CARATHEODORY-JULIA TYPE THEOREMS
FOR OPERATOR VALUED SCHUR FUNCTIONS

By

VLADIMIR BOLOTNIKOV AND ALEXANDER KHEIFETS

Abstract. We extend the Carathéodory—Julia theorem on angular derivatives
as well as its higher order analogue established recently in [4] to the setting
of contractive valued functions analytic on the unit disk. Carathéodory—Julia
type conditions for an operator valued Schur-class function w are shown to be
equivalent to the requirement that every function from the de Branges-Rovnyak
space associated with w has certain directional boundary angular derivatives.

1 Introduction

The starting point of this paper is the classical Carathéodory—Julia theorem; in its
formulation and in what follows, D and T denote the open unit disk and the unit
circle, respectively, and S stands for the Schur class of analytic functions mapping
D into D. We write 2=t if a point z € D approaches a boundary point ¢, € T
nontangentially and z — ¢y if z approaches ¢, unrestrictedly in D.

Theorem 1.1 (Carathéodory—Julia). Let w € S, let tg € T and let

_ 2
(1.1) liminfM

e 1 |22

Then the nontangential limits

-— 3 -—_ 3 D 3 /
d:= Zh:)r?[) T2 < oo, wy:= zl/l—\>nwflo w(z), wp:= Zh:)r?[) w'(2)

exist and satisfy lwo| =1 and d = witowd > 0.

The objective of this paper is to establish analogues of Theorem 1.1 for operator-
valued Schur functions. Let £(/, Y) denote the algebra of bounded linear operators
mapping a Hilbert space U into another Hilbert space ), and let £L(Y) := L(), ).
We denote by S(U, V) the Schur class of all L(U/, Y)-valued functions analytic and
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¢

contractive valued on D. We write “w-lim”, “s-lim” and “lim” for nontangential
convergence in the weak, strong, and uniform operator topologies, respectively.
By “the limit exists” we always mean that the limit is equal to a finite number (in
the scalar case) or to a bounded operator (in the operator case). For w € S(U, D),
the quantities

Iy —w(z)w(z)*

12 DU = _ Ju - wle)w(z)

and DY(z)= EE

are the operator valued analogues of the scalar valued term in (1.1). The bound-
edness of one of them does not (in general) imply the boundedness of another.
Conditions (1.3) and (1.6) below are two possible extensions (in general not equiv-
alent) of condition (1.1) to the operator valued setting. They lead to different
operator analogues of Theorem 1.1.

Theorem 1.2. Letw € S(U,DY), to € T and assume that

(1.3) liminf (D" (2)y, y)y, < oo foreveryy e,

z—to

where D" (z) is defined in (1.2). Then the strong limit w§ := s-lim w(z)* and the

z—to
weak limits
(1.4) D¥(ty) := w-lim D% (z),
z—to
(1.5) g = w-lim woDY (2)wi and f:= w-lim w’ (2)wgto
z—tg z—tg

exist and satisfy wowg =y (i.e., wo is a coisometry) and D" (ty) = f = ¢ > 0.
Theorem 1.3. Letw € S(U,DY), to € T and assume that

(1.6) lim inf <5“’(z)u, u>u < oo foreveryu €U,

z—to

where D¥(z) is defined in (1.2). Then the strong limit wy = s-lim w(z) and the

z—to

weak limits ¢ := w-lim w{ D" (z)wo, f= w-lim wiw'(2)to and
z—to z—to

(1.7) DY (to) := wlim D" (2)

Z:to
exist and satisfy wiwo = Iy (i.e., wy is an isometry) and D" (to) = f = ¢ > 0.

In the matrix-valued setting, Theorems 1.2 and 1.3 appear in [9, Section 8] and
[11], respectively. The proofs extend to the operator case in a fairly straightforward
way; only establishing the existence of the strong limits wg (resp., wp) requires
some extra work.
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Remark 1.4. Theorem 1.3 can be obtained by applying Theorem 1.2 to the
Sunction w(z) = w(z)* € S(Y,U), since condition (1.6) for w can be understood
as a condition of (1.3) type for w.

If conditions (1.3) and (1.6) both hold, we have a result that looks very much
like Theorem 1.1.

