fatou’s lemma,

po= (G )0 (@)oo,

1 " lim ¥, (e")* Iy
— o ; a.;lﬂﬁ a; _S(e’it

)*
Y : I —S(eit) ;
< _ ) (A P ) it
< g [y (g T ) etar
= lim [¥,,, ¥, ] = lim Ly, (0o;) = Pp. (9.54)
a;— a;—f3

Step 2. The nontangential limits (9.22) and (9.29) (for j =0,---,m) and

£ lim, () = < o >G(<)1 — 0G() (9.55)

all exist for every point ¢ € C\{f5}.

Proof of Step 2: In view of Lemma 1.3 and the bound (9.53), S satisfies
conditions (1.13) and (1.14): i.e., the functions B and B defined in (1.13) and
(1.14), belong to HY*™ and H5 ™, respectively. Thus, by Corollary 7.6,

V4 lir% (z—pF)B(z) =0 and < lir% (z—B)B(z) =0,
which serve to establish (9.30) and (9.24), respectively. Therefore, the nontangential

limits (9.22) and (9.15) exist by Lemma 9.3, the limits (9.29) and (9.16) exist by
Lemma 9.4 and, finally, the limit (9.55) exists by Lemma 9.5.

Step 3. The matrices C1 and Cy are subject to (9.17).
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Proof of Step 3: On the one hand, by Leibnitz’s rule and formulas (9.9) and
(9.22), it follows that

2 Jim . () 5(:)0a02))

1 . G) o~
_ : * (m—j)
_ 4zh_%jzo om0 (H(Z)CIS(Z)) CoGm=9) (2)
== ()" C5Cy (—BT) N1
j=0
On the other hand, in view of (9.9) and (9.29),
1 dm e ~
4 lm (H(Z)CIS(Z)CQG(Z))
= / lim 3 éﬁ@(z)C’* (S(z)Cgé(z))(m_j)
ji(m = 5)! '

z—f3 =
m .
== > (T)"ICiCy (—ATY N
j=0
Upon comparison of the expressions on the right hand sides in the last two sequences

of equalities we get (9.17).

Step 4. The columns of the muf B(C) = (I,, —S(¢)) CG(¢)™* belong to the
space H(S) and

(By, Bx)ps) = £ limﬁ r*V(z)y (Vz,yeC"), (9.56)

where V(z) is the muf defined in (9.11).

Proof of Step 4: Let B,(¢) be the mvf defined by (9.36). By (9.49), there
exists a sequence of points 7; € Ug tending to B such that B,z tends weakly to
a limit g € H(S). Since weak convergence implies pointwise convergence in D, via
the reproducing kernel,

9(0) = lim B, (O € H(S) (9.57)

for every point ¢ € D. Therefore, as B,(¢) = (I,, —5(¢)) ¥.(¢), the following
nontangential limit exists by (9.55):

£l B(Q) = £ Tim (I, ~S(0) ®2(0) = (I, =S(0) CGQ)™" = BE), (059
and, together with (9.57), implies that

B(Q)z = g(¢) € H(S).
Moreover, by (9.36),

1 m ~
1 dam

= i (FHECBE) =2 V()
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and therefore, by the weak convergence,
(By, Br)ws) = £ im(By, B:x)ns),

which serves to establish (9.56).
Step 5. The nontangential limit Py in (9.18) exists. It is positive semidefinite

and
(By, Br)ys) =x"Pyvy  (Vax, yecC").
Proof of Step 5: This is immediate from (9.56).
Step 6. The nontangential limit (9.13) exists and is equal to the limit (9.18).

Proof of Step 6: By Remark 1.2, the matrix Pg is positive semidefinite
and satisfies the Lyapunov—Stein equation (1.16). Therefore, S is a solution of the
aBIP(I,, N, Ps, C). By Theorem 3.8, the corresponding mvf W defined by (3.12)
belongs to the Carathéodory class C"*™. Moreover, the identity (3.13) holds (with
M =1, and P = Pg), by Lemma 3.7. Multiplying both of sides of (3.13) by I;T(z)

on the left and by 135‘8)* on the right and taking advantage of (9.7) we get

1 W(2) + W(w)* — B(z)Bw)"

H(2)CiAu()C1H (W) = (2= B)"" (@~ F) R
+H(z) (CB(2) + B(w)*Cy — Ps) H(w)*.
62m

Upon applying the operator to both of sides of the last identity and

(m!)2 9zmow™
taking into account (9.11) and the formula H("™ () = m!I,,, we get

Lo(:) = s 5 ((z gy WO WP BEBEE B)“”l)

— (m!)2 9zmowm Puw(2)

+V(2) + V(w)" — Ps. (9.59)

Since W € C"*" and B € Hy*?, Lemmas 7.3 and 7.7 imply, that the limit of the
first term on the right hand side in (9.59) exists as z and w tend to S nontangentially
and is positive semidefinite. The nontangential limits of the second and of the third
terms exist by Step 5 and are equal to Py by definition. Thus, the nontangential
limit (9.13) exists and by (9.52), it is equal to Pp,. This completes the proof of
implication (1) = (2). Moreover, it now follows from (9.59) that

P > 2Py — Ps.
Finally, upon taking advantage of (9.36) and (9.58), we get

P = Z lim Lﬂ(ﬁ(z)cm (2)C f{r(w)*)
LT 2058 (m)2 9zmam 1Rl
/lim =2 <f{r(z)01*4 lim — 2" (Aw(z)C’lﬁ(w)*)>

2—B m!dzm w—pB m! o™

1 dm
= /1 -

1 dm
Zlim ———

<f{r(z)0;4 Jim, Bw(z)>

(ﬁ(z)C’fB(z)) = Py.
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Thus,
Ps > P, = Py,
which, together with (9.54), implies (9.19) and completes the proof. O

To get a complete analogue of Theorem 8.1 we have to clarify which statements
in (9.13) and (9.15)—(9.18) are independent (i.e., imply all the others). The next
two theorems establish different sets of implications.

_ THEOREM 9.8. Let S € SPX4, Cy € CP*", Cy € C", B € T and let H and
G be given by (9.7) and (9.8), respectively. Suppose that the nontangential limits
(9.15), (9.16) and (9.18) exist and that the last limit defines a Hermitian matric
Py;. Then the nontangential limit Py, defined by (9.13) exists and P, = Py = Ps.

The following example* shows that the theorem is false if Py is not assumed
to be Hermitian.

1
EXAMPLE 9.9. Let §(z) = 22,5:1,771:1,01:(1, 0) and Cy = (1, 1).
Then
~ z—1 0 ~ 1—=2 z
H(z)_(1 21)’ G(z)_( 0 1z)’
Cood [~ . 1 . d -1\ _ (1Y _ .
lﬂa(ﬂ('z)CIS@))—aiﬂa( 142 )—( %)—02
and

_d . L od (1-22 (1+2)
2%5(5(2)02G(Z)) - 21311%( 2 7 4 )

= —(1,0) ( (1) _1 ) =-C;N %

Furthermore, in view of (9.11),
e 1 d (2-=z-1) 1—-2z\ _
Pv—iﬂv@—z'iﬂa( > )—(

Thus, all the three limits in (9.15), (9.16) and (9.18) exist. However, Py is not
Hermitian and

O
\

ORI

~_

1+2z 14w

2 _ 1-— —
_ (1—2)(1 - )
(1—zw)3

is not bounded near the point g = 1.

Proof of Theorem 9.8: By Theorem 9.1, it suffices to check that (9.12) is
in force for every point z in a nontangential neighborhood Ug of 3. We break the
proof into steps.

4We wish to thank A. Kheifets for calling our attention to this example.
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Step 1. The nontangential limits

. 1 dj T * _ *\m—7j
£ im0 (H(Z)CIB(Z)) = (T 1Py (9.60)

exist for j =0,...,m.

Proof of Step 1: The proof is similar to the proof of the implication (1) = (2)
in Lemma 9.3. For j = m the limit in (9.60) coincides with (9.18), which exists and
is equal to Py by assumption. Therefore, by Leibnitz’s rule,

am - dm—l -

Zlim o ((z - B)H(z)CfB(z)) g e (H(z)Cl*B(z)) . (9.61)

On the other hand, taking advantage of formula (9.26), we obtain

,oanr ~ .
2lim 2 (2 - HHRICB())
=miT"Py + £ lim j— ((z— B)™1C; B(2))
z— zm
dm
= |7* 1 _

But, in view of (9.8) and (9.16), the last limit in (9.62) is easily seen to be equal to
zero. Thus, upon comparing (9.61) and (9.62), we obtain the formula

O (Cy — S(2)Cs) é(z)) . (9.62)

. dmil T * *
Z£lim oy (H(z)ClB(z)) = (m —1)IT" Py, (9.63)

which proves (9.60) for j = m —1. Much the same arguments may be used to verify
(9.60) recursively for j =m —2,...,1,0.

Step 2. The matriz Py is a solution of the Stein equation
Py — N*PyN =C;Cy — C5C,. (9.64)
Proof of Step 2: It is readily checked that
N*H(z) = zH(z) — (z — )" 'L, and G(z)"'N=2"1(G(z)"' —1I,) (9.65)
and hence, that
H(2)05 (C1 — S(2)C2) G(2)™! — N*H(2)C5 (C1 — S(2)Co
= H(2)Cf (C — S(2)C2) + (2 — /)™ H1CF (C1 — S(2)Cs) G(2) "IN

= H(2)C; (Cy — S(2)Cy) + Cf (Cy — 8(2)C2) G(2)N.

Q
O
L
=

m

1 d

Thus, upon applying pooy e to both sides of the last identity and invoking (9.15),
m! dz

(9.16), (9.18) and the identities

H™(3) =m!I, and G™(8)=—-m!IN!,
we obtain (9.64):

1 _ _
Py —N*PyN = —/lim ~— (H(z)c;@1 — H(2)CrS(2)Cs
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Step 3. Let the muf W(z) be defined by the formula

W(z) = —H(z)Py + H(2)C; B(2). (9.66)
Then the nontangential limit
o (= (psE\TT
Zzlirgﬁ pyes <W(z) ( o) =0. (9.67)

Proof of Step 3: It follows readily from (9.9) and (9.60) that
£ lim, WPD()=0 (j=0,...,m)

and thus, by Lemma 7.8,

lim (= — )" W(2) =

Let Us(¢) C Ug(qg) be Stoltz angles with vertices at 3 which are defined as in (7.1).
Choose a disk Dg(d) centered at § with radius § such that
[(¢=B) WOl <e forall (e Us(d)NDs(d).

Let {/; be an angle such that 0 < {/; <35- 5 and let V(1) be the cone with vertex
at the origin which is defined via (7.4). By (7.6), the inequality

1-¢p 1
p@| _I-cBl 1
pu(C) 1—¢] cos(¢ + 1)
holds for every ¢ € Ug (5) N Vg(zZ) and for every w € D. Next, take a pair of points
z and w in the nontangential neighborhood

Up = Us($) N Va(¥)) NDg(5/2)

of B and let T, be the maximal circle which is centered at z and lies in Ug(cg). Then
T, also belongs to Dg(d) and therefore, the estimate (7.18) holds for every point
¢ € T.. By (7.19),

<

¢8| _
¢(—=z
Therefore, by Cauchy’s formula,

m+1
o= (Vo3|

1
1+ ———— (VCET,).
sin(¢ — ¢) ( :

m! / W) ps(Qmt?
om Jr, (C— =)™+ po(Q)m+

e (52 (28) &

m! max Wl |¢-8[" pa(¢ )‘erl
| p(C)

d¢

IN

CeT- | [C=BI™ ¢ —=

m m—+1
< m!g<l+~;> (H%) ,
sin(¢ — ¢) cos(¢ +¢)

Step 4. The uniform estimate (9.12) is in force for every point z in a nontan-
gential neighborhood Us of (3.

which proves (9.67).

l
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Proof of Step 4: Since Py is Hermitian by assumption, we can apply Lemma
3.6 to conclude that the identity (3.11) holds with M, P and W replaced by I,
Py and W, respectively:
Ci (I, = S(2)SW)) O = H(W(2)G(2) + G(w) W (w) H(w)"
+pw(z)Py + H(z) Py H(w)*
—H(2)B(2)B(w)* H(w)*.

