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1. Introduction

We denote by S the Schur class of analytic functions mapping the open unit disk D into its
closure. We will write z = ¢ if a point z approaches a boundary point #y € T nontangentially
and we will write z — 1y if z approaches #p unrestrictedly in ). We start with the classical
Carathéodory—Julia theorem ([4,5] and also [9, Chapter 4] and [8, Chapter 6]).

Theorem 1.1. For w € S and ty € T, the following are equivalent:

L (o)
(1) dy :=liminf,_, % < 0.
S T o [ €9
(2) dy :=1lim; =4, I—WTTZ < .

¥ Corresponding author.
E-mail addresses: vladi@math.wm.edu (V. Bolotnikov), alexander_kheifets@uml.edu (A. Kheifets).

0022-1236/$ — see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.jfa.2006.03.016



V. Bolotnikov, A. Kheifets / Journal of Functional Analysis 237 (2006) 350-371 351

(3) The limits

. . I—w@wo
wo:= lim w(z) and d;:= lim ———
251 =t 1 —2zh
exist and satisfy |lwo| =1 and d3 > 0.
(4) The limits wo = lim; =4, w(z) and wy := lim; 5, w'(z) exist and satisfy |wo| =1 and

towiwg = 0.
Moreover, when these conditions hold, dy = dr» = d3 = tow wo.

We refer to [7-9] for more details concerning the Carathéodory—Julia theorem.

The purpose of this paper is to establish a higher order analogue of the Carathéodory—Julia
theorem. First we introduce some needed notation.

A well-known property of Schur functions w is that the matrix

itj 1 29n
o™ 1 Iw(z)l] 1)

i1j1ozioz 11—z

PY(2) = [

i,j=0

which will be referred to as to a Schwarz—Pick matrix, is positive semidefinite for every n > 0
and z € D.

We extend this notion to boundary points as follows: given a point ty € T, the boundary
Schwarz—Pick matrix is

P (to) = lim P))(z) (n>0), (1.2)
Z—>1

provided the limit in (1.2) exists. It is clear that once the boundary Schwarz—Pick matrix P}’ (t)
exists for w € S, it is positive semidefinite.
Now let us assume that w € S has nontangential boundary limits

)
wj(to) i= lim —— D forj=0... . m+1 (1.3)
' =1 !
and let
wi(to) - wpg1(to) wo(to) ... wp(to)
PZ) (to) := v, (1) s (1.4)
Wpt1(f0) -+ want1(f0) 0 wo (o)

where the first factor is a Hankel matrix, the third factor is an upper triangular Toeplitz matrix
and where ¥, (1g) = [Wj(]’;- 1o 18 the upper triangular matrix with entries

0, if j >¢,

Vie= (—1)‘5(;5,);5““, ifj<e. (-5

Note that the matrix (1.4) appeared first in [6] in the context of boundary interpolation for Schur
class functions.
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We denote the lower right corner in the Schwarz—Pick matrix P}, (z) by

1 0 1—|w())?

d = 1.6
wa(2) (n)? 9z%9z" 1 —|z|? (10
and formulate a higher order analogue of Theorem 1.1.
Theorem 1.2. For w € S, tg € T and n € Z+., the following are equivalent:
€))] liminfd,, »(z) < oo. (1.7)
Z—>1
@ lim ., (2) < oo. (1.8)
Z—>1
(3) The boundary Schwarz—Pick matrix P}/ () exists.
(4) The nontangential boundary limits (1.3) exist and satisfy
|wo(to)| =1 and P (1) >0, (1.9)

where P} (ty) is the matrix defined in (1.4).

Moreover, when these conditions hold, the limits in (1.7) and (1.8) are equal and furthermore,
P (t0) =P} (10). (1.10)

Note that equality (1.10) was established in [6] under assumptions of the nature different from
the one of Carathédory—Julia. Equality (1.10) enables one to compute boundary Schwarz—Pick
matrices in terms of boundary values of w and of its derivatives, which in some cases (e.g., if w
is rational) is much easier to do than to use the original definition (1.2) of P} (#p). On the other
hand, (1.9) imposes certain restriction on the boundary limits (1.3).

When n = 0, Theorem 1.2 reduces to Theorem 1.1 with statement (3) excluded. A higher order
analogue of this statement has been studied in [2, Section 9] and will be recalled in Section 5.

The paper is organized as follows. In Section 2 we discuss the de Branges—Rovnyak spaces
of analytic functions and their reproducing kernels. Section 3 deals with boundary analogues of
these reproducing kernels that (as it will be shown) make sense only if condition (1.7) is satisfied.
The proof of Theorem 1.2 is presented in Section 4. Some further results related to Theorem 1.2
are briefly reviewed in Section 5.

2. De Branges—Rovnyak spaces and their reproducing kernels

In this section we recall definitions of Hilbert spaces L* and H" associated to a Schur
function w and discuss their properties that we will need in what follows. We use the stan-
dard notation L, for the Lebesgue space of square integrable functions on the unit circle T;
the symbols H2+ and H, stand for the Hardy spaces of functions with vanishing negative (re-
spectively, nonnegative) Fourier coefficients. The elements in H2+ and H, will be identified
with their unique analytic (respectively, conjugate-analytic) continuations inside the unit disk
and consequently H2+ and H, will be identified with the Hardy spaces of the unit disk.
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Let w be a Schur function and let

| 1 w(t)
wo=[ o0 0]