Theorem 1.5. Let w € S(U,)), let tg € T and assume that conditions (1.3) and
(1.6) hold. Then the limits

(1.8) wo := lim w(z) and wy:=wlim w'(z)

z=tg z—to
exist along with the weak limits (1.4) and (1.7). Moreover, wq is unitary and
Dw(to) = towlwg = woﬁw(to)wg > 0.

Let us highlight the main distinctions between Theorems 1.2 and 1.5. The sole
assumption (1.3) about D" (z) guarantees the strong nontangential convergence of
w(z)* (not the uniform nor even the strong convergence of w(z)) to a coisometric
(not unitary, in general) operator wy. It also implies the weak convergence of w’(z)
and of D™ (z) only on the subspace Ranw{ C U rather than on all of /. On the
other hand, if dim Y = dimU < oo, conditions (1.3) and (1.6) are equivalent; and
in this case, one of them can be dropped in the formulation of Theorem 1.5.

In [4], the Carathéodory—Julia theorem was extended in a different direction:
condition (1.1) was replaced by its higher order analogue

2n _ 2
(1.9) lmint 0 1= W)l

st 927020 1— |22

with n > 0 a fixed integer. The significance of this condition for boundary
interpolation theory was justified in [6]; equivalent reformulations of (1.9) in
terms of nontangential boundary limits of w and its derivatives at t; were given in
[5]. In this paper, we focus on operator-valued analogues of condition (1.9),

(1.10) liminf

z—to

< 9?" D™ (z)

< 62nﬁw (2)
0zn0z™

v, y>y <oo and liminf 9o

z—to

u7u> < 00
u

holding for every y € Y and every u € U, respectively. These conditions are
the higher order counterparts of (1.3) and (1.6). In Section 2 we discuss the
consequences of conditions (1.10) in terms of the boundary behavior of D" and
D¥ and of angular boundary derivatives of w. The case where both conditions
in (1.10) hold is covered by Theorem 2.6, the higher order analogue of Theorem
1.5. In Section 3, we consider a more general left-tangential version of the first
condition in (1.10), where y is replaced by a(z)g for a fixed £(G, Y)-valued function
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a and a vector g running through a given Hilbert space G. The corresponding
Carathéodory-Julia type theorem (Theorem 3.1) is the main result of the paper.
To prove it, we follow D. Sarason’s approach [13, 14], making extensive use
of the de Branges—Rovnyak space H" associated with a Schur class function w.
The definition and some basic properties of the space H" are recalled in Section
4. In Sections 5 and 6, we construct certain boundary kernels which exist and
reproduce boundary derivatives of functions from the de Branges—Rovnyak space
H"™ under Carathéodory—Julia type conditions. Using the reproducing properties
of the boundary kernels, we give a straightforward proof of the main result in
Section 7. Finally, in Section 8, we characterize the Carathéodory—Julia condition
in terms of boundary behavior of functions from H".

2 The higher order analogues

We start with a result which justifies in particular, the uniform convergence of the
limit wg in (1.8). We write

(2.1) Uy e ={z€D: 0<|z—t] <e},
2.2) Tipoe:={2€Uye: larg(z —to)| < a € (0,7/2)}

respectively for a deleted and for a nontangential deleted neighborhood of ¢, € T.

Lemma 2.1. Letty € T, let f be an L(U,Y)-valued function analytic on Uy, . and

f(n) o

assume that f,(z) := n!( ) is bounded on Tiy.a.c for every o € [0,7/2):

(2.3) [fa(2) < 7a (2 € Ttga.e)-
Then the uniform limits  f;(ty) = 1/i\Htl F9(2)/4! exist for j = 0,...,n—1. In

particular, the statement holds if the weak limit w-lim f,(z) exists.
z—to

Proof. We start with the Taylor representation

n—1-j (i) ‘ z  ¢n=3)
7 >(2_w)l+/ (fj (©)

7!

(== O dg

)

~

S~—
Il

n—1-—7)!
for f;(z) = fU)(z)/4! at a point w € Uy, . and pick a such that w € Ty, , .. Since

@), (G+i) (5 i 4 4)! |+
106 _ f996) _ G+ L= (77 ) it

il il ! il !
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the latter representation can be written as

2.4)

n—1—j . . z
J+a i n—1 el
pe= 3 ()@ 0" [ - o
=0 w
The integral in (2.4) does not depend on the path of integration between w and
z. For brevity, we write (integrating along a rectifiable Jordan curve inside I't; o ¢
connecting z and w)

Gs = / Fal0) (2 — 1.