Multiplying both of sides of the latter identity by H (z) on the left and by IZW(‘E’Z))
on the right and taking advantage of (3.10), (9.7) and (9.66), we get

H(2)Cr A (2)C1 H(w)* = W(z)a(z)ff“(‘;))* i@GWW

*

~—

. - o m+1(~ _ 2\ym+1
LGP AW) + EAT e
Pu(2)
(2= B (@ = By B(2) B(w)*
Pu(2)
: 1 *m : o .
Applying the operator ——— —————— to both sides of the last identity and invok-

(m!)2 9zmow™
ing (9.20), we obtain

1 ((z — B (@~ 6>m+1§<z>§<w>*>

(m!)2 9zmow™ Pw(2)

1 om [~ m 1 o [~ mt
_ = W(Z) pﬁ(Z) 4= W(w)* Pw(ﬁ)
m! 0z™ Pw(2) m! Ow™ Puw(2)
82m (Z _ ﬁ)m+1(@ _ B)m+1
- Py ).
(m!)2 9zmow™ Puw(2)
By Step 3, the first two terms on the right hand side of (9.68) are bounded in some
nontangential neighborhood Ug of 3, whereas the last term is bounded by Lemma
7.7. Thus, upon letting z = w and noting that both of terms on the left hand side

of (9.68) are positive semidefinite in this setting, we may conclude that L,(z) is
uniformly bounded in Ug. O

L.(z)+

+Py + (9.68)

COROLLARY 9.10. Let the nontangential limits in (9.15) and (9.13) exist and

define the matrices Co and Py, respectively. Then Py, satisfies the Stein equation
(8.4).

PROOF. The existence of the nontangential limit (9.13) guarantees that The-
orem 9.1 is applicable and hence that Pp, = Pg. Therefore, since Pg is a solution
of the Stein equation (8.4) by Remark 1.2, Py, is also a solution of (8.4). O

We conclude the section with the following modification of Theorem 9.8 which
will be useful.

THEOREM 9.11. Let S € 8P*4, C; € CP*", Oy € C?*™ and let the nontan-
gential limits (9.16) (or (9.15)) and (9.18) exist. Suppose further that the matriz
Py € C™*™ defined via (9.18) is a Hermitian solution of the Stein equation (9.64).
Then the nontangential limit Py, in (9.13) exists and P, = Py = Ps.
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PROOF. The proof is based on the proof of Theorem 9.8. The difference be-
tween the two formulations is that whereas in Theorem 9.8 we assumed that the
tangential limits (9.15), (9.16) and (9.18) exist and that Py is Hermitian, we now
drop one of the two conditions (9.15), (9.16), but add (9.64). However, since the
role of (9.15) in the proof of Theorem 9.8 was limited to establishing (9.64) and
we are now assuming (9.64), it is clear that the conclusions of Theorem 9.8 prevail
even if we drop (9.15).

Suppose next that (9.15), (9.18) and (9.64) are in force. By the proof of The-
orem 9.8, it suffices to show that relations (9.60) hold for j = 0,...,m. Upon
denoting the limits in (9.61) by m!X and making use of (9.15), (9.18) and the
formula

(z = B)G(2) "t = —26G(2)'T — BI,

we get
dm™ /-~
X = ~Lsim T (BG)CH O - 5(:)0) (:6) T + 1))
B dm

= o lim o (zf{r(z)CfB(Z)T) — B(C1CL = C3C3)

= —B°PyT - BXT - B(C;C1 — C5Co)
Since Py satisfies (9.64), this is equivalent to
XN =—-08PyT — Py + N*PyN.
Therefore,
X=-Py(I+pBT)N '+ N*Py = 3Py + N*Py = T*Py.

This proves (9.63), which coincides with (9.60) when j = m — 1. The recursive
verification of (9.60) for j = m—2,...,1,0 relies on much the same arguments. O

10. On the solvability of a Stein equation

Let r be an integer satisfying 1 <r < min(p, q), let n =r(m+1),let M, N, T
and C be the matrices defined in (9.1)—(9.3). In this section we establish necessary
and sufficient conditions for the Stein equation (8.4) based on this choice of M, N
and C to have a solution.

LEMMA 10.1. The upper triangular block matriz

517' _ﬁQI,,, ﬁ3Ir C (_1)mﬁm+117-
0 -pI. 26 - (_1)m( T )ﬁerQIr
D= JoR) S (,1)m( ™ )ﬂm+3Ir (10.1)
6 0 (71)m62m+1]‘r

with the v x r block entries
0, if j>4

Djl - { (71)2( f )ﬂlJerrIIT’ if j<¢ (10'2)
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is the unique solution of the Stein equation
D + 3 (I, + fT*) DT = BE*E, (10.3)
where N, T and E are the matrices defined by (9.1), (9.3) and (9.42), respectively.

PROOF. Since T™*1 = 0, the Stein equation (10.3) has a unique solution,
which is given by the formula

D=> (-1)/F* (I, + BT*Y E*ET’. (10.4)
=0

To show that the expression on the right hand side of (10.4) represents the matrix
defined by (10.2), it suffices to rewrite (10.4) as

D — f: )ege+t ze:( )ﬁT* E*ET"

=0 7=0

(_1)5( f )ﬁ@-}-]—‘,—lT*]E*ET@

~
I
o

I
NE
~ EM&

D TYE*ET",

Il
1M:
i

since all the block entries of the matrix T* E*ET* are equal to zero except for the
j¢-th block which is equal to I.. O

COROLLARY 10.2. The matriz D defined via (10.2) also admits the represen-
tation

D= i TYE*E(-BT) N~ (10.5)
§=0
PrOOF. It follows from (10.3) that
DT = E*E — 3D — BT*DT
and therefore,
DN =D(pI,+T)=E"E — 8T*DT.
Thus, D satisfies the Stein equation
D+ 8T*DTN ' = E*EN"!, (10.6)
which has a unique solution given by the formula (10.5). O

Besides C; and Cs, it will be useful to consider the upper triangular block
Toeplitz matrices
o & o &m M m Mm

c=| " ® " mde=| 0 L o

: - & : Cooom
0 -~ 0 & 0 -+ 0 o
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It will be convenient to express these block matrices in the form

Ci = ZT*J’E*C,J’J’ (k=1,2). (10.8)
3=0
REMARK 10.3. In formula (10.8), the T on the left of E*Cy, is different from

the T on the right of E*CY. Strictly speaking we should introduce three block shift
matrices T, Ty, T, and write

m m
Ci=Y TYE;CiT] and Cyp=)» T, E;CyTy.

j=0 j=0
However, in order to keep the formulas simple, we have not indicated this in the
notation, but rely instead on the context. We shall usually maintain this abuse of
notation for the matrices N, D, E and U (see formula (10.14) below) also. Occa-
sionally we shall write Cj “commutes” with T, with quotation marks to emphasize
the fact that the T on the left is not required to have the same block size as the T'
on the right.

The following result will be useful.

PROPOSITION 10.4. Let E, T, Cq, Ca, C1, Cq be the matrices given by (9.42),
(9.3), (9.2), (10.8) and let

. ETY < I, I, I, >
(2= BT 2= 8 (=B (e =gt )

J

E(z) =

(10.9)
Then

EG(z)™' = —E()D and C,G(z)"' = —E(2)DC; (k=1,2). (10.10)

PROOF. On account of (10.2),

o B Zéﬁé—',-l B . 4 ¢ ﬁ€+j+1 B L Dis
TR e s ;( y ) T R Dl ey T

=0

which together with (9.4), (9.42) and (10.9) implies the first relation in (10.10).
Making use of this relation and of

C,T? = ET'C), for >0 and k=1,2, (10.11)
we obtain
CrG(2)™' = EG(2) 'C = —~E(2)DC;,  (k=1,2)
and complete the proof. O

THEOREM 10.5. Let Cy € Crxn, Oy € CI*™, let C1 and Co be defined via
(10.8) and let H and G~ be the muf’s defined by (9.7) and (9.4), respectively.
Then the following statements are equivalent:

(1) Cy and Cs are subject to (9.17).
(2) The muf

H(2){C:Cy — CCy} G(2) (10.12)

is a matriz polynomial.
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(3) Cy and Cz are subject to

C;U,D,C; = C;U,D,Cs, (10.13)
where D, is defined by (10.1) and
0 -~ 0 I
U, = L0 (10.14)
0o ... ...
I, 0 - 0
(4) The bottom block rows in formula (10.13) match, i.e.,

(5) The Stein equatz’on (8.4) has at least one solution P (in which case the
Hermitian matriz (P + P*) is also a solution).

If any one of the above statements holds true, then the degree of the matriz polyno-
mial (10.12) does not exceed m — 1.

PrROOF. (1) < (8). Making use of the equalities (10.11) and
(T E* =UTYE* (j=0,....m; k=1,2), (10.16)

which follow readily from the definitions (9.3), (9.42), and (10.14) of the matrices
T, FE and U, respectively, and taking into account that Cj intertwines N, because
of the upper triangular block Toeplitz structure, we get

D (TGO (—BTY N1 = Y Cu(T™")" VE"E (—BT) N/71Cy
j=0 =0
- (S Eamy v o
7=0

= C;UDC (k=1,2).
This proves the desired equivalence.

(2) < (3). Upon taking advantage of the expansions (9.6) and (9.7) and using
10.11), we get
( , We g

H(2)C{CrG(z)!

= (Z(Z—ﬁ)m ™) )ckck > (- (—BT)IN—I7!

i=0 =0
=-C; Y (z= " NI E*E(-BTY N /71Cy
i,5=0

=—-C; (p(z)+¢q(z)Cr (k=1,2),

where
m—1 m—~_£—1

P = D) Y () B BTN
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and
m+1 m

a(z) = D (z=p) NI S (T E E(-BT)I NI
£=0 j=0
= Z(Z ﬁ)—@—l(T*)éUZ(T*)]E*E(_ﬁT)jN_]_l
£=0 =0
= > (z-p) (") 'UD

Therefore,
H(2){C;C1 = C5C2} G(2) ™" = C5 (p(2) + 4(2)) C2 — Ci (p(2) + 4(2)) C:
is a matrix polynomial if and only if
14(2)C1 = C3q(2)Cs,
which in turn, is equivalent to the equalities
C;(T*)'UDC, = C3(T*)*UDC, for £=0,...,m.
But these equalities are equivalent to (10.13), since Cy, “commutes” with 7.

(3) & (4). The implication (3) = (4) is selfevident. To obtain the converse,
we need to show that equality of the bottom block rows in the matrices C1U,D,C;
and C5U,D,C, implies the “whole” equality (10.13).