The space L is the range space W'/?(L, @ L;) endowed with the range norm. In more detail: for
every element f in LY, there exists a unique gy € Lo @ Lo which is orthogonal to Ker W (¢) for
almost all + € T and such that f = Wl/zgf. This unique g s will be denoted by g7 := wi=1721 ¢
and the L"-norm is defined by

1 (t) [-1/2]
I f 12w =18, 17 o, = / H[w(r)* Y } f@
T

2
m(dt),
C2?

where m(dt) stands for the normalized arc length Lebesgue measure on T. Since
Ran W (1) = Ran W (1)'/?

almost everywhere on T, then we have also
h)pw= ! w(t) o ), h(t) (dt) 2.1
e = [y ] 10 0) man .
T

Here the inverse means that we choose an arbitrary vector function g(¢) satisfying f(¢) =
W(t)g(¢). This g does not necessarily have to be in L>(C?). However, the integrand in (2.1)
does not depend on the choice of such g(7) if 4 € L™ and the integral is finite.

Definition 2.1. A function f = [J;J:] is said to belong to the de Branges—Rovnyak space HY if
it belongs to LY and if f € H2+ and f_ € H, .

The space H" is a closed subspace of L"; in what follows, Pgyw denotes the orthogonal
projection of L* onto HY.
Recall that H2+ and H, are reproducing kernel Hilbert spaces with reproducing kernels

1 ~ 1
_ - 2.2
k.(t) = = and k(1) p— 2.2)

in the sense that
(fis k), = fr(@ and (f-, k), = f-(2)/Z (2.3)

for every f € H;r , f— € H, , and z € D. More generally, the kernels

PPN BN -
jiz(0) —Fﬁ Z(Z)_W’ 2.4)
- 13/ -
kjo(1):=———k()= ———— (2.5)

jtoz/ (t—2)/t
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serve to evaluate derivatives:

1 . 5 1(f-(2) )
ek =500, Ean =5 (52) 6
J: J! z
Now we introduce the vector-valued functions
| K+ @ | 1 w(t) 1 )
KZ(I)_ [KZ’_(Z‘)] - |:U)([)* 1 }[_w(z)*} kZ(t)? (27)
o [Kao]_[ 1 wo]l[-w@] ;
defined for z € D and ¢ € T and more generally, the vector-valued functions
; 19/ ~(i 13/ ~
k() = ———K,t) and K9(1):= ——K, (1) 2.9)
jloz/ jloz/

for j € Z4. For j =0 they coincide with (2.7) and (2.8). Upon differentiating (2.7) and (2.8)
with respect to z and z, respectively, and making use of (2.4) and (2.5) we come to the following
explicit formulas for K\’ and K:

Do | 1 w(t) o kj(0) 1
0= [wm* 1 ][—Zézo w;-az)*kz,z(t)}’ @10
i — > wj— @k (1)

K(j)(t) — [ 1 . U)(t)}|: ZE—OiU] ¢ 2z , (211)
< w(t) 1 kj,z(t)

where wy(z) are the Taylor coefficients from the expansion

w® (z)

w@) =Y we(DE -2 we(2)= : (2.12)

£!
=0

Formulas (2.10) and (2.11) define K Z(j ) (t) and K Z(j ) () on the unit circle. The analytic (conjugate-
analytic) continuations of their components to the unit disk are given as follows:

_ j
KL =kjo(©) — w@) Y wje(@) ke (0), (2.13)
£=0
. _ ~ '] ~
KD =t (w@)*k,-,z(z)* ->w j_z<z>*kz,z(:>*>, (2.14)
£=0
~ : ~ ] ~
KL = w(©kj () =Y wj—e@kez (), (2.15)

£=0
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) ~ J
K o=t (kj,z(o* —w(@)* Y w j—e(Z)ke,z(§)*)~ (2.16)

=0

Lemma 2.2. For every j € Z4 and z € D, the functions Kz(j) and I?én belong to H". Further-

more, for every f = [)’:J:] € HY, we have

; 1 d/ (i 1 dl [ f(z)
<f’ KZ(,])>Hw = 7@f+(2)’ (f? KZ(,j)>Hm = Fﬁ( z ) (217)

Proof. First we note that by formulas (2.10) and (2.11), the functions

[-1/2] [-1/2]
1 w(t) ) 1 w(t) =(j)
|:w(t)* 1 i| K’ (t) and |:w(t)* ) :| K;(t)

are bounded a.e. on T for every fixed z € D and, therefore, K ;j ) and K Z(j ) belong to L™ . Further-
more, since w € H*, k¢ ; € Her and kg ; € HZ?,itis readily seen from the formulas (2.13) and
(2.16) that K Z(]J)r € H2+ and that K Z(Jl € H, . Upon substituting the Taylor expansion (2.12) for w
into (2.15) we arrive at

KN@© =Y w@e - (2.18)

t=j+1

which implies that I?Z(]l € H2+. By a similar argument, it follows from (2.14) that KZ(Q €H,.
Thus, the top components of K ;j ) and K ;J ) belong to H,", the bottom components are elements

of H, and therefore, K éj ) and K ;j ) belong to H". Furthermore, by the formula (2.7) for K, and
(2.1) for the inner product in LY,

1 *
(f? KZ>H"’ :<|:j:-‘+i|’ |:_w(z)*:|kz>L2®L2 = <f+’ kZ>L2+<f*v IU(Z) kz)LZ-

Since f_ belongs to H, , by Definition 2.1, and w(z)*k; belongs to H, , the second term on the
right-hand side equals zero, while the first term equals f(z), by (2.3). Thus,