By (2.3), |Guw.zy — Guzoll < 7027717721 — 20|; and thus, for a fixed w, the family
{Gu 2}zery, o 18 fundamental in the uniform operator topology. By the complete-
ness of L(U,Y), the uniform limit

to
lim Gw,z = Gw,to = fn(é‘) (tO _ C)nilijdc

Fty,a,eD2—t0 w

exists; and, since it exists for every a € [0, 7/2), it can be replaced by the nontan-
gential limit: G, ., = lim G, .. Now let z to tend to ¢, nontangentially in (2.4)

z—to

(for w fixed) to conclude that the uniform limits

n—1-—j

fito) = lim f;(2) = > <]j )fj+i(w)(to —w) +n< ; )Gw,to
0 i=0
exist for j = 0,...,n — 1. To complete the proof of the lemma, it remains only to

note that weak convergence implies boundedness in norm, i.e., that the existence
of the weak limit f,(t9) := w-lim f,(z) implies (2.3). O
z—to

To formulate higher order Carathéodory—Julia theorems, we first introduce
some notation. With an operator valued function w (not necessarily in the Schur
class) analytic at z € D, we associate the operator block matrices

1 oI Ty — w(z)w(z)*]n
ilj! 020073 1—1z? ij=0 ’

1 9t 1, — w(z)*w(z)]n
ij=0

2.5) PY) = |

2.6 PY(z) = |— ————
(2.6) n(2) L’!j! 971021 1— |22

which we refer to as to Schwarz—Pick matrices. We extend definitions (2.5)
and (2.6) to boundary points as follows: given a point t, € T, the boundary
Schwarz—Pick matrices are

(2.7) PY(tg) = wlim P¥(z) and PY(ty) = wlim P¥(2)

z5to z5to
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provided the limits in (2.7) exist. A well-known property of Schur functions
w € SU,Y) is that P¥(z) and P¥(z) are positive semidefinite for every n > 0
and z € D; therefore, the boundary Schwarz—Pick matrices (once they exist) are
positive semidefinite as well. We also associate with w the Toeplitz and the Hankel
operator block matrices

wo(z) O e 0
e® T =" and B () = sy ()] oy,
0
wp(z) ... wi(z) woe(z)

where w;(z) := w)(z)/4! stands for the j-th Taylor coefficient of w at z. If w is
analytic on D and the nontangential boundary limits

(4)
(2.9) w;(to) := w-lim w;(z) = w-lim v j(z)
2zt z—to .

exist at a boundary point ¢, € T, we extend definitions (2.8) to ¢y by

wo (to) 0
(2.10) TY(tg) = WZILI?OT (2) = : ,

wp(to) ... wo(to)
(2.11) HY () = wzhﬂm0 HY (2) = [witj1(to)]; -0

and call w; (to) the j-th angular derivative of w at ¢. Furthermore, if the limits (2.9)
exist for j = 0,...,n, we introduce the (operator valued) polynomials pi’(z) =
J_o(z = to) we(to)* and

(2.12) pyH(z) == 2py(1/2)" sz (1 — 2) we(to)
£=0

forj=0,1,...,n. We set

w 1d o
(2.13) pyi) = pH(e) for0<i<j<n

and introduce the polynomial upper triangular block matrix
Po0(2) plzl(z) e pR(2)
0 1o(z) .. pfﬂ (2)

(2.14) uie=| o T e

0 N (N 6
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wi(z) ifj >

with the block entries U, (z) = pjy-ilz) 520,
0, if j <.

The next theorem is the higher order analogue of Theorem 1.2.

Theorem 2.2. Letw € S(U,Y), to € T and n € Z and assume that

8271

(2.15) lim inf Iy —w(z)w(z)*

y 4 < y €.
z—to <ana§n 1— |z Y y>y oo foreveryy ey

Then the following statements hold.
(1) The boundary Schwarz—Pick matrix PY (to) defined in (2.7) exists.
(2) The strong limits
(2.16) w;(to)* == sfliAntl w;(z)" (j=0,...,n)
Z—10
exist (by Lemma 2.1, the first n of them converge in norm) and the operator
wo(to) is coisometric.
Let UY(z) be the upper triangular polynomial matrix associated with the limits
wo (o), - - -, wn(to) via formula (2.14), let HY (2) be as in (2.11), and let M be the
diagonal matrix defined as

(2.17) M = diag {toly, —t21y, ..., (=1)"tg 1y}

(3) The weak limits

(2.18) Q; (to) = wlim Uyy(2) Py () Uy (2),
(2.19) P} (to) 1= wlim HJ(2)Uy ()M

exist and, moreover, PY (to) = P¥(to) = M*Q¥ (¢t9)M > 0.