Upon multiplying both sides of (10.6) by 77 on the left and taking into account
the fact that 7VE* = 0 for j > 1 and that TT*DT = DT, we obtain

T'D = -7’ 'DTN! (G=1,...,m),
which implies recursively that
T'D =D(-BTN" ') for j=1,...,m. (10.17)
Thus, since the matrix —STN~! “commutes” with C; and Co,
(. ... €)DCI(-FTN Y = (&, ..., ,)T'DCy = (0, &, ... £)DC;
and
(155 -+ s My )DC2(=BTN ) = (15, ..., m;,)T'DCs = (0, 15, ..., 17;)DCo.
Therefore, (10.15) implies that
(0, &5, -+, §)DC1L = (0, 15, ..., n;)DCy for j=0,...,m,
which expresses the equality of the j-th block rows in (10.13).
(1) = (5). Let (9.17) be in force. Then, since
ETH(T*" 7 =ET7 (0<j<k and k=0,...,m), (10.18)
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it follows readily, upon multiplying (9.17) by ET™ on the left and by N on the
right, that

EY T’ (C5Cy - CiCy) (—BTY N7 =0.
j=0
Therefore,

E(C5Cy — CiCy) = BES Y T7(C5C, — CCy) (—BTY "N/ 3T, (10.19)

j=1
Let Py denote the term inside the curly brackets on the right, i.e.,

m—1
Py= Y T7TH(C5Cy — CCy) (—BTY N7 71, (10.20)
§=0

We now show that the matrix Py satisfies (8.4). To do this we multiply (10.19) by
E* on the left and invoke the identity

E*E=1,—-T*T, (10.21)
to conclude that
BPT 4+ C{Cy — C5Cy =TT (BPyT 4+ C7C1 — C5C4) . (10.22)

The last equality exhibits the fact that the top block row of the matrix indicated
on the left is equal to zero. On the other hand, it is readily seen from the definition
(10.20) of Py that it satisfies the Stein equation

Py+BTRTN ' =T (C;Cy — CfC) N1,

and hence, upon multiplying through by 7% on the left and by N on the right, we
obtain

T*PyN = T*T (CCy — C1Cy — BRT) = CiCo — C1Cy — BRT,
in view of (10.22). Thus,
C5Cy — C1CL =T*PyN + P T,
which is equivalent to (8.4), since
T*PyN + BPyT = (N* — BL,) PoN + 3Py (N — BI,) = N*PyN — Py,
(5) = (2). Let P € C™*™ satisfy (8.4). Then, making use of (9.65), we get
H(2){C{C1 — C3Cy}G(2)™' = H(z){P—-N*PN}G(z)™"
= H(2)P + PG(2)N, (10.23)

which is obviously a matrix polynomial of degree not more than m. By (9.8) and
(9.7), the leading terms of G and H are —2™N~! and z™I,, respectively, and thus,
the expression on the right hand side of (10.23) is a polynomial of degree not more
than m — 1. O

LEMMA 10.6. All the solutions of the homogeneous Stein equation

P-N*PN=0 (10.24)
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are given by the formula

P(L)=UY TYE"L(-BT) N, (10.25)
j=0

where U is given by (10.14) and L, the lowest block row of P(L), is a parameter
varying over C"=™,

Moreover, ]3(L) is positive semidefinite if and only if all its entries are equal to
zero except the bottom right hand r x r block, which is positive semidefinite or,
equivalently, if and only if L is of the form

L=(0,...,0,a), where 0<aeC™.

PROOF. First we show that every matrix P(L) of the form (10.25) is a solution
of the homogeneous Stein equation (10.24). Since T™*! = 0 and T'and N commute,
it follows readily from (10.25) that

EP(L)T = -BEUY TYE*L(-AT)Y "' N~
j=0
m—1
= —BEU Y TYE*L(-BT)*'N~ =0,
j=0

because EUT*E* =0 for j =0,...,m — 1. Therefore, in view of (10.21),

~

(I —T*T)P(L)T = 0. (10.26)

Next, since U2 = I, it is readily seen from (10.25) that the matrix UP(L) is a
solution of the equation

UP(L) + BT*UP(L)TN~' = E*L.
But this is equivalent to the equation
P(L)N + BTP(L)T = UE*LN,
since UT*U = T. Multiplying the lasAt equation by T* on the left and taking
advantage of (10.26), we conclude that P(L) is a solution of the equation
BPT + T*PN =0,

which in turn, is equivalent to (10.24). Thus, every matrix of the form (10.25) is a
solution of (10.24).

Now let @ be any solution of (10.24), let A denote its lowest block row and let
P(A) be the matrix defined via (10.25). Then the matrix R := P(A) — Q satisfies
the Stein equation (10.24) and has zero entries in the lowest block row, that is

R—N*RN=0 and ET™R=0. (10.27)
Upon writing the first of these equalities in the form

BRT +T*RN =0,
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and then multiplying it by ET™ on the left and invoking (10.18) and the second
equality in (10.27), we conclude that ET™ 'R = 0. In much the same way we
obtain recursively that ET7R = 0 for all j =0, ..., m and hence that

R=Y TYE'ET'R=0.
§=0
Thus, Q = P(A), which means that every solution of (10.24) is of the form (10.25).
Furthermore, substituting the block decomposition
~ ~ m ~
PLy=(P;) . Pyec
i,j=
into (10.24) and comparing all the r x r blocks we get
Poj=Pjo=0 and BPjp1+ Py +Pyj=0 (i,j=0,...,m—1).

Therefore since P > 0, we also have POm =P mo = 0. Moreover, Slnce BPH +
ﬁPQO + P10 = 0, we now get P11 — 0. Since P > 0, it follows that Plj =P =0
for all 7 =0,...,m. In much the same manner we obtain recursively that all the
block entries P” are equal to zero except for the block Pmm = «, which is positive
semidefinite, since Pis. O

COROLLARY 10.7. Let (9.17) be in force. Then the matriz Py defined by (10.20)
is the only solution of the Stein equation (8.4) which has zero entries in the lowest
block row. Moreover, the set of all the solutions of the Stein equation (8.4) is
parametrized by the formula

P =Py + P(L),
where P(L) is defined in (10.25) and L, the lowest block row of P(L), is a parameter

varying over C™*"™. Thus, for each L € C"™*™ there exists exactly one solution P of
the Stein equation (8.4) whose the lowest block row coincides with L.

COROLLARY 10.8. Let 0 < P < P. Then the following statements are equiva-
lent:
(1) Both P and P are solutions of the Stein equation (8.4).
(2) All the entries of P are equal to the corresponding entries oflB except for
the bottom right hand r X r blocks which satisfy the condition ﬁmm < Pom-

For the proof, note that (1) is equivalent to the fact that the matrix P=pP-P
is a positive semidefinite solution of the homogeneous Stein equation (10.24) and
then apply Lemma 10.6.

The following formulas will prove useful in the sequel and give yet another
indication of the significance of the condition (10.15).

LEMMA 10.9. Let N and C be as in (9.1) and (9.2), let H, and H¢ be the
Hankel matrices defined by

&1 [ I S

&2 & o Cmt2
H, = : : : (10.28)

ngrl £m+2 e £2m+1
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and
T T2 ce Nim+1
2 UE! o Nimet2
H, = ) ) , (10.29)
NIm+1 Mm+2 - T2m+1
for some choice of Ema1, .- Eam+1 € CPXT and i1, - -+, Nom+1 € CTX7 and let
P: = HgDCl and P, = H:;DCQ, (10.30)

where C; and D are the matrices given in (10.7) and (10.1), respectively. Then:
(1) The matrices Pe and P, satisfy the identities

P: = N*PeN=-C{Ci+E* (& -+ &, )DCIN (10.31)
and
P, -~ N*P,N =-C5Cy+E*(n5 --- n;, )DCaN, (10.32)
respectively.
(2) The matriz P, — P is a solution of the Stein equation (8.4) if and only if
(ns -+ mp )DCy=(& -+ &, )DCy. (10.33)

Proor. Upon multiplying both sides of (10.6) by T" on the left and by N on
the right we obtain
TDN + gTT*DT =0,
and, since D is upper block triangular and hence (I — TT*)DT = 0, we see that
TDN = —DT.

Moreover, since N = 31 + T and both of the matrices N and T' commute with Cj,
it follows from formula (10.30) that

N*PN — P = T*PeN + BPT
= T*HchlN—l—ﬁHzDClT
= T*H{DNC; + fH;DTC,
— T'H;DNC, - H{TDNC,
= (T"H; —H{T)DNC;.
It is readily seen that, due to the Hankel structure (10.28) of Hg,

0
TTH; -HT=| . [E-E"(0 & - &)
&m
and thus,
0
é‘*
Pe—N‘PeN=E*(0 & - &, )DNC, — ' | EDNC. (10.34)
Em
By (10.6),

EDNC, = E(E*E — BT*DT)C; = EC; = C;
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and therefore,

0 0
" |eone, =| T |a (10.35)
Em Em
and
E*(& 0 -~ 0)DNC, =E¢EDNC, = E*¢C).
Next,
E*(0 & - &, )DNC
=B (& & -+ &, )DNCi—E*(& 0 -+ 0)DNCy
=E" (& & - &, )DNCi— B0 (10.36)

Upon substituting (10.35) and (10.36) into (10.34) and taking advantage of the
equality

0
31
lrEg=or
Em
we arrive at (10.31). Identity (10.32) is verified in much the same way and the
second statement of the lemma is an easy consequence of the first one. (I

Our next objective is to reexpress Py in terms of the strictly upper block tri-
angular parts

& - &m O m om0
Hg: and Hg:
€m - 0 0 Mm -+ 0 0
O --- 0 0 o --- 0 0

of the Hankel matrices He and H,, (defined in (10.28) and (10.29), respectively)

and then to express P(L) in terms of the corresponding lower block triangular parts
4 u 4 u

H,=H-H{ and H, =H,-Hj. (10.37)

LEMMA 10.10. Let N and C be as in (9.1) and (9.2). Then the special solution
Py of the Stein equation (8.4) that is defined by formula (10.20) can also be written
as

Py = (H!)*DC; — (H{)*DC,. (10.38)

PROOF. The proof rests essentially on the observation that TC3, ..., T™1C3
are the block columns of the matrix (Hj)*:

HY)* = (TCy, T°CY, ..., T"CY)

and similarly,
(H)" = (TC5, T°Cs, ..., T"HCs).
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On the other hand, since ED = EN~! (as follows immediately from (10.6)), we
conclude by (10.17), that

ET'DC, = ED(-BTN')Cy
= EN Y-pTN"hHCy
= ECy(-pT)NI~!
= Cp(-BTYNI7' (k=1,2;j=0,...,m),

which expresses the fact that Cy(—BT)? N7~ is the j-th block row of the matrix
DCy, for k =1,2. Thus,

m—1
> TITCiCy (-BT)Y N7 = (HY)*DCy,
j=0

m—1
> TITC3Cy (—BT)Y N7 = (HY)*DC,
§=0
and the difference yields (10.38), in view of (10.20). O
LEMMA 10.11. Let C; and D be defined by formulas (10.7) and (10.1), re-
spectively, let Hé and Hf7 be the Hankel matrices defined by (10.37) for some

Emats - &oma1 € CP*" and a1, -y Mame1 € CT*" and let the matriz ]3(L)
be defined by (10.25).

(1) If L= (&541s -+ Emyr) DC1, then P(L) = (H)*DCy.
(2) If L= (0}i1s ---s Moms1) DCo, then P(L) = (H%)*DCQ.
(3) If
L= (77:1-{-17 BRI 77§m+1) DC; — (£:1+17 B f;m—i-l) DCI’
then

P(L) = (H!)*DC; — (H{)*DC;.

PROOF. If L is as in the first statement, then, by (10.25) and (10.17),

m

P(L) = U TY9E" (&1, s Emya) DC1(=BT) N
=0
m . . .
= UNT9E (€1s - s Emss) D(-BTYNTIC,
=0
m ) )
= UY TYE* (§410 - Empa) TVDCy
=0
Emt1 Smrz o S
0 &0y .o &
- ul| . ! | DC; = (HY)*DC,

0 e 0 1
which completes the proof of the first assertion. The proof of the second assertion
is similar and the proof of the third is immediate from the first two and the fact
that R R R
P(Ly — Ls) = P(Ly) — P(Lo).
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O

LEMMA 10.12. Let C; and D be defined by formulas (10.7) and (10.1), respec-
tively.

(1) If rank &y = r, then every matric L € C™*™, n = (m + 1)r, can be

expressed in the form L = (57*n+1, ey §§m+1) DC; for some choice of
Emt1s- - Eamt1 € CPXT.

(2) If rankng = r, then every matric L € C™", n = (m + 1)r, can be
expressed in the form L = (0%,1, ..., Moms1) DC2 for some choice of
nerl, ey T]2m+1 S (CQXT.

Proor. If rank &y = r, then the matrix C; is left invertible. Let CIL denote
its left inverse. Then clearly the choice (f;"nﬂ, ceey f;mﬂ) = LC;LD’1 satisfies
the claim in the first assertion. The proof of the second assertion is similar. O

REMARK 10.13. If M, N, Cy and C; are as in (9.1) and (9.2), but with p = ¢ =
1, then, in view of Theorem 7.7 of [5], every solution P of the Stein equation (8.4)
is subject to the same Iohvidov law as a Hankel matrix. Consequently, if P # 0 is
also positive semidefinite, then it must either be of the form

0 --- 0 0

P = for some 6 > 0,
0 --- 0 0
0 0 ¢

or of the form
Py P
P =
( Py Py )’

where P;; > 0 and

0 -~ 0 0

Pyy — Py P'Pyy = | ¢ S for some § > 0,
0 --- 0 0
0 - 0 6

since the Schur complement of P;; is subject to the same Iohvidov law as P.