(f, K)ge = fy(z) and (f, K:)gw = f_z(z)7 (2.19)

where the second relation is verified in much the same way as the first one. Reproducing prop-
erties (2.17) follow from (2.19) upon differentiating the integrals with respect to parameters z
andz. O

Lemma 2.3. Let K z(j ) and K éj ) be the functions defined in (2.9), and let 7 and ¢ be two points
inD. Then

| gt (1_w(z)w(§)*) (2.20)

) @) _
K., K et =
< ¢ z >H iljlazioc) 1—-z¢
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X . i+j _ *
(RO, RO) _ 1@ ’,(1 w(z) “’(5)), 2.21)

HY =11 9zide) 1—7¢
(K, Kz(j))Hw = Wit j+1(2). (2.22)

Proof. By the first formula in (2.19) and by definition (2.7),

1 —w@w()*
(Key Kypw =Ke 4 () = ——————.
1—2z¢
On the other hand, by the first formula in (2.9),

19t

W ey L .
(K; 5 KZ )Hw_ l‘]‘azlagj (Kg, KZ)H

and substituting the first of the two last formulas into the second gives (2.20). The proof of (2.21)

is quite similar. Making use of the formula (2.18) for K . +, we get, again by the first reproducing
property in (2.17), that

. . 18~ 19 i
(R K)o = 155 R0 = ]—3—( 2w~ 1)

l=i+1

= 2 (ﬂ _j-_ ]>we(2)(§ — )t

e=i+j+1
which implies (2.22), since
lim Z ( j )wz(z)(z —O T w1, O
E i+j+1

Remark 2.4. Upon setting £ = j = n and ¢ = z in formulas (2.20) and (2.21) in Lemma 2.3 we
get

2 ~n) 112
[ K N = 1K g = duwn @), (2.23)
where d,, »(z) is given by (1.6), and thus, condition (1.7) tells us that

11m1nf||K(") || o = 11m1nf||K( )|| o < 00

Z—>1

Remark 2.5. Formulas (2.20) allows us to rewrite the defining formula (1.1) for P} (z) as

. (2.24)

PY(z) = [(Kz(.j)v Kz(i))H"’]i,j=0

and thus, to realize the Schwarz—Pick matrix as the Gram matrix of the system of the functions
U
{K b4 1 j=0



V. Bolotnikov, A. Kheifets / Journal of Functional Analysis 237 (2006) 350-371 357

We conclude this section with three lemmas needed in the subsequent analysis. The first

lemma gives a convenient representation of kernels K Z(] ) and K Z(] ) as orthogonal projections
of certain simple elements in L" onto H".

Lemma2.6. Letw € S, letz €D, j € Z, and let Kz(j) and Eéj) be the functions defined in (2.10)
and (2.11), respectively. Then

D_p |1 wllkiz 0 _p | 1wl 0
KZ _PHU|:U)* 11||: 0 :|, KZ —PHU/|:w* 1 kj’z , (225)

where Pgw denotes the orthogonal projection of LY onto HY and where k; , and k j,z are the
kernels defined in (2.4) and (2.5).

Proof. The function

[ 1T

obviously belongs to L. We use the formula (2.1) to compute the LY inner product between g
and an arbitrary function f = [ i “leH™:

kj.
o[} 5], o e

Since f € HY, we have Pyw f = f and hence,

(fo Prnghin = (Pav f. )i =1 8)iw = “)( ).

The first reproducing property in (2.17) now gives (f, Pguwg)gw = (f, Kz(j))Hw and since f is
arbitrary, the first equality in (2.25) follows. The proof of the second equality is quite similar. O

Lemma 2.7. If g1 € Ly and g» € H}", then

I wllg|_ 1 wi|la
pel T =L 0] 229

which is straightforward from the definition of H" and inner procuct L".

Lemma 2.8. Let w be a Schur function and let h be an element of the space L™. Then for every
toeT, zeD andn > 0, the function

ho(t) = (1 —th ) ho) 227)
1—1¢z

belongs to LY and lim, = ||h; — h||p» =0.
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Proof. Since the space LY is invariant under multiplication by a bounded scalar function, it
follows that /1, belongs to L™. Furthermore, by (2.1) and (2.27),

P 1 w7 _‘(1—&0)”_
I h”“”‘1/”[umo* 1 } hol (5z)
T

Now the assertion follows by the Dominated Convergence theorem, since for every z in the
nontangential neighborhood

2
m(dt).

L) ={zeb: lin—zl<a(l—lzl)} @>1), (2.28)
of 1o, and for every t € T, we have

Z— fo —
=1+tf (1 |O—Z|<1—l-a,

1+ <
1 —|z]

1 -t
1—1z

and therefore,

1—t0\" .
— -1|<0+a)" +1. O
1—1z

3. Boundary reproducing kernels

In this section we study boundary analogues K,(O") and I?,(O") (here ty € T) of reproducing
kernels K§”) and Eg"), defined in (2.10) and (2.11). The central result is Theorem 3.1. As a
byproduct of this theorem we will get the proof of (1) = (2) in Theorem 1.2. We will need the
boundary analogues of the kernels (2.4) and (2.5):

z/ ~ 1
kji (&)= A=z k() = C =) (3.1
Theorem 3.1. Let w € S, to € T, n € Z and let liminf,_,;, dy, ,(z) < 0o. Then
(1) The following nontangential boundary limits exist:
. . w(2)
wj(tp) := lim w;(z) for j=0,....,n w;(z) = 5 . (3.2)
z—>1o J:
(2) The functions
() L w@) } k1o (1)
K. () := ’ , 33
o ® [wm U] = g wnel0) ke ) G-
- =3 wn—e(t0)kg 4 (2
Kt(on)(t) — |: 1 ) wft):| > t=0 Wn e(t0)ke 1o (t) 3.4)
w(t) g (1)

belong to the space H".
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(3) The kernels K, ™) and K; g™ defined in (2.10) and (2.11) converge respectively to K, " and