The proofis given later (see Remark 3.2 below). Here we make several remarks
and point out some corollaries of Theorem 2.2.

Remark 2.3. When n =0, Theorem 2.2 reduces to Theorem 1.2. This is readily
seen once we observe that Py (z) = D" (z), f’gj(z) = D¥(z),

HY(2) =w'(2), UY(z) =pp(z) = wo(to)*, M= toly.

Remark 2.4. Making use of the function w(z) = w(z)* € S, U),
as has been explained in Remark 1.4, one can easily derive a dual version of
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Theorem 2.2 (the higher order analogue of Theorem 1.3) concerning consequences
of the condition

< 0% Ty — w(z)*w(z)

2.2 lim inf
(2.20) i \9zndzn 1—1z[2

—to

u, u> < oo foreveryu € U.
u

We omit the detailed formulation of this result and simply mention that (2.20)
guarantees the existence of the boundary Schwarz—Pick matrix P¥(t,) (see the
second formula in (2.7)) and, in particular, implies (1.6).

Now we pass to the case where conditions (2.15) and (2.20) both hold. The
next proposition shows that one of these two conditions can be slightly relaxed.

Proposition 2.5. Letw € S(U,Y), to € T and assume that condition (2.15) holds,
so that the limit w(tp) = w-lim w(z) exists and is coisometric (by Theorem 2.2).
z—to

The following statements are equivalent:

(1) wo(to) is unitary; (2) condition (1.6) holds; (3) condition (2.20) holds.
In case dimU = dim Y < oo, statements (1)—(3) follow from (2.15).

Proof. Assume that condition (2.15) holds and that wy(¢o) is unitary. Letting
z = tp in (2.12) gives p}ljg(to) = t)wo(to)*, and therefore all the diagonal blocks
in the upper triangular matrix U¥ (¢y) are unitary. Therefore, U¥ (¢y) is boundedly
invertible. Since the UY (z) converges in norm (since U¥(z) is a polynomial) to a

boundedly invertible operator U (¢), the limit w-lim P (z) also exists. In parti-
z—to

cular, the weak limit of the rightmost diagonal block in P (z) exists, which clearly
implies (2.20). This completes the proof of implication (1)=-(3). Implication
(3)=(2) holds true independent of condition (2.15) (see Remark 2.4). Implication
(2)=(1) follows by Theorem 1.5. Finally, condition (2.15) implies that wq(tg) is
coisometric; and if dim/ = dim ) < oo, then (2) follows. O

The next theorem is the higher order analogue of Theorem 1.5. Condition
(1.6) in its formulation can be equivalently replaced by condition (2.20) or by the
assumption that the boundary limit wq(¢o) is unitary.

Theorem 2.6. Letw € S(U,Y), to € T, n € Zy and assume that conditions (1.6)
and (2.15) hold. Then the following statements hold.

(1) The matrices P¥ (ty) and P¥ (to) defined via the weak limits (2.7) exist.

(2) There exist the uniform limits

(2.21) w;(to) :== lim w;(z) for j=0,...,2n;

Z:to
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and the weak limit wan 11 (tg) := w- hm wan+1(2). Moreover, wy(to) is unitary and

(2.22) P1y(to) = H (to)U'T} ()" = T4 (to) " Py (t) X'y (t0)" = 0,

where TY (to) and HY (to) are given by (2.10), (2.11) and ¥ is the upper triangular
block matrix given by