If & =no =1 and P = H;DC; is a positive semidefinite solution of equation
(8.4), then it will be of the first form if and only if 7; = 0 (or, equivalently, if and
only if yy =+ =ngm =0and 93, = (—1)mp2m+is).

11. Positive definite solutions of the Stein equation

In this section we continue the analysis of the Stein equation (8.4) when N is
of the form (9.1) and C is partitioned as in (9.2). We shall assume that

P=(Pu)peo,  PrecC, (11.1)

is partitioned conformally with V. In addition to Theorem 10.5, where necessary
and sufficient conditions for the solvability of the the Stein equation (8.4) have been
established, we shall present necessary and sufficient conditions for this equation to
have a positive definite solution and shall describe the set of all such solutions.
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Substituting the block decompositions (9.1), (9.2) and (11.1) into (8.4) and
comparing all the r x r—blocks we get the system
BPoj = monj+1 — &€+t (j=0,...,m—1)
BPiy1,; +BPj1+ Py = nianiv — & (11.2)
(i=0,....m—-1;5=1,...,m—1),

which, upon being solved recursively, leads to

E i
Pu=) Z(*W( ; )Hﬂﬂ (Me—imerjrr — Eiierjer) (11.3)
i=0 j=0
for
0<l+kE<m-—1. (11.4)
Thus, for every solution P of the Stein equation (8.4), the entries with the indexes
from the domain (11.4) are uniquely defined by the right hand side of the equation.
Moreover, these entries satisfy the symmetry

This symmetry follows from the above mentioned uniqueness and the fact that P*
satisfies the Stein equation (8.4) if and only if P does.

Let d;(P),j =0,...,2m, denote the j-th “southwest-northeast” block diagonal
of P. Then all the block entries Py in d;(P) meet the condition s +t = j. In
particular, with a selfevident interpretation,

d;(P) = (Pjo, Pi—11, ..., Poj) for j=0,....m—1
and
d;(P) = (Pm,j—m, Pm—1,j-m+1, -, Pj—mm) for j=m,...,2m.
It has been already mentioned that the diagonals do(P), ..., d,—1(P) are uniquely

defined by (8.4) and are Hermitian in the sense that (11.5) holds. It follows from
(11.2) that for j > m, the diagonal d;(P) is uniquely defined by any one entry P;_; ;
and by the previous diagonal d;_1(P). In particular, d;(P) is uniquely defined by
Py, j—m and d;_1(P) for j > m.

The following lemma will enable us to construct a positive definite solution of
the Stein equation (8.4) recursively.

LEMMA 11.1. Let Cy and Cs be of the form (9.2) and satisfy (9.17), let j be a
fized integer (m —1 < j < 2m — 1) and let the blocks Py of P be given and satisfy

BPyi1,0-1+ BPry+ Poo—1 =njme — Epi1ée and Py = P, (11.6)

for 0 < k+ 1€ < j. Then there exist r x r matrices Pjy1,0, Pj1, ..., Poj+1 such
that relations (11.6) hold for 0 < k+¢ < j+ 1.
Moreover, if j > m and j = 2t is even, Py can be chosen equal to any prescribed

Hermitian v X r matriz vy, i.e., the matrices Py, j_m, ..., Pj_mm can be chosen so
that (11.6) holds and Py = .

PRrROOF. It is clear from the recursion in (11.6) that if the P; ; are known for
0 <i+j <k and if s, t are nonnegative integers with s +¢ = k + 1 (and of
course k+1 < m), then P, ; determines Ps_1 411, and vice versa. Thus, proceeding
recursively, it is easy to obtain a solution of the Stein equation (8.4). But, if P is a



78 ON BOUNDARY INTERPOLATION

solution, then P* is also a solution. Therefore, 3 (P 4 P*) is a Hermitian solution.
But this means that it is possible to chose the entries from the outset to meet the
symmetry condition in (11.6) also. O

Let us consider the upper left (m + 1) x (m + 1) block submatrix

My = (P)fmge where ={ (= D5 oo
of P. Tt is readily checked that Il is the largest principle block submatrix of P
which sits strictly above the diagonal d,,,(P) and hence is uniquely specified by the
right hand side of equation (8.4). Moreover, Il is Hermitian, by (11.5). Let 61,
C, and D be the matrices defined as in (10.7) and (10.1) but with m replaced by
m and let

(11.7)

m 72 o Nl
. N M3 Tmae
H, = _ , " (11.8)
Nm+1 NMm+2 - M2m+1
and
& & - Sam
N &2 & &mge
o] 2 ¢ . (11.9)
1 Sma2 0 Samt

It follows from (11.3) and (10.2) that

k 7
P = Y Y (Di)" (imerier — Giierin)

i=0 j=0

Ne+1
* * AN 7’€+2
= (nk’ 77;—17"')770; O)D* .

Ne+m+1
Set1
* * * ok €€+2

7(5]@} gkfla”-ag()a O)D .

f@—f—ﬁ—f—l

for k,£ =0,...,m, which with help of (11.8) and (11.9) can be written in the matrix
form as
I, = C;D*H, — C;D"H,
or, since P is Hermitian,
II; = H:DC, — H;DC,. (11.10)
THEOREM 11.2. Let N be a matriz of the form (9.1). Then the Stein equation
(8.4) has a positive definite solution if and only if:

(1) The matrices C1 and Cy are subject to (9.17) and
(2) The matriz I defined by (11.10) is positive definite.
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PROOF. The necessity part is clear: if the Stein equation (8.4) has a solution P,
then condition (1) is fulfilled by Theorem 10.5. Moreover, if P is positive definite,
then the submatrix II; (which is uniquely specified by (11.10)) is also positive
definite.

Now let conditions (1) and (2) be in force. Then there exists a positive definite
solution P of the Stein equation (8.4). Indeed, using (11.3) we define the diagonals
do(P),...,dy—1(P) of P. The remaining m + 1 diagonals are defined recursively
to meet (11.6) with the added constraint that the entries Py for ¢ running from
m to 2m are chosen to keep the matrix positive definite. This is easily seen to be
doable by invoking the well known formulas for Schur complements, i.e., from the
decomposition

H]' = (sz)?c,ézo = ( H;fj_l ]Z;']j ) s where Y} = (Pjy(), Pj,la ey Pjyjfl)
(11.11)
and the evident factorization

—1 *
_ [0 (T 0o I I5LY;
J VI I 0 Py - Yl Yy 0o I ’

which implies that, if II;_; > 0, then the matrix II; is positive definite if and only
if Py > VI Y5 O

Note that if condition (2) in Theorem 11.2 is relaxed to Iz > 0, then there
is no guarantee that the corresponding Stein equation has a positive semidefinite
solution. Indeed, it is readily checked that the matrices

C1=(€07€1)=(é (1))7 022(7707771)2((1) 1) and Nz(ﬁ [13)
satisfy (9.17); m = 1 and m = 0. Furthermore, if P satisfies (8.4), then
Iz = Poo = B(ngm — §561) =0 and BPio + BPor = nim — &6 =1, (11.12)

Thus, if P is positive semidefinite, the first relation in (11.12) implies Pig = Py; = 0,
which contradicts the second equality in (11.12).

However, in conclusion, we mention the following analogue of Theorem 11.2,
which is applicable in the degenerate case.

THEOREM 11.3. Gliven matriz N of the form (9.1), the Stein equation (8.4) has
a positive semidefinite solution P if and only if:
(1) The matrices C1 and Cy are subject to (9.17).
(2) The matriz 15, defined by (11.10) is positive semidefinite.
(3) The matrices Pye defined by (11.3) for 0 < {4+ k <m — 1, are subject to

Ker H]' g Ker (Pm,jfly(), Pm,jflyl, ey Pm,jflﬁj) (] = 0, ceey,m — m — 2),
where 11, is the submatriz of P defined in (11.11) and m is the integer
given in (11.7).

The necessity part is clear and follows from the nonnegativity of a solution P
of the Stein equation (8.4). Conversely, if conditions (1)—(3) are fulfilled, a positive
semidefinite solution P of (8.4) may be constructed recursively, as in the proof of
Theorem 11.2.
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12. A Carathéodory-Fejér boundary problem

This section is devoted to a Carathéodory-Fejér boundary problem that we shall
refer to as the CFBP. It is formulated below in terms of the matrix polynomials

¢
Ae(z) = Z(Z — B¢ and By(z) = Z(Z —B)Yn; (€=0,...,m) (12.1)
=0

j=0 J

based on the components of the matrices C; and Co (the first of which were defined
in terms of Cy in (9.44)) and the r x r entries

Lz, w) = N (A (2)Aw (2) Ae(w)* (@ — B)™) (12.2)

(m!)2 8zmdw™
in the bottom block row of the kernel L, (z) given in (9.10).
The CFBP: Given oy & €CPXT oy € CT¥T g, .y € CTFT

and a point B € T, find necessary and sufficient conditions for the existence of a
Schur function S € SP*9 such that:

Ll (2= 5) " {An(2)S() ~ Bu()} = 0, (123)
V4 1112 Loe(z,w) = ar (0<l<m), (124)

and the nontangential limit Zlim, o3 Lym (2, w) exists and meets the constraint

Z 1im6 Lim(z,w) < am. (12.5)

Z,w—

REMARK 12.1. By Lemma 7.8, condition (12.3) is equivalent to

4

Lt L (An()S() = (¢

4 im = 0,...,m). (12.6)

Moreover, condition (12.3) also is clearly equivalent to the set of conditions

£1lim (== 0)" {A(2)S(2) = B(2)} =0 (£=0,....m). (12.7)

Our next objective is to identify the CFBP with an appropriately defined
aBIP. The following preliminary result will be useful.

THEOREM 12.2. Let N and C be as in (9.1) and (9.2), respectively, let P be a
positive semidefinite solution of the Stein equation (8.4) and let S belong to SP*9.
Then the following statements are equivalent:

(1) S belongs to S(I,,, N, P, C).
(2) The nontangential limit (9.13) exists and the value Py of this limit is
subject to the bounds 0 < P, < P.

PRrROOF. Let S be a solution of a/Bﬁ’(In, N, P, C). Then the functions B and
B defined by (1.13) and (1.14) belong to H5*" and H}*?, respectively, and hence
(9.15) and (9.16) hold by the proof of Step 2 of Theorem 9.1.
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Furthermore, since S € 8(I,, N, P, C), the function W(z) defined by (3.12)
belongs to the Carathéodory class C"*™ and takes the value 1P at the origin.
Therefore, it admits a Riesz—Herglotz representation of the form (8.17) and

2m
P=2W(0) = l/ do(t). (12.8)
™ Jo
The mvf W(z) defined by (3.10) satisfies
W) - 3P _ W(z) - W(0)

Wiz) = z - z

and hence, in view of Lemma 7.2,
! .
2l (2= A" W) = —To({t))  (B=e"). (129)
It follows from (3.10) and (9.7) that
(z = Q)™ W(2) = —H(2)P + H(2)C; (C1 — S(2)C2) G(2) .
Upon substituting the latter relation into (12.9) and making use of (9.11) and the
first equality in (9.9), we get

|
~mlP ml £ lim V(z) = ~ o (fto)),
z— T

which implies that the limit in (9.18) exists and defines a Hermitian matrix Py
that is subject to the inequality Py < P, since o({to}) > 0. Moreover, in view of

(12.8),
Py = % (/O% do(t) — a({to})> > 0.

Since relations (9.15), (9.16) and (9.18) are in force, the nontangential limit P,
defined by (9.13) exists and P, = Py = Pg, by Theorem 9.8.

Conversely, if (2) is in force, then Theorem 9.1 is applicable and guarantees
that P¢ = Pp,. Therefore, P < P and hence, by Lemma 1.3, S belongs to

~

S(I,, N, P, C). O

Some necessary conditions for the CFBP to be solvable are given in the next
theorem.