K t(O") in norm of H" as z tends to ty nontangentially:

kWL k™ and KO ILED (S, (3.5)
(4) The following nontangential limit exists and

hm dyn(2) = ||K(n) ||Hu, < 00. 3.6)

Proof. By Remark 2.4, the assumption (1.7) guarantees that there exists a sequence {z; } of points
in ID approaching o such that the sequences || K z(,n) | v and || K z(,n) | g are bounded. Since every
bounded set in a Hilbert space is weakly compact, there is a subsequence of {z;} (which still
will be denoted by {z;}), such that the sequences {K Z(l.")} and {K Z(f)} weakly converge in HY . Let
F, F € HY stand for these weak limits:

FZ[&} wlim K and ﬁ:|:5+j|=w-lim g, G.7)

F_ zi— 1t F_ zi— 1o t

We will establish more explicit formulas for F' and F. We start with F. Since it belongs to HY,
we can use reproducing properties (2.19) to get

Fr(©)=(F. K)pv = lim (K. Ke)y, = lim K7, (0), (3.8)
(n)

Fo@Q) . =0 ™ &) = jim Kae®

T_(Fs K{)H I]E;n()(KZi ) K§>Hul _Z}LIO é’ (39)

[¢] < 1, which can be written, on account of (2.13) and (2.14) as

Fi(o) = lim (knz @) - w(;)an (@) ke Z,(c)) (3.10)
£=0

F_

% lim (um kn., (0)* —an (@) kzz,@)) (3.11)
=0

It follows from (3.11) and the formula (2.5) for 125, . that
- F_(D) e -
6 —m)"“% =w(©)" = lim 3 we(z) €~z (3.12)
" e=0

and thus, the limit on the right-hand side exists for every |{| < 1. Since the coefficients of a
polynomial of degree n are determined by its values at n 4+ 1 points and depend on these values
continuously, the existence of the latter limit implies that the sequences {w¢(z;)} converge for
£=0,...,n. Letting

wy 1= limt we(z;) (£=0,...,n) (3.13)
Zi—1o
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we can rewrite (3.10) and (3.11) as

Fi(8) =knig () —w(@) Y wi_ ke (), (3.14)
=0
F-@)=¢ (w(;)*/én,m(f;)* - w:_glée,,o(m*). (3.15)
£=0

Since F € H", we have F_ € H? and therefore, the function f(z) := F_(z)/z belongs to H_%.
By a well-known property of Hﬁ functions, lim, =, (z — #o) f (z) = 0 which can be written, on
account of the formula (3.15) as

lim (z ~10) (w(z)/én,m @ = Y wa-ckea, (z)) =0

£=0

and rewritten, by the definition (3.1) of lzg,to as

w(z) = Z(Z —t0) wy + 0((z — to)") zZ51).
=0

The latter equality implies (see, e.g., [2, Corollary 7.9]) that the nontangential limits (3.2) exist
and are equal to the numbers wy’s introduced in (3.13).

Upon setting ¢ =t € T in (3.14) and (3.15) and taking into account that 7 - lgj,,o O =kj (1)
for t € T, we get the following expression for F:

Fi(n) I w@® kn, o (1)

F(t) = = 0 . 3.16
o= Fo]=loer V]| e (10
Since, as we have just seen, the numbers wy, ..., w, are equal respectively to the nontangential
boundary limits wq(?p), ..., w, () from (3.2), the expression on the right-hand side of (3.16)

is identical with that in (3.3). Thus, F = K ,((;1 ) and the desired membership K,(O") € HY follows,
since F belongs to H" by construction (3.7).
Now we introduce the auxiliary function

ey (1= T 1w [
hz(t)—Kto (t) <1—ZZ) _[w(t)* 1 :||:g2(t):|’

where, as it is readily seen from (3.16),

1 —tip\"H! t
0) n = k.2 (1), (3.17)

1—1z T =g+

81(t) = ki1 (1) (

" 1—tip\"H! n w1 —t)t
gZ(t)Z_Zw:_zké,to(t)( 0) =—Z£_sz ( 0) . (3.18)

—t7 — t7)ntl
—0 -1z a—-zz)"
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Setting h = K t(on) in Lemma 2.8 (which we can do since K ,(0" Ve H "), we conclude that &, L

K ,(O" ) as z tends to to nontangentially. Therefore,

Hwh —) PHwK( )_ K(n) (Zi;t()) (319)

On the other hand, since g; € Hi (which is clearly seen from (3.18)), we have by Lemma 2.7

. ‘ I wl|lg|_ 1 wlla
T e P E [ o

Upon taking into account the special form (3.17) of g1 and invoking the ﬁrst formula in (2.25) we

conclude from (3.20) that Pyuh, = K. Then (3.19) turns into K" — K, ™) \which proves
the first convergence in (3.5). Repeating the same arguments for Fin (3.7) shows that F is equal
to the kernel K,(O" ) given by (3.4) and that the kernels K" converge to K ,(0") in norm of HY

as z approaches fp nontangentially. This completes the proof of the three first statements in the
theorem. Finally, by (3.5) and (2.23),