0, ifj >4,

(2.23) U= (UL, Y= ,
: (=D (e, i<t

Proof. We prove the theorem assuming that Theorem 2.2 is already proved.
By Theorem 2.2, condition (2.15) alone guarantees the existence of P,,(¢y) and of
the limits (2.16)—(2.19). The boundary limit w(¢o) is unitary, by Proposition 2.5;
and P, (to) exists by Remark 2.4. Since U¥(z) converges in norm to a boundedly
invertible operator U¥ (¢y), it follows from (2.19) that the weak limit H, (to) in
(2.11) exists. This implies, in particular, the existence of the weak limit wa,, 11 (o)
which, in turn, implies the existence of the uniform limits (2.21), by Lemma 2.1.
Since U¥(z) is a polynomial, it converges to U¥ (¢y) in norm as z — to; therefore,
the limits on the right hand sides of (2.18) and (2.19) can be evaluated as follows:

(2.24)  Q¥(to) = UYL (to) PY(to)U¥ (to) and PY(to) = HY (to)UY (to)M.
Next we show that
(2.25) UY(to)M = UTY (to)",

where M is defined in (2.17). Indeed, differentiating (2.12) k£ times and evaluating
the result at z = ¢, leads us to explicit formulas for pwﬁ (to) in terms of wy(to):

Z tjkz<':£>we(to)* (0<k<j<n),

£=0

which can be written in terms of the numbers (2.23) as
(2.26) (1)t it ny] ki—ewe(to)” (0 <k <j<n).

It is readily checked from the definitions of the matrices TY (¢o), U¥ (o), M, and ¥
that (2.26) is just the entrywise reformulation of the matrix equality (2.25). Now
we combine (2.25) and (2.24) to get

QL (to) = T3y (o) W P (to) Wy (to)*, P (to) = Hi: (to) T} (to)",

and then (2.22) follows by the last statement in Theorem 2.2. O
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Specializing Theorems 2.2 and 2.6 to the matrix valued case (i.e., to the case
where the coefficient spaces i/ and ) are finite dimensional) is of some interest. If
dim#/ = dim Y, then condition (1.6) in the formulation of Theorem 2.6 is redundant
(it follows from (2.15) by Proposition 2.5). Thus, for square matrix valued Schur
functions, condition (2.15) alone implies the existence of the boundary Schwarz—
Pick matrices P¥(t,) and P¥(t) and of boundary angular derivatives w;(to) for
j=0,...,2n + 1, which then are related as in (2.22). Extracting the part relating
PY(to) with boundary angular derivatives w;(t9) from Theorem 2.6, we get the
“only if”” part in the following result.

Theorem 2.7. Let w € S(U,Y) and let dimU = dimY < co. Then condition
(2.15) holds if and only if the boundary derivatives w;(to) existfor j = 0,...,2n+1
and are such that (1) wq(tg) is unitary and (2) HY (to)®TY (to)* > 0.

In other words, condition (2.15) not only guarantees the existence of the bound-
ary angular derivatives w; (¢ ) but forces them to be quite special. The “if” direction
in Theorem 2.7 can be proved under the weaker assumptions that w is analytic on
D (not necessarily in the Schur class) and that the matrix HY (¢o)®TY (to)* is Her-
mitian; the proof is much the same as in the scalar-valued case (see [5]). Note also
that Theorems 2.6 and 2.7 can be easily translated to the context of Nevanlinna—
Herglotz functions or Carathéodory (positive real) functions using Caley transforms
relating these functions to square matrix-valued Schur-class functions. In contrast,
Theorem 2.2 does not have analogues in matrix valued Nevanlinna—Herglotz or
Carathéodory classes. If dim) < dimi/ < oo, then condition (1.6) cannot hold at
all; and the statements in Theorem 2.2 are all we can get for the non-square matrix
valued Schur functions. However, if the boundary angular derivatives w;(fy) exist
forj=n+1,...,2n+ 1, then, as was observed in [3, Lemma 12.5], we still have
P7(to) = Hy (t0) Ty (t0)"

3 The main result

The main result of the paper is Theorem 3.1 below. It is a left-tangential version of
Theorem 2.2 and contains the latter theorem as a particular case. This more general
theorem also displays the bi-tangential nature of the operator valued Carathéodory—
Julia theorem, which is not that explicit in the formulation of Theorem 2.2.

For a Schur function w € S(U, Y) and an £L(Y, G)-valued function a(z) analytic
at to, define the tangential Schwarz—Pick matrix

(3.1 PYA(z2) = [P(2)]"

i,7=0"
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where

1 9its (a . %a@)*)

This matrix is related to the matrix P?(z) introduced in (2.5) via

6D PO e
(3.3) P%