THEOREM 12.3. Let S be a solution of the CFBP and let N, Cy and C5 be the
matrices defined in (9.1) and (9.2). Then:
(1) Cy and Cs are subject to (9.17).
(2) The solution P of the Stein equation (8.4) that is uniquely specified by its
lowest block row

L:=(0,...,0, I,) P= (o, ..., am), (12.10)
is positive semidefinite.

(3) S is a solution of the ﬁﬁ)(lm N, P, C).

We remark that condition (1) implies that the Stein equation (8.4) is solvable
and hence, by Corollary 10.7, there exists a unique solution P for every specification
of the bottom block row.
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Proof of Theorem 12.3: By assumption, S meets conditions (12.3)—(12.5).
Therefore, Theorem 9.1 guarantees that the nontangential limit (9.13) exists, that
its value Pr, = Pg is a positive semidefinite solution of the Stein equation (8.4)
and that C7 and Cy meet the condition (9.17). Thus, by Corollary 10.7, there
is a unique solution P of the Stein equation (8.4) which meets condition (12.10).
Moreover, since

(PL)mm < &m =Py and  (Pp)mj=a;=Pn; (=0,...,m—1), (12.11)

it follows from Corollary 10.7 that
(PL)ij = Pi; for (i,7) # (m,m) and (Pr)mm < Pmm. (12.12)
Therefore, 0 < Pr, < P and hence, S € <§(In, N, P, C) by Theorem 12.2. ([

The first two statements of the last theorem exhibit necessary conditions for
the CFBP to be solvable. The next theorem shows that these conditions are also
sufficient. In fact, in view of Theorem 10.5, it is not necessary to assume both of
these conditions, since the second automatically implies the first.

THEOREM 12.4. Let {; € CP*7, n; € CI*" and a5 € C™" be given for j =
0,...,m, let B €T, let N be of the form (9.1), let C; and Co be partitioned as in
(9.2) and suppose that there exists a positive semidefinite solution P of the Stein
equation (8.4) with

ij:aj, ij,,m
Then the CFBP and the ﬁ([n, N, P, C) are equivalent (i.e., they have the
same set of solutions).

PROOF. It was shown in the previous theorem that every solution of the CFBP
is a solution of the aBIP(I,,, N, P, C).

Conversely, if S € <§(In, N, P, C), then, by Theorem 12.2, the nontangential
limit (9.13) exists and its value Pp, is subject to the constraints 0 < P, < P.
Moreover, by Theorem 9.1, Pp, satisfies the Stein equation (8.4) and hence, by
Corollary 10.8,

Z lim L;(z,0) = (PL)mj = Pmj = o

Z,w—

for j=0,...,m—1, and

Z lm Lym(z,w0) = (PL)mm < Pomm = am.

Thus, S satisfies the conditions (12.4) and (12.5) Finally, since Theorem 9.1 also
guarantees the existence of the limit (9.15), which is equivalent to (12.3), S is a
solution of the CFBP. g

The next lemma helps to clarify the interpolation meaning of the matrices
QQy ...y Q.

LEMMA 12.5. Let N and C be as in (9.1) and (9.2) and let S € SP*? admit the

nontangential asymptotic expansion
2m-+1 2m-+1

S (2= BYES() = Y (2= B)n; = o((z — B)*™HY), (12.13)

J=0 Jj=0
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in each Stoltz angle Ug(¢) with half angle ¢ < % for some choice of {mt, ... Eamyr €
CP*" and Mm41, - - - s Nem+1 € CT*7 and assume that (9.16) and (9.17) are in force.
Then:

(1) The nontangential limit (9.18) exists and its value Py is a solution of the
Stein equation (8.4) and is given by the formula

Py = H;DC, — H;DC|, (12.14)

where the matrices He, H,, C; and D are defined in formulas (10.28),
(10.29), (10.7) and (10.1), respectively.

(2) If moreover, S € g(ln, N, P, C), where P is any positive semidefinite
solution of the Stein equation (8.4), then the nontangential limit (9.13)

exists and its value Py, is equal to Py .

ProoOF. Upon reexpressing (12.13) in terms of the polynomials (12.1), we see
that

Ble) AR _ S e 10 8(2) — S0 — B ni e + ol — B
j=0

— 3)0+1
(z=5) J=0 J
for £=0,...,m. Therefore, by (9.5),

Ao(2)S(z) — Bo(z)
(z—DB)

An(2)S(2) = B (2)

(== Ayt
m ' 5;4-1 77;+1
=> (z-p)y : S(z) - : +o((z = B)™).
J=0 §r*n+j+1 77:n+j+1

Making use of (10.28), (10.29) and of the mvf

I
(z = B)I,
XT(Z) = : 9
(Z - ﬁ)mIr

we may rewrite the last asymptotic equality as
H(z)"N(C5 — C7S(2)) = H{ X, (2)S(2) — H) Xy (2) + o((z = B)™),  (12.15)

Next, since
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Leibnitz’s rule and the formulas (9.29), (10.5) lead readily to the evaluation

1 dm _ B m j )CQG( ))(m—j)
Zzl—ﬁ m! dzm (XP(Z)S(Z)C2G(Z)) N Zzh—% = m—j)!

= Y TYE* (-1 Cy(BT) NI
j=0

= ) TYE* (1M EBTYNTIC,
j=0

= -DC;, (12.16)

where the passage to the last line uses the fact that N7~ is a polynomial in 7.
Similarly, on account of (9.9), we have

i (Xq(z)@é(z)) = /Zlim v %Xéj)(z)(CQG(Z))(m—j)

/ lim
=8 = ji(m = j)!

z—p m'd m

= Y TYE* (-1 Cy(BT) NI

= Y TYE* (-1 E(BT)/N7'C,
= -DC.. (12.17)

Now it follows readily from (12.15)—(12.17) by Lemma 7.8, that

P
Sl dzm

(H(z)’l(Cg‘ - 0;5(2))026(2)) — H;DC, - H{DC,. (12.18)

Thus, as Cy and Cy are assumed to be subject to (9.17), Theorem 10.5 guarantees
that

d?”rl
dZ m

(A=) {Ci0 - C3Ga} G271 ) =0
and hence, that

dm T * * -1\ _ dm T * —1
— (H()(C5 = G806 () ) = 2= (H()C1 (€1 = S(:) )G ()7

(12.19)
Formula (12.14) now follows directly from the definition of Py and the formulas
(12.18) and (12.19).

Moreover, if S € g(In, N, P, C), then the limit Py, in (9.13) exists, by Theorem
12.2. Theorem 9.8 guarantees that P, = Py, which completes the proof of the
lemma. U
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COROLLARY 12.6. Let S be a solution of the CFBP that admits a nontangential
asymptotic expansion of the form (12.13). Then

Mo -+ Mm-1
\ \ 0 :
(a05"'aam—1) = (nm+17"-7772m+1)D
7o
0 0
o 0 &m-1
) \ 0 :
- (€m+1’ s 7€2m+1) D .
“- &o
0 --- 0
and
im Em
W > (Mgt omy1) D —(&ritr - Gmin) D :
o &o

PRrROOF. Under the given assumptions, (9.16) and (9.17) are in force and P, =
Py, thanks to Theorem 9.1. Thus, the asserted identities follow easily from formulas
(12.4), (12.5) and (12.14) upon matching the bottom block rows in Pp, and Py. O

COROLLARY 12.7. Let N be as in (9.1), let

4 & 0 .- 0
C: =
(02) (ﬂo mooe nm)’

let
2m—+1
£5S(2) — Z (z = B)'n; =o((z — B)2mThy (as z — B nontangentially),
§=0
for some choice of i1, sN2ms+1 € CT*7 and assume that (9.17) is in force.

Then the nontangential limit (9.18) exists and its value Py is a solution of the
Stein equation (8.4) and is given by the formula

Py = H;DC,, (12.20)

where the matrices H,, Co and D are defined in formulas (10.29), (10.7) and (10.1),
respectively. Moreover, if S € g(In, N, P, C), where P is any positive semidefinite
solution of the Stein equation (8.4), then the nontangential limit (9.13) exists and
its value Py, is equal to Py .

PrROOF. The assumptions are the same as in the last lemma except that the
condition (9.16) has been dropped. However, in the proof of the last lemma, as-
sumption (9.16) only comes into play in the evaluation of H X, (2)S(2). If, as in
the present setting, {; = 0 for j = 1,...,2m+1, then this assumption is not needed
because Hy = 0. Therefore, the conclusions of the last lemma are in force, with
Hi =0. O
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In keeping with the preceding conventions, we shall let CFBP denote the
problem of finding all functions S € SP*? which satisfy conditions (12.3), (12.4)
and (12.5) with equality.

THEOREM 12.8. Let T, Cy and Cy be the matrices defined in (9.3) and (9.2)
and let P be the solution of the Stein equation (8.4), that is uniquely specified by its
lowest block row via (12.10). Then the CFBP has a solution if and only if P >0
and

Ker PT ﬂ Ker C C Ker P. (12.21)

PRrROOF. To apply Theorem 6.1, we shall prove the equivalence of the CFBP
and the aBIP(I,, N, P, C).

Let S be a solution of the CFBP. Then, by Theorem 12.3, (9.17) holds, P
is a positive semidefinite solution of the Stein equation (8.4) and S is a solution
of the aBIP(I,, N, P, C'). Therefore, Theorem 9.1 is applicable and hence the
nontangential limit Pr, in (9.13) exists and is equal to Pg. In particular, since S is
a solution of the CFBP,

(P$)mm = (PL)mm = £ limﬂ Lom(z,w) = ap.
By (12.10), Ppm = @m(= (Ps)mm). Therefore, since P > Ps > 0 and Ps satisfies
the same Stein equation as P, Corollary 10.8 guarantees that Ps = P. Therefore,
S is a solution of the aBIP(I,, N, P, C).

Conversely, if P is a positive semidefinite solution of the Stein equation (8.4),
then the aBIP(I,, N, P, C) is defined. If S € S(I,,, N, P, C), then (Ps)mm =
P,m = a,, and, by another application of Theorem 9.1,

z

Thus, S is a solution of the CFBP and, by Theorem 6.1, the aBIP(I,, N, P, C)
is solvable if and only if P is a positive semidefinite solution of Stein equation (8.4)
and

Ker P(I,, — 3N) (| KerC = Ker P (| Ker PN (] KerC,

since (3 is the only point at which G(z) is not invertible. But the last condition is
equivalent to (12.21), since I, — BN = —pT. O

In conclusion we give an alternative condition to (12.21) for the CFBP to be
solvable which is in the spirit of Theorem 8.5. The proof is obtained by much the
same arguments and will be omitted.

THEOREM 12.9. Let P be a positive semidefinite solution of the Stein equation
(8.4) with N specified by (9.1). Then:

(1) If P is minimal in the sense that P does not majorize any positive semi-
definite block diagonal matriz A of the form

A =diag{Ao,...,An} with Aj=0,% (j=0,....,m—1) and AeC"™",
then the CFBP is solvable and moreover, it is equivalent to the CFBP.

(2) If the CFBP is solvable and condition (8.23) holds, then P is minimal in
the sense described in the first part.
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There is an analogue of Lemma 8.6 in this setting too:

LEMMA 12.10. Let p = q = 1 and let P be a positive semidefinite solution of
the Stein equation (8.4) based on the matrices N and C that are specified in (9.1)
and (9.2) with r =1 and let v be the integer defined in (8.23). Then:

(1) P is invertible if and only if v = 0.
(2) P is singular if and only if v =1.