A doan(@) = lm, ||K(”)||H = | tim KO = K < 00

which proves (3.6). O
Remark 3.2. The limits in (1.7) and (1.8) are equal.
Proof. Inequality

liminfd, ,(z) < lim dy ,(2)
z—>1 z—=1

is obvious since the first limit allows z to approach 7y unrestrictedly in D, while the second limit
is nontangential. To prove the reverse inequality, assume that {z;} is a sequence that leads to the
limit inferior in (1.7), so that the sequence of numbers

[KS [ = dunte)

converges to the limit inferior. In particular, the sequence is bounded. Then there exists a sub-

sequence of the sequence {z;} (that is still denoted by {z;}) such that K Z(:') converges to K Z(O")
weakly in H". Then

”K(n) ”H" < lim ”K(") ”H"’ _ligitﬁlfdw,n(zl

Zj — 10

Since the limit in (1.8) equals || K (n) 1 by (3.6), then, by the latter inequality, it does not exceed
liminf,_, 4, dy »(z), which completes the proof. O
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Remark 3.3. Formulas (3.3) and (3.4) for the boundary kernels K I(O") and K t(on ) can be viewed as
the result of replacing z by 79 and wo(2), ..., w,(z) by wo(%), ..., wy, (fp) in formulas (2.10) and
(2.11) for the corresponding interior kernels. The proof of Theorem 3.1 shows that the space H"
contains any boundary analogues of the kernels K™ and K" for the point 7o € T at all if and
only if condition (1.7) holds true. If it does not, the functions K I(O") and K I(O") defined in (3.3) and
(3.4) do not belong to H" no matter the boundary limits wq(ty), ..., w,(fy) are used in these
formulas or any other numbers.

If the condition (1.7) holds, we can use formulas (3.3) and (3.4) to define the boundary kernels
K f(dl ) and K f(dl ) for j =0,...,n. The next result is a useful addition to Theorem 3.1.

Theorem 3.4. Let w € S, to € T, n € Z+ and let us assume that condition (1.7) holds. Then

the kernels Kt(()]; and I?t(oj) defined via formulas (3.3) and (3.4) belong to the space H" for
j=0,...,nan

NOHW . ~ciy HY ~(; .
Kéj) — Kt(oj), ng) — K,(Oj) as z = toy, (3.21)

where the kernels Kz(j) and I?z(j) are defined in (2.10) and (2.11).

)
fo

. 1 _ ;
K ”(r)z;((1—n0)1<t§)”<z)+[w(lt)* wﬂ[ | ]) (3.22)

w;(to)*

Proof. We will prove the part concerning the kernels K~ . Using the following recursive relation

verification of which is straightforward, we can show that
KV eH" = KV VeH". (3.23)

0

Indeed, if K t(oj ) € HY, then in particular, K Z(Oj ) € LY and it follows from (3.22) that K,(Oj -D elLv.
Furthermore, by (3.22), Kt((){:rl)(g) = f4+(¢)/¢, where

Fr@) = = i) KL () + w(w; ()",
The function £, belongs to H;, since Kr(ol )+ € H2Jr . Since
F+0) = K 0) + wO)w; (10)* = —w(O)w; (10)* + w(O)w; (10)* =0,
then K ,(0/ 11) @&)=1+©)/t e H2+ as well. Comparing the bottom components in (3.22) we get
K 2D (@) =€ = )K" (@) +Ew;(t0)*

and thus, the assumption K,(OJ )7 € H, implies that Kt(O]: :1) € H, . Therefore, K ,(Oj -b € HY which

completes the proof of (3.23). Since by Theorem 3.1 K ,(: ) € HY, the inverse induction arguments
show that K,(Oj ) € HY forevery j =0, ..., n. Then it follows by a virtue of Theorem 3.1 that the
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first series of convergences in (3.21) holds true. The part concerning the kernels K ,(Oj ) is proved
in much the same way. 0O

The next remark explains the role of K ,(O") and I?,(O” ) as boundary reproducing kernels: they
reproduce boundary limits of the derivatives of the components of H" functions. In the case
when n = 0 the result can be found in [7,8] in a slightly different form.

Remark 3.5. Let w € § and let us assume that condition (1.7) holds. Then for every functiqn
f= [ ?_f ] € HY, the following nontangential limits exist and are reproduced by the kernels K t(d/ )

and I?t(oj):

1 d/ , 1 di /f .
im L =kt L (E2) (1R,

=1 jldz/ S jldzd Z
for j =0,...,n.
For the proof, it suffices to use reproducing properties (2.17) of K Z(") and K Z(") and to take
advantage of (3.21). . _
In conclusion we will show that under assumption (1.7), the boundary kernels K t(oj ) and K I(OJ )
satisfy certain linear relations.
Theorem 3.6. Let w € S and let us assume that condition (1.7) holds. Then

(1) The nontangential boundary limits

w; =w;(t) ::Zli:n}owj(z) (j=0,...,n) (3.24)

(that exist by Theorem 3.1) are subject to the matrix equality

woy wjp co. Wy w(’; w’f w:

. . * :
om0 —¥,(0).  (329)
0 ... 0 wo 0 ... 0 w§

where W, (1) is the upper triangular matrix with the entries ¥, defined in (1.5). In partic-
ular, flwo| = 1. ‘