PROOF. The general strategy of the proof is the same as the proof of Lemma
8.6. Indeed, it is readily seen that the main ingredient is to show that if v = 0,
then Ker P = {0}. To verify this claim, let z be a vector in Ker P. Then, since
v = 0 implies that

Ker P = Ker (P + C5C5) = Ker (N*PN + C{Ch),
and since N = 31, + T, it is readily seen that
Pr=0=—PTxz=0 and Ciz=0
and hence that PT7x = 0 and
C\T’z=0 for j=0,1,...,m.
Therefore, since the pair (C71,T) is observable, it follows that « = 0. O

13. The full matrix Carathéodory-Fejér boundary problem
In this section we apply the preceding analysis to the Carathéodory-Fejér full

matrix boundary problem (CFFP) for p X ¢ matrix valued Schur functions with
P=q
The CFFP: Given a point B € T, a pxq matriz & of rank q and q X ¢ matrices
N0y -« -y Nam and Yom+1, find all Schur functions S € SP*4 such that
(1) The matriz valued function

Flaw) = e (2 2E )

 9zmIa™ 1—zw

meets the uniform bound
|1F(z2)]| <k < oo (13.1)

in some nontangential neighborhood of 3.
(2) The nontangential limit

Mo 3= £ lim (2 = B)7 OGS () —mg = = (2 = )5} (132)
erists and satisfies the bound

(_1)m52m+1 (7;m+1 - 775m+1) no = 0. (13.3)
If (13.2) is in effect, then, by Corollary 7.9, the boundary limits of the first
2m + 1 derivatives of the function £§S(z) exist and satisfy

)
/ lim 097 (2)

!, 7 =n; for j=0,....2m+ 1. (13.4)
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Our first main objective is to identify the CFFP with the aT?:ﬁ’(In, N, P, C) based
on a matrix P that will be defined below (see Theorem 13.3) and the matrices

BI‘I Iq
N = O and C:(Cﬁ):(ﬁo 0 0 )7
N Co Mo M "m
8l
(13.5)
where & is a p X ¢ matrix of rank ¢ and n; € C?*? for j = 0,...,m. For this choice

of data, the pair (C, N) is clearly observable. A couple of remarks are in order.

REMARK 13.1. A mvf S satisfies (13.2) if and only if it satisfies the nontangen-
tial asymptotic equality
§S8(z) =15+ 4 (2 = B)" 05y, + (2 = B g1 + 0 (2= 5)*™T) L (13.6)
Moreover, if (13.6) and (9.17) are in force, then the nontangential limit (9.18) in
the setting of (13.5) exists and its value Py is given by the formula
Py = H;DCs, (13.7)
where D, Cy and H,, are the matrices defined in (10.1), (10.7) and (10.29), respec-
tively.

PROOF. The first statement is immediate from Corollary 7.9 applied to the
function &£}S(z); the second follows from Corollary 12.7. O

REMARK 13.2. Let N, Cy, and C be the matrices defined in (13.5) and let
relation (9.17) be in force. Then

(1) The matrices 19 and Cy are invertible.
(2) The matrix Py of the form (13.7) satisfies the Stein equation (8.4) for
every choice of the block entries 7,41, ..., N2m+1 in Hy,.

PROOF. By Theorem 10.5, the identity (10.13) is in force. Thus, upon matching
the left hand bottom blocks in this identity, we obtain

BEGEo = Brgno.
Therefore, since rank {g = ¢ and 1y € C?*9, it follows that 79 and Cs are invertible.

The second statement follows from Lemma 10.9 applied to the case £ = 0 for

j=1,....2m+1. O
THEOREM 13.3. Let
P=H,DC,, (13.8)
where D and Cy are the matrices defined in (10.1) and (10.7), respectively, and
N T2 Ym+1
- Y2 ¥3 e : with v; = 1n;
H, = . . for j=1,...,2m. (13.9)
. . Yom
Ym4+1  Ym4+2 0 V2m V2m+l

Then a muf S € SP*? is a solution of the CFFP if and only if the matrixz P is a
positive semidefinite solution of the Stein equation (8.4) and S is is a solution of

the ﬁ([n, N, P, C) based on the matrices defined in (13.8) and (13.5).
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PROOF. Suppose first that S is a solution of the CFFP and let P, N, C;
and Cy be the matrices defined in (13.8) and (13.5). Then, since A,,(z) = & in
the present setting, it is readily seen with the help of formula (9.46) that condition
(13.1) coincides with condition (9.14) and hence that all the conclusions of Theorem
9.1 are valid. In particular, C; and Cy satisfy relation (9.17), the nontangential
limits (9.18) for Py and (9.13) for Pp, exist and Py = P, = Pg is a positive
semidefinite solution of the Stein equation (8.4). Moreover, by Remark 13.1,

Ps = Py = Py = H.DCo. (13.10)

Next, comparing formulas (13.8) and (13.10), we see that

0O --- 0 0

P _pe—| : : DC;
0O --- 0 0
o -~ 0 ’75m+1 - 77§m+1

and consequently, as D and Cs are both block upper triangular and the lower right
hand block entry of DCs is equal to (—1)™32™*+1nq, that

0 if (i,5) # (m,m)
P—Pg), = . . BAbJ (1311
( )i { (=)™ (Vpga = Woma)m0 3 (i,5) = (m,m). (13.11)
Thus, in view of (13.3), Ps < P and hence, by Corollary 10.8, P is also a positive
semidefinite solution of the same Stein equation. By Corollary 1.4, S is a solution
of the aBIP(I,,, N, P, C), as claimed.

To prove the opposite implication, assume that the matrix P given in (13.8) is
a positive semidefinite solution of the Stein equation (8.4) and that S is a solution

of the aBIP(I,, N, P, C). Then, since (9.17) and (10.13) hold by Theorem 10.5,
1o and Cq are invertible by Remark 13.2.

Next, from the arguments used to prove Theorem 12.2, it follows that the mvf
W(z) = H(z)"' {C} (C1 — S(2)C2) G(2) " — P} (13.12)

admits a representation of the form

=L [t

T et — z

for some finite positive semidefinite n X n matrix measure o(t) on [0, 27) and hence,
by Lemma 7.2, that

Zlim(z = HW() = ——ol{te}) (5= e™) (13.13)

Upon making use of relations (10.10) and formula (13.8) for P, we may rewrite
(13.12) as

W(z) = H(z) "' {C; S(2)E(2)DC;y — C;E(2)DC; — H,DC>} .
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Moreover, since C1 = §FE and C; = UC;U in the present setting, it is readily
seen with the help of (10.13) that

CIE(z)DC; = E*¢E(z)DC;
E*E(z)CiDC;y
= FE'E(z)UC;UDC,
= FE'E(2)UC3UDC,

and therefore, that
W(z) = H(z)"*{C;S(2)E(z) — E*E(2)UC}U — H,} DC..
Since the matrix DCj is invertible, it follows by (13.13), that the nontangential
limit
I := 4211_13%(2 — B)W(2)(DCy)™*
= [/ ZILI%(Z — B)H(2) ' {C;5(2)E(z) — E*E(2)UC3U — H,} (13.14)

exists and is equal to
1 _
I =——0o({to}) (DC2) t

Upon invoking the block decompositions of the entries in (13.14), it is easily seen
that the bottom right hand ¢ x ¢ block of the function (z — )W (z)(DC2)~! is
equal to

§5(2) =1 = (= B = .. = (2 = B — (2 = B s
(== gt

and, by the preceding analysis, that it converges to the bottom right hand ¢ x ¢
block of the matrix I' as z tends to § nontangentially:

2m

() = £ lim (2 — B) P ES(2) = Y (2 = BY ;= (2= B s
§=0
L _§89() .
The latter equality implies that £ hn}j ————— exists for j =0,...,2m+ 1 and
z— j
that
* G(7)
/Z lim M:n* for 7=0,...,2m.
z—03 ]' J

It does not yield any information about the value of the last limit for j = 2m + 1.
However, in keeping with the preceding notation, we shall set

. B ) fSS(2m+1) (Z)
Tomi1 = £ 0 =TT
Then, by Corollary 7.9, the nontangential limit (13.2) exists and hence, by Remark
13.1, the nontangential limit (9.18) in the setting of (13.5) exists and its value Py

is given by the formula (13.7). Since S is a solution of the a/Bﬁ)(In, N, P, (),
the second statement in Lemma 12.5 guarantees that the nontangential limit (9.13)
exists and is equal to P, = P = Py = H;;DCQ. Thus, the nontangential limit

/ limﬁ Lym(2,0) = (PL)mm
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of the right bottom block entry of the kernel Ly, (z) defined via (9.10) exists. There-
fore, since (m!)?Lym(2,w) = F(z,w) in the present setting, the uniform bound
(13.1) follows.

By Theorem 12.2 we have P, < P, which together with Corollary 10.8 imply
that the ¢ x ¢ blocks

0 if (’L', ) 7é (mam)

Thus, on account of (13.8) and the block upper triangular structure of DCa,

* * -1
(H;-H;), = ((P-R)(DCy) )M
_ 0 it (i,7) # (m,m),
— L ymEmttangt i (i) = (m,m)
In particular, B
7;m+1 - 77§m+1 = (71)m62m+1A7’()_17
which leads easily to (13.3). O

As a simple consequence of Theorem 13.3 we obtain necessary and sufficient
conditions for the CFBP to have a solution.

THEOREM 13.4. The CFFP has a solution if and only if the matriz P defined
in (13.8) is a positive semidefinite solution of the Stein equation (8.4):

P>0 and P—N*PN =C.C] —CyC5. (13.15)
Moreover, if these conditions are met, then Theorem 5.9 provides a description of

the set of all solutions of the CFFP in terms of a linear fractional transformation
with coefficients expressed explicitly in terms of the interpolation data.

PROOF. The necessity part was proved in Theorem 13.3. Conversely, if P
is a positive semidefinite solution of the Stein equation (8.4), then the CFFP is
equivalent to the aBIP([,, N, P, C'), which has a solution, by Theorem 5.9. (I

EXAMPLE 13.5. The choice p =¢g=1,m =2, 8=1,& =n =m = 1,
n2=mn3 =14 =0 and 5 = § > 0 in formula (13.8) leads to a positive semidefinite
singular solution of the Stein equation (8.4):

1 0 0
P=10 00
0 0 v

For this choice of data, the matrices defined in (5.14) and (5.16) are readily seen to
be equal to

1

0 o0 1 1 0 0 0
0 0 O 0 0 O
Wl: 0 0 51/2 ) W2: 0 0 51/2 ; X = g—) ) Y1:}/2— 8
1 1 0 1 0 0
and Z; = Z> = 0. Correspondingly, Q = I3 and
1 z-1 0
Az = -1 2-2 0

0 0 {(1-z)8""
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Thus, formula (5.17) for the set of all solutions to this problem reduces to the single
solution S(z) = ¥12(2) = 2.

We remark that if the CFBP of Section 12 is specialized to the setting of
(13.5), then, since the polynomial Ay(z) = & for £ = 0,...,m, the interpolation
conditions (12.3)—(12.5) can be reexpressed as:

a Zlig;j (z=0)""{&S(z) —ng — (2 =By —--- = (2= B)"n,,} = 0. (13.16)

2m

0 _

2m

. 0 ) _ _
(m!)QZ le)rﬁﬁ 0727”6@7”50/\“’(2)50 exists and is < auy,. (13.18)

The connection between the data ng, ..., n, and ag, ..., a,, for the problem CFBP

and the data ng, ..., N2y and yo2,,41 for the problem CFFP is clarified by Corollary
12.6, which, in the setting of (13.5), states that

(Oé(), ey Oém) = (n;knJrlv te 7n§m7 7§m+1) DCQ (1319)

If p > ¢ and rank&y = ¢, then the CFFP is equivalent to the problem (13.16)—
(13.18), since by the preceding analysis, they are both equivalent to the same
a/Bﬁ’(Im N, P, C) in the setting of (13.5). Moreover, since the matrix Cs is in-
vertible, the matrices 7,41, - - - , J2m and vyo,41 are uniquely determined via (13.19)
by ag, ..., an, and vice versa. If p < g, one can still formulate the CFFP via (13.2)
and (13.3), but the resulting problem will be not equivalent to the problem (13.16)—

(13.18): every solution S of the CFFP will satisfy the conditions (13.16)—(13.18)
but not conversely.

We remark also that there exist solutions S of the CFFP for which equality
holds in (13.3) if and only if the matrix P defined in (13.8) is a positive semidef-
inite solution of the Stein equation (8.4) and the condition (12.21), based on the
matrices T and C defined in (9.3) and (13.5), is in force. Moreover, this problem,
which we shall refer to as the CFFP, has one solution if the integer v defined by
formula (5.5) meets the condition ¥ = min(p, ¢) and it has infinitely many solu-
tions if ¥ < min(p, ¢). In particular, if P is positive definite, then the CFFP has
infinitely many solutions. The verification of these assertions is much the same as
the proof of Theorems 12.8 and 12.9. The strategy is to identify the CFFP with
the aBIP(I,, N, P, C) that is formulated in terms of the matrices N, P and C
defined in (13.5) and (13.8). Note also that equality in (13.3) means that the limit
n; of (1) 1¢58W) (2), as z tends to 8 nontangentially, is specified for j = 2m + 1
as well as for j = 0,...,2m. In particular, 73, is equal to the preassigned ¢ x ¢
matrix 73, for every solution S of the CFFP.

If p=gq, o = Iy and n; = 57 for j =0,...,2m, then the CFFP reduces to:

The FP: Given a point B € T and q X q matrices Sy, ..., Som and v, find all
Schur functions S € ST such that

(1) The matriz valued function

Fleuw)= 2 (Iq—5<z>8<w>*)

T 9zmu™ 1—zw
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meets the uniform bound
|F(z,2)|| < k < o0 (13.20)

in some nontangential neighborhood of (.
(2) The nontangential limit

Somq1 =2 lin}j (2= B)~CmHY{S(2) = S — ... — Sam(z — B)*™} (13.21)
erists and satisfies the bound
(=)™ B> (4 — Samy1) Sg > 0. (13.22)
In this setting, N is the same as in (13.5), whereas
(CiN (I, 0O - 0
co(G)=(h s ). 152
By Theorem 13.4, the FP has a solution if and only if the matrix
S So e Syt Sg o Sy ... S
p=| % S © |p| O %o (13.24)
: : Som : S
Sm+1 Sm+2 '+ Som 0 o -~ 0 5

satisfies conditions (13.15).

In [40] I. Kovalishina considered another multiple boundary interpolation prob-
lem for ¢ x g matrix valued Schur functions, which she termed the SK problem:

SK: Given a point 8 € T and q x g matrices Sy, ..., Sam and v with So S5 = I,
find all Schur functions S € ST that meet the conditions (13.21) and (13.22).

Kovalishina asserted that the SK problem is solvable if and only if the matrix
P defined by (13.8) is a positive semidefinite solution of the Stein equation (8.4).
> However, although these conditions are sufficient, they not necessary, as the
following extension of Example 9.9 illustrates.

ExAMPLE 13.6. Let ¢ =1, m—l 8=1,5=1, 5= 52253:5’4:’}/:

0,Cy =(1, 0, 0) and Cy = (1, 2, 0). Then the function S( ) = (1+ z)/2 solves
the problem SK with this data, since the limit

4
5'5—111111(2—1 Zz—l i3 =0
7=0
exists and satisfies the bound (13.3). However, the matrix
1 1 1 11
5 00 1 -1 1 1 5 0 5 —1 71
P=H,DC;=| 0 0 0 0 -1 2 01 45 ]=[0 00
0 00 0 0 1 0 0 1 0 0 0

S5Kovalishina considered a functional identity (16) in [40] that turns out to be equivalent to
(8.4)
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is not positive semidefinite and does not satisfy the Stein equation (8.4). In fact,
since

0 0 1 0 0 1
CiUDC;=| 0 -1 2 | #[ 0 -1 2 | =C;UDGC,,
1 -1 1 1 -1 32

Theorem 10.5 implies that the Stein equation (8.4) does not have any solutions at
all for this choice of data.

In [40], Kovalishina also presented a parametrization of the set of all “solu-
tions” in terms of a linear fractional transformation under the assumption that the
associated Pick matrix P given by (13.24) is positive definite. The parametriza-
tion is of the form (5.3) with the free parameter £ € S9*9. However, since every
function S of the form (5.3) satisfies (13.20) as well as the conditions (13.21) and
(13.22), the proposed parametrization describes the set of all solutions of the FP
formulated above, rather than the problem SK.

To prove the necessity of the conditions (13.15), Kovalishina assumed that
S(2)S(1/2)" =1, (13.25)

in some neighborhood of §. Example 13.6 shows that this assumption is restrictive.
However, it suggests another modification of the problem SK:

SK’: Given a point 8 € T and q X q matrices Sy, ..., Som and v, find all Schur
functions S € ST that meet conditions (13.21), (13.22) and (13.25).

The condition (13.20) sits between the conditions (1) of Sy being unitary and
(2) of S(z) being unitary on an open arc containing the point 8: (2)== (13.20)
= (1). A bitangential version of the SK’ problem for rational generalized Schur
functions was considered in [13].

It turns out that conditions (13.15) for P defined by (13.24) are necessary and
sufficient for the problem SK’ to have a solution. The necessity was proved in [40].
Furthermore, if P is positive definite, then it is easily shown that formula (5.3)
parametrizes the set of all solutions of the problem SK', as £ varies over the class
of §7%¢ functions satisfying

E(2)E(1/2)* = I,

in some neighborhood of 8. If P is positive semidefinite and satisfies (8.4), then,
using approximation arguments, one can easily show that the problem SK' still has
a solution.

14. The lossless inverse scattering problem

Given S € §P*9, the lossless inverse scattering problem (LISP) is to find all
J—inner mvf’s © which are analytic in D such that

(Ip, —5(2))O(2)JO(2)" < —;E)Z)* ) >0 (lz] < 1). (14.1)

It is known that this inequality holds if and only if
S(2) = To(€) := (011(2)E(2) + 613(2)) (621 (2)E(2) + O2(2)) ™
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for some choice of £ € §P*4. This representation exhibits S as the input scattering
matrix of a lossless network with chain scattering matrix © and load scattering
matrix £, which motivates the term LISP.

An explicit construction of all rational solutions of the LISP which are analytic
in D was given in [23, Section 8]. For additional information, references and other
directions, see [3] and [2]. In [23, Theorem 8.5] all elementary solutions of the
LISP with a simple pole at the boundary were constructed. In this section we
shall describe all the rational solutions of the LISP with an arbitrary number of
poles on the boundary, simple or not.

It is readily seen from (14.1) that for every solution © of the LISP and every
constant J—unitary matrix U, the function ©(z)U is also a solution of the same
LISP. In particular, we may take U = ©~!(u) (where u is an arbitrary point on
T at which © is analytic) and conclude that every solution © of the LISP can
be normalized by the condition (4.10). By Theorem 4.5, a J—inner rational mvf ©
admits a realization (4.9) under the normalization condition (4.10). By assumption,
© has no poles off the unit circle; therefore, G(z) is invertible off the unit circle and
we may assume without loss of generality (see Lemma 2.11 and Remark 2.12) that
M is the identity matrix and

N=N;@®---® N, where N;= B € Cmat1)x(m;+1)

(14.2)
where 8; € T and m; + ... + mp + k = n. Here, and in what follows, we let
Z =7Z1® -+ ® Zy denote the block diagonal matrix with matrices Z1,...,Zx on
the main diagonal. Then, in accordance with (1.4) and (1.12),

G(z)=1,—z2N=G1(2) ® - & Gi(z) (14.3)
and
H(z)=z2I,— N*"=Hq(2)® - ® Hi(z), (14.4)
where

Gj(z) = Im;+1 —2zN; and Hj(z) = z2Ipn;41 — Nj.

J
Following [23, Section 8], we shall say that a solution © of the form

00) = Ipua ~ 1) ( Gf ) GEPRGET(CE G (14

of the LISP is an elementary (Cy, N) solution. This means in particular, that
span{(I,, 0)f: feH(O)}={Ci(I, —2N)"'z: zeC"}. (14.6)
There is a converse:

LEMMA 14.1. Let O(z) be a rational J-inner muf of McMillan degree n and
let (Ch, N) be an observable pair. Then (14.6) holds if and only if ©(z) can be
expressed in the form (14.5) for some Co € CT*™ and some solution P > 0 of the
Stein equation (8.4).
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PROOF. Let O be a rational J—inner mvf of McMillan degree n. By Theorem
4.5, it admits a representation of the form

Cy

O(2) = Lpsq — pu(2) < ;. ) (M — 2N) PO — uN) (G, G5) T, (14.7)

where det (]Tj — 2N) % 0, the columns of ( gl ) (]Tj — zN)~! are linearly inde-
2

pendent and P > 0 is a solution of the Stein equation

M*PM — N*PN = C;Cy — C3Cs. (14.8)

H(@)z{( g; )(M—ZN)_lx: IE(C"},

and the equality (14.6) implies that

Consequently,

{él(ﬂ—zﬁ)flx: xe@”}z{Cl(In—zN)*lx: reC}.
Therefore, there exists an n x n invertible matrix V' such that
Cy (M —zN)~' = Cy (I, — 2N)"'V. (14.9)

This implies in particular that the mvf Cy (]Tj —2N )~! is analytic at zero and hence
that M is invertible (see e.g., [25, Section 3]). Thus, without loss of generality, we
can in fact assume that M = I,, and hence (upon setting z = 0 in (14.9)) that

CL=CV. (14.10)
Then, by applying the backward shift operator Ry to the identity (14.9), we obtain
Ci(I, — zN)"'NV = Cy(I, — zN)"'N = Cy(I, — zN) "'V N.
Therefore, since (Cy, N) is an observable pair,
NV =VN. (14.11)
The rest is straightforward: setting
Co=CoV™! and P=V PV}

and taking (14.10) and (14.11) into account, we conclude that the formulas (14.7)
and (14.5) are equivalent. Moreover, upon multiplying (14.8) by V=1 on the right
and by V* on the left, we conclude that P satisfies the Stein equation (8.4). O

To establish necessary and sufficient conditions for the LISP to have a solution,
we first need to extend Theorem 9.1 to the case of several boundary points.

Let N be decomposed as in (14.2), let
Gi(2) = (2 = B)™ G (2) and Hj(z) = (= 3;)"HH (2)  (14.12)
for j=1,...,k and let
G(z)=GCi1(2)®---®Gr(z) and H(z)=H(2)® - @ Hy(z).  (14.13)
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Furthermore, let C' be decomposed conformally with (14.2) as

C1 Cu - Cui
C= = 14.14
<02> <021 O%)’ (14.14)
where
Cyj ) ( o o Eimy )
= M . 14.15
( Cy; 00 0 Nimy ( )

Next, we introduce the kernel L(z,w) with j¢-th block entry

1 gmitme . A = .
(14.16)
and the mvf V(z) with j¢-th block entry
1 dm 7 * -1
Viee) = o (H;(2)C%; (Cre = $(2)C20) G71(2)) (14.17)

The kernel L(z,w) is positive on D x D, by Proposition 2.4, and the bottom right
hand corner (Lj;)m;m, (2,w) of Lj;(z,w) is equal to

1 anj
(m;1)2 02™i w™i

(Ljj)mym; (z,w) = (a;(2)CjAL(2)Crya;(w)) (G =1,...,k),

where the
m;

a;(2) =Y & (2= B, G=1,....k (14.18)

=0

are 1 x p vector polynomials of degree m; that correspond to the Jordan cells in
the decomposition (14.2).

THEOREM 14.2. Let S € SP*9, let Cy; € CPX(MitD) et ﬁj(z), é](z) and
L(z,w) be defined via (14.12) and (14.16), respectively, and suppose that

| (L imym, (2, 2)|] < K < o0 (14.19)
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for every point z in a nontangential neighborhood Ug, of B;, for j =1,..., k. Then:

m;
(1) 2 lim m%' % (Hj(z)c;jS(z)) —C5 (G=1,....,k). (14.20)
) 1 dm =~ 1.
(@) Zlm o (S(Z)CQjGj(Z)) — —CyN;' (j=1,...,k). (14.21)
(3) The nontangential limits
[Pv]je = Azlgxﬁl V() (14.22)
and
[PL; =<4 limﬂ Lj(z,w) (14.23)
Z =Py
w — By
exist for 3,0 =1,...,k and are equal. Moreover,
Py = P, = Ps, (14.24)

where Py = ([Pv]jg);e:l, P = ([PL]J’f);eﬂ and Ps 1is the matriz
associated with S wvia (1.10).
(4)  The columns of the p x n muf B(z) = (C1 — S(2)C)G(2)™ (based on
the matrices Cy and Cy that are defined in (14.14) and (14.15)) belong to.
H(S). Moreover,

(Bu, Bv)yg) =v"Psu (14.25)
for every choice of vectors u and v in C™. In particular, B € H5*".
(5) The function B(¢) = H(C)™ ' (Ch — CFS(C)) belongs to HY*Y.