(2) The kernels K,(oj) and Kt(oj) defined via formulas (3.3) and (3.4) for j =0, ..., n, satisfy
relations

j
ZKz(o’)gi,j :Kt(o]) (j=0,....,n), (3.26)
i=0
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where g; ; are the numbers given by

j—i
giji=Y Wijw; for0<i<j<n. (3.27)
=0

Proof. First we note that the kernels (3.1) satisfy relations

J
kjan(@) ==Y Wijkisy(@) (j €Ly, ¢ #1to). (3.28)

i=0

Verification is straightforward and rests on definitions (3.1) and (1.5) (see [2, Proposition 10.4]
for detail). Using these relations we have

/ j ¢ i/
Z wf_zkz,to €)=- Z w;‘f_e Z Wi,llzi,to(g) = — Z ( Z Wi,fw;(_()];i,to(é‘)
=0 =0 i=0 i=0 \ ¢=i
J o]0 ~ j )
:_Z<Z‘I’i~j—ﬁwz>ki,m(§)=—Zgijki,ro(§“), (3.29)
i=0 \ =0

i=0

where the first equality is obtained upon replacing the kernels k¢ ;, by the corresponding expres-
sions from (3.28), the second equality is the result of changing the order of summation, the third
equality is just the substitution £ := j — £ and the last equality holds by definition (3.27). Now we

plug in (3.28) and (3.29) into (3.3) to express the kernel K t(oj ) in terms of l;,-, 1o S Tather than k; ;,’s:

' K(j) ) 1 J w1
) _ fo,+ _ w(t) lpt,/ )
K¢ (t)_[KfO{)_(t)} = [w(t)* | }?:0[ o ]kl,,o(t). (3.30)

By Theorem 3.1, the kernels K ,(Oj ) belong to HY for j =0, ..., n; in particular, their top and
bottom components belong to Her and to H2, respectively. In virtue of the arguments following
formula (3.15), the membership K ()

0.— € H? implies the asymptotic relation

J
w(z) =Y (z—10) we +o((z—10)) asz>1. (3.31)
=0
On the other hand, since K l(()j )+ belongs to H 2 we have

- 10)K @ =0 aszS 1. (3.32)

Making use of the formula (3.30) for K,(O/ )+ and the definition (3.1) of IEI',,O we conclude
from (3.32) that
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J J
@—10) KD @ =w@) Y gijc—10) T =Y Wiz —10)
i=0 i=0

=o(z—10)!) (@S 1).

Substituting (3.31) into the latter asymptotic equality and using r and i instead of j — i lead us
to

J J J
(Z(z - to)zwe> : (Zgjr,j(z - to)’) - Z Wi j(z—t0) =o((z—10)).
{=0 r=0

i=0

The expression on the left-hand side is a polynomial p(z) = lei o Pi(z — fo)! and the above
condition implies that p; =0 fori =0, ..., j. Thus,

i
p,'ZZU)ggj_,'_i_g,j—lI/j_,',j =0 fori=0,...,]J,
£=0

which on account of (3.27), can be written equivalently as (using again j — i instead of i)

i Jj—i—t

J—t
W= wigie ;= we Yy Pigejwi (=0,....)). (3.33)
(=0 £=0 r=0

The latter relations express equality of the ijth entries in the matrix identity (3.25) for 0 <i <
Jj < n. Due to the upper triangular structure, all the remaining entries on the left-hand side and
on the right-hand side of (3.25) are zeros; thus, equality (3.25) follows. Equality for the top
diagonal entries in (3.25) reads: wolI/oowE’; = Yy which is equivalent (since Wpy = 9 # 0) to
|wg| = 1. This completes the proof of statement (1) of the theorem.

To verify (3.26), we will use the formulas (3.30) and (3.4) for the boundary kernels K t(d] ) and

K ,%i ). Due to the common left factor

in these formulas, it suffices to verify equalities
I [- Zi wi_okg 1 (1) I w.
=0 Wi—tKe 1y lI/,]:|~
~ gij= ki 1,(t) (3.34)
2[ ki iy (1) " ;[ gij | "

for j =0, ..., n. Equality of the bottom components is self-evident. The top components are also
equal since

J i Jofi=t J
Zgij Z wi—eke 1, (1) = Z ( Z wigi+£,j>kz,t0(t) = Z Wyjke,o (1),
i=0 (=0

£=0 \i=0 =0
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where the first equality is obtained by changing the order of summation and substituting i :=
i — £, and the second equality is justified by (3.33). O

Remark 3.7. Note that equality of the rightmost columns in (3.25) already implies the “whole”
matrix identity (see [2, Theorem 10.5]). In other words, the matrix identity (3.25) is equivalent
to the system of the following equalities (compare with (3.33)):

n—i—¢

i
dowe Y Vit =W (=0,....0). (3.35)
£=0 r=0

Remark 3.8. It is curious that all the assertions in Theorem 3.6 follow from the assumption that
K" eH? and K" eH2. (3.36)

Indeed, the existence of the boundary limits (3.24) follows from the fact that K,((? ) e HZ?.

Fuﬁhermore, as it was shown in the proof of Theorem 3.4, conditions (3.36) guarantee that
K,(OJ)Jr € H? and K,((){)_ € H? forevery j =0, ...,n. Thatis all we needed to get (3.25), which, in

turn, implies (3.26). Note that (3.36) is weaker than (1.7), since (1.7) is equivalent to K ,(O") e HY,
which in turn is equivalent to K ,(0”) € L". The latter yields (3.36) but does not follow from (3.36).

We also remark that relations (3.26) and (3.27) in Theorem 3.6 are of triangular form and can
be rewritten in matrix notation as follows.