PROOF. By Theorem 9.1, the uniform estimates (14.19) imply that the norms
of the diagonal blocks of the kernel L(z,w) defined via (14.16) are subject to the
uniform bound

|ILjj(z,w)|| <k <oo in U, xUs, (j=1,...,k)

and that (14.20) and (14.21) hold; the limits (14.20) serve to define the matrix
CQ = (021, ceey Ckl)-

Theorem 9.1 also guarantees that the mvf’s

B;(¢) = H;(Q)™" (C3; = C1;8(Q))  (G=1,....k) (14.26)

belong to H;mjﬂ)xq, which yields (5), since

B() = col (Bi(C).- -, Be(())
Next, the columns of the mvf’s

1 o™
B. ;(C) = N ET

belong to H(S), since A, (¢) is the reproducing kernel of H(S), and
£ lim B ;(¢) = (I, =S(0) C;G;(Q) ™, (14.28)

(Az(g)cljfij(z)*) (G=1,....k) (14.27)
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by Lemma 9.6. Moreover, by assertion (e) of Theorem 9.1, the columns of the mv{’s

B(0) = (1 ~5(0) (61 ) 630 (11.20)
belong to H(S), which yields the first half of (4), since
B(C) = (Bl(g)vaBk(C)) (14-30)

The proof of (3) and the rest of (4) is broken into steps that are modeled on the
proof of Theorem 9.1.

Step 1. The nontangential limits (14.22) exist and the matriz Py defined in
(14.24) is positive semidefinite.

Proof of Step 1: First we note that the existence of the limits (14.22) for
j = £ is immediate from Theorem 9.1. Furthermore, in view of (9.49) the bounds

1B= iz l13s) < mill=l* (k< 00).

hold in a nontangential neighborhood Up; of f; for j = 1,..., k. Therefore, B, ;
tends weakly to B;(¢) in H(S) as z — §; and hence

(Bey, Bjz)n(s) = 4Z1L12j<3zy, B. jx)n(s)
= 4;223_ mijﬁBey, % (Azcljﬁj(z)*) T)H(s)
= £l mij!i:j (x*ﬁj(z)ijBg(z)y)
— 4213% mi]' jzim (x*ﬁj(z)c;j (Cre — S(2)Ca) G;l(z)y)
= ézllr%j **Vj(2)y (14.31)

for every choice of vectors z € C™7 and y € C™¢. This implies that the limits (14.22)
all exist and that the full matrix Py defined in (14.24) is positive semidefinite.

Step 2. The integral (1.11) converges to a matriz Ps which is equal to Py,.

Proof of Step 2: Since the kernel L(z,w) is positive, its off diagonal blocks
L;j/(z,w) also are uniformly bounded in norm in Us;, x Ug,. Thus, there exist k
sequences {au;}, ..., {ar:} of points aj; € Up, tending to (5 such that the limits

£ limﬁ Lje(aji, ap) =: (Pr);, € C™7X™ (j,0=1,....k) (14.32)
aji = B
oy — Be

all exist. Setting
Z=(21,...,2) €D*, D= (w1,...,w5) €ED*, B=(Bu,...,0) €T"
and
a; = (@i, .., ip) € Ug = Up, X -+ X Up,,
we introduce the matrix
k

Lzo = (Lje(25,we)); o - (14.33)

Then the equalities (14.32) can be written in the form
P, = lim Ly, 5,- (14.34)

a;—p
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Let us consider the mvf

U=(C) = (P2,1(0), -+, oy k(0)) (14.35)
where
_ Lo L, '\ CuH;(z)*
w.;(Q) = my! 9z (( S(z)* ) T(O) : (14.36)

Since the limits (14.20) exist, Lemma 9.5 guarantees that
Z lim ¥, () = ( g )Gj(g)—l for j=1,...,k (14.37)
z—»ﬁj CQ]
and therefore, in view of the decompositions (14.3), (14.14) and (14.35), that
. (G —1
zim w0 = (¢ )60
Moreover, in view of Lemma 9.6 and formulas (14.16) and (14.36),
Lje(z,w) = [u,r, ‘I’ZJ]Sa

and hence,
Laiﬁi = [‘Ilaﬁ ‘I’&i]s-

Furthermore, invoking Fatou’s lemma, just as in (9.54), we obtain the bound

pos (G )0 (&) ao],

1 e it\* I, *S(eit) it

= [ dm e (g T ) wa e
27 i
I —S(e™) -

< 1 il W (et)* P W, (e™)dt
= 5o g a:(e?) <—S(e”)* 1q w()
= lim [@g,, ¥s]s = lim La s = PL (14.38)

a;—f a;—f

Therefore, since
(PL)]-]- = (Pv)jj = (Ps)jj for ] = 1, .. .,k?, (1439)

by Theorem 9.1, it follows that P, = Ps.

Step 3. The nontangential limit (14.23) exists and (14.24) and (14.25) are in
force.

Proof of Step 3: By Step 2, the integral (1.11) converges to a matrix Ps and
therefore, S is a solution of the aBIP(I,,, N, Ps, C'). By Theorem 3.8, the corre-
sponding mvf W defined by (3.12) belongs to the Carathéodory class C"*™ and, by
Lemma 3.7, the identity (3.13) holds (with M = I,, and P = Pg). Comparing the
corresponding (m; + 1) x (m¢ + 1) block entries in (3.13) we get
H;(2) (Wie(2) + Wi (w)* = Bj(2)Be(w)" ) Helw)"

Puw(2)
JrijBz(z) + Bj(w)*CM — (Ps)je, (14.40)
where B;(z) and Ej (z) are defined in (14.29) and (14.26), respectively, and
Wie(2) = =3 H;(2) ™" (N} + 2L, +1) (Ps)je + 2H;j(2) 7 C; Ba(2)

CijAu(2)Cre =
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are the m; x my block entries from the block decomposition of the mvf W. Multi-
plying both sides of (14.40) by H;(z) on the left and by H(w)* on the right (these
amj +my

1
tri defined in (14.12 d lying th t t
matrices are defined in ( )) and applying the operator mlmal 92 o

both of sides of the resulting identity, we get (just as in (9.59))

1 odm o
Lic(zow) = Kielow) + o ()G Be(2))
LA™ (B, (w) CreHuw)”) — (P 14.41
m—e,m( j(w)*Cre e(w))—( 5)jes  (14.41)
where
1 gmatme -
Kju(z,w) = ((z =g+t

m;lmg! 0z™i Qe

o Wie(2) + Wej(w)" — B;(2) By(w)*
pw(z)

@ — B+, (14.42)

Therefore, in view of Step 1,

(P)j = £ lim Kjj(z,w) +2(Pv)j; = (Ps)j; (G =1....k)
z,w— 0

and hence, by (14.39),
£ lim Kjj(z,w)=0 for j=1,... k. (14.43)

Z,WH/BJ‘
By Theorem 3.8, the kernel
P+ 2W(2) + oW (w)* — B(z)Bw)*  W(z) + W(w)* — B(2)B(w)*
Puw(2) Puw(2)
is positive on D x D and therefore, by Proposition 2.4, the kernel
K(Zaw) = (Kﬂ(sz))k

=1
defined in (14.42) is positive on D x D. Thus, (14.43) forces
Z lim Kj(z,w)=0 for j=1,... k. (14.44)
22
Consequently,
(P)je = £ Zlimﬁj Lje(z,w) =2(Pv)je — (Ps)je  (4,0=1,....k),
w — B

which, with the help of Step 2, can be written in matrix form as

Py =2Py — Ps = 2Py — PL. (14.45)
Therefore, P, = Py = Pg, which completes the proof of (3) and, with the help of
formula(14.31), also completes the proof of (4). O

The last theorem enables us to complete the proof of Lemma 3.5.

Proof of Lemma 3.5: In order to complete the proof, it suffices to show that

1Bzl3s) = 2" Psx
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for every x € C™ when S is a solution of the aT?:ﬁ’(In, N, P, C) and spec(N) C T.
But in this setting, condition (14.19) holds by Theorem 12.2. Thus, Theorem 14.2
is applicable and yields the desired equality via (14.25). O

The next theorem establishes necessary and sufficient conditions for S to admit
an elementary (C1, N) solution to the LISP.

THEOREM 14.3. Let S € SP*9, let C; € CP*™ and N € C™*™ be the matrices
specified in (14.2) and (14.14), respectively. Assume further that (Ci, N) is an
observable pair, let Cy € CT*™ and let P > 0 be a solution of the Stein equation
(8.4). Then the muf © given by formulas (14.5) and (14.3) is an elementary (C1, N)
solution of the LISP if and only if:

(1) The limits Py, and Ca; (7 =1,...,k) in (14.23) and (14.20) exist.
(2) The parameters Co and P in the definition of © meet the conditions

022(021,...,02k) and PZPL.

PROOF. Let © be a solution of the LISP of the form (14.5). Then, since

S = Te(€) for some £ € SP*? it is a solution of the aBIP(I,, N, P, C), by

Theorem 5.3. Thus, in view of the block decompositions (14.2) and (14.14), S is also

a solution of the aﬁ/Bﬁ’(Imj_H, N;, Pjj, D;) forj =1,...,k, where D; = ( glj )
2j

Replacing N, C and P in Theorem 12.2 by N;, D; and P;, respectively, we conclude

that the nontangential limits (14.20) exist and serve to uniquely define the matrix
Cy = (Cay,...,Cq). Moreover, by the same theorem, the nontangential limits

1 62m~
(P)j; = 2 lim ’

2wy (myl)? 9z Ow™ (Hj(z)clew(Z)Clej(w) )

exist for j = 1,...,k. But now as the lowest right hand entry of the matrix
H;(2)C7jAu(2)CrHj(w)*

is equal to a;(2)Ay(2)a;(w)*, by definitions (14.12), (9.5) and (14.18), this guaran-
tees that the nontangential limits
1 anj

42,},133@. (m,1)2 027 0™ (aj(2)Aw(2)a;(w)?)

exist for j = 1,...,k and hence also that the uniform bounds (14.19) are in force.
Thus, all the statements of Theorem 14.2 hold and, in particular, the limits (14.23)
exist for j, £/ =1,...,k and define the matrix Pr,.

Finally, P < P, since S is a solution of the a/Bﬁ’(Im N, P, C) and P, = Ps,
by another application of Theorem 14.2. Thus, P, < P.

Conversely let conditions (1) and (2) be in force. Then, just as above, we
conclude from the existence of Py, that the uniform bounds (14.19) hold and there-
fore, by Theorem 14.2, that the integral (1.11) converges to a matrix Pg, which is
equal to Pr,. By the second condition, Ps = P, < P, and therefore, S is a solu-
tion of the a/Bﬁ’(In, N, P, C). By Theorem 5.3, S = Tg(€) for some £ € SP*1.
Consequently, © is a solution of the given LISP. O
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With the help of Theorem 14.2 it is readily checked that the limit Pr, exists if
and only if the uniform bound (14.19) holds and hence (by another application of
Theorem 14.2) that the existence of the limit Pj, guarantees the existence of the
limits Cy;. Notice that although the block C3 in the definition of © is uniquely
defined by Cy, N and S for solutions © of the LISP, there may be many solutions
P > 0 of the corresponding Stein equation (8.4). On the other hand, the mere
existence of the limit Pp, (and hence also the limits Co ;) does not insure the existence
of a solution © of McMillan degree n to the LISP (even though Py, is a positive
semidefinite solution of the Stein equation (8.4)) because there may not be any
solutions P > 0 of (8.4).
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