Remark 3.9. Let ¥, (ty) be defined as in (1.5) and let W), and G,, be the upper triangular matrices
with the entries

wi_., if j>i, gij, 1ifj=>1i, L.
Jp— Jj—i Jp— —
Wij {0’ it <i. Gij {0’ it <i, @@, j=0,...,n), (3.37)

where the numbers wyo, ..., w, and g;; are defined in (3.24) and (3.27) (note that W,, appears

in (3.25) as the rightmost factor in the left-hand side expression). Then relations (3.26) in (3.27)
can be written in the matrix form as

[KEY .. K7 ]G =[KY ... K] and Gy =W,(t0)W,, (3.38)
respectively.
4. Proof of Theorem 1.2
In this section we complete the proof of Theorem 1.2. Recall that equivalence (1) < (2) and
equality of the limits in (1.7) and (1.8) has been already proved in Theorem 3.1 and Remark 3.2.

Now we will use the results obtained in Section 3 to prove (1) = (3), (1) = (4) and equal-
ity (1.10).
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Once again we assume that the condition (1.7) holds for a Schur function w and a boundary
point #yp € T. Then the nontangential boundary limits

(,/')( )
o wY(z
wj =w;j(ty) == Zhgn}0 i

4.1

exist for j =0, ..., n (by Theorem 3.1), |wo| = 1 (by Theorem 3.6(1)), the kernels K/’ and K./’
defined via formulas (3.3) and (3.4) for j =0, ..., n belong to the space H” (by Theorem 3.4)
and satisfy relations (3.26) (by Theorem 3.6); finally the kernels K Z(j ) and K Z(j ) are defined
in (2.10) and (2.11) converge to K,(Oj) and E,Zj):

kD2 kD RO ELRD oS, 42)
by Theorem 3.4. Making use of (1.2), (2.24) and (4.2) we get

Py )= Jim Pu(o) = Jim (K", K7)

z—> 1

n _ ) @) n
H"”]i,j:O = [(K K >Hw]i,j:0 “4.3)
which proves the existence of the boundary Schwartz—Pick matrix and also shows that P} (#o) is
the Gram matrix of the system of the functions {K t(oj ) }7:0. This completes the proof of (1) = (3)
in Theorem 1.2. Now we will show that the nontangential limits (4.1) exist also for j =n +
1,...,2n + 1. We take the advantage of (2.22) and (4.2) to get

— i o — 1i (i () —_ (gD ()
wi+j+1(t0) T zl’l—g}o wl+j+l(Z) _zl’l—'g}o(KZ(l)’ KZ >Hw _(KlO ’ KlO )H“’ (“4.4)

fori, j =0,...n. Letting i and j run through the set {1, ..., n} we conclude from (4.4) that the
limits (4.1) indeed exist for j =n + 1,...,2n + 1 and therefore, for every j =0,...,2n + 1.
Using these limits we can define the matrix P (o) via the formula (1.4), i.e.,

Py (t0) = Hy W, (10) Wi, 4.5

where H,, = [w;+j+1];'j:0 and W,, is defined in (3.37). To complete the proof of (1) = (4), it
remains to show that P (fp) > 0. But this will follow from equality (1.10) since P (tp) > 0.
To prove (1.10), we fix two vector-columns

X0 Yo €0
x=1|:1, y=|: [eC"™ and lete=| : |:=Gyx, (4.6)

Xn Yn n

where G, is the matrix defined in (3.37). By formula (4.3),
y*Pn(tO)x = ([ Kt(oO) cee Kt(on) ]x’ [ Kt(oO) ce Kt(on) ]y)Hw'

Now we transform the latter expression, subsequently using (3.38), (4.6), (4.4), and again (4.6)
to get
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YPu(t)x =([ K ... K" 1Gux. [k . K 1) o

—([RO .. R e [K© ... KO ]

= Y (R Ky

i,j=0

n
=Y Jjwiyjriei =y Hye = y*H,G,x.
i, j=0

Since vectors x and y are arbitrary, it follows that P, (o) = H,,G which on account of the second
relation in (3.38) and (4.6) gives

Pn (tO) = HnGn = Hn 'I’n (IO)Wn = ]P)Z] (IO)
which proves (1.10) and completes the proof of (1) = (4) in Theorem 1.2. Since the proof
of (3) = (2) = (1) is self-evident, it suffices to prove (4) = (2) to close the loop. The proof
presented below is based on arguments of interpolation nature.
Lemma 4.1. Let f and w be two functions analytic on a “neighborhood” U = {z € D:

|z —to] < €} of to € T and let us assume that the nontangential boundary limits of their 2n + 2
first derivatives at ty exist and are equal:

w;(to) = f;(to) forj=0.....2n+1. @7
Then dy, ,(z) —dfn(z) = o(1) as z= 1.

Proof. Straightforward differentiation of the product

1 1 i
(n!)zw(z) . |Z|2w(z)
gives
1 wR)P < u; j(2) .

02 59T 1= |2 _i;Own_i(Z)—(l EEpEYEY wp—;(2)", 4.8)

where, as before, w;(z) stands for = w(/)(z) and

min(i, j) . .
G+i=0" iy je 2\¢
uij(@)= Y e T (112 (4.9)
= @0\ —oll!

fori, j =0,...,n. Making use of (4.8) and of a similar formula for f, we get
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3 1f@P = lw@?
(n)? 3z"9z" 1—z|?

dyn(2) — df,n ()=

u;i j(z) *
= Z Su— z(Z) By |]2)Zl+j+1fn ](Z)

i,j=0
i,j(2) .
_ Z Wy — I(Z) 1_M| |/2)ZZ+J+1 wn_j(z)
i,j=! =0
u; j(z) .
= 'Zo(fn—i (2) — wn_i(Z))(l—lzfmf”_j )
i,j=

- Z Wi (2) 1_“|‘ |’2(;)+]+1( wa () = fa-j@%).  (@4.10)

i,j=0

By (4.7),
fi@) —wi@=o0(z— 1)) asz51,

and therefore, since z — fo = O (1 — |z|?) when z approaches 7y nontangentially,

Jn-i(@) — wu—i(2) 2n+1—(n—i)—(i+j+1) n—j —
(1 — |Z|2)i+j+l = ((Z_tO) ) ZO((Z_IO) )’ Z-)t()v
and the latter equalities hold for all i, j =0, ..., n. It remains to note that (as it is readily seen

from (4.9) u; j(z) = O(1) as z= 1y and now the desired assertion follows from (4.10). O

Proof of (4) = (2) in Theorem 1.2. Thus, we assume that the nontangential limits

w(j)(z) )
wj =w;(f) := hm (j=0,...,2n+1) 4.11)

!
exist and satisfy conditions (1.9). Then there exists a finite Blaschke product f such that
fitt) =w; forj=0,...,2n+1. (4.12)

Indeed, equalities (4.12) can be considered as interpolation conditions for a boundary interpo-
lation problem for Schur class functions with the data 7y € T and wy, ..., wa,4+1 € C satisfying
conditions (1.9), that is

w1 e Wp+1 J)() e II)n
lwol=1 and P} (1) := : : v, (19) .| =20. 4.13)
Wyl -+ W2ntl 0 wo
This problem was studied in [6], [1, Section 21], [2, Section 13]. The results obtained there show

in particular, that in case the matrix IPY (tp) is positive definite, there are infinitely many Schur
functions (and also infinitely many finite Blaschke products) f satisfying conditions (4.12). We
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will discuss this problem in more detail and we will describe all its solutions at another opportu-
nity.

By (4.11) and (4.12), equalities w;(f9) = f;(#) hold for j =0,...,2n + 1 and we apply
Lemma 4.1 to conclude that dy, ,,(z) — d,,(z) = o(1) as z approaches fy nontangentially. Since
f is a finite Blaschke product, lim,_,, d,, (z) exists and is finite (see, e.g., [3, Proposition 6.2]).
Therefore

lim dy ,(z) = lim dy,,(z) < o0
Z—>1 Z—>1

and property (2) follows.
If P(to) = 0 is singular, then w is a finite Blaschke product of degree equal the rank
of P (t). Therefore, (2) holds as well. This completes the proof. O

5. Final remarks

Theorem 1.2 imposes conditions on (and establishes relations between) the quantities of two
1-lw@l?
R . .
angular boundary limits of derivatives of w, on another hand (statement (4)). Condition (1.7) is

apparently the weakest condition of the first type that implies all other statements in Theorem 1.2.
We will discuss briefly to what extent conditions in statement (4) on angular boundary derivatives
can be relaxed in order to guarantee the condition (1.7) to hold true. Note that in the proof of
(4) = (2) (at the end of Section 4) we did not use the fact that w is a Schur class function. In
other words, condition (1.8) holds true for any function w analytic on ID for which the angular
boundary limits (4.11) exist and satisfy conditions (1.9). Actually, the positivity assumption about
P} () in (4.13) can be dropped.

different types: the ratio and its partial derivatives, on one hand (statements (1)—(3)), and

Theorem 5.1. Let w be analytic in a neighborhood {z € D: |z — to| < €} of to € T. Let the
nontangential limits (4.11) exist and let us assume that

lwol =1 and P, (to) =P, (t0)", (5.1
where P (ty) is defined in (4.13). Then condition (1.8) holds true.

The proof will be presented elsewhere. Finally, we note that another higher order analogue of
the Carathéodory—Julia theorem different from our Theorem 1.2 appears in [2, Section 9] in the
context of matrix-valued Schur functions. In the present scalar valued case, the results from [2,
Section 9] can be formulated as follows.

Theorem 5.2. For w € S, tg € T and n € Z+., the following are equivalent:
(1) SUPery, () dy n(2) < 00 for some I,(ty) of the form (2.28).

(2) The boundary Schwarz—Pick matrix P} (to) exists.
(3) The following nontangential limits exist:

wj(ty) = lim w;(z) forj=0,...,n;
z—h
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i J n
Py (to) := zli_)zr;() ndd kjn(2) —w(z) %wj—e(to)kz,zo(Z) . (5.2)
_ i j=

and satisfy conditions (3.25) and P (tp) > 0.
Moreover; in this case, Py (to) =P (t9).

Note that in case n = 0, condition (3.25) reduces to |wg(fy)| = 1, and the matrix (5.2) reduces
to

1— I1
P (1o) = lim w(z)ujo(o)'
z—1 1—Zf()

Now it is readily seen that in this case, Theorem 5.2(3) is identical with Theorem 1.1(3).

Combining Theorems 1.2 and 5.2 we conclude that if the boundary Schwarz—Pick matrix
P} (1) exists (i.e., if condition (1.7) is satisfied), the matrices P, (fp) and P}/ (tp) also exist and
P (to) =P,/ (to) =P} (tp). Thus, in this case, both P}’ (#9) and P}’ (fp) can be used to represent
the boundary Schwarz—Pick matrix; however the matrix P/ (fp) is much more convenient for
computational purposes. If condition (1.7) is not satisfied, then the matrices P}’ (tp) and P} (t)
may exist or not and may be equal or not; we do not proceed in detail, since in this case both of
them do not make much sense.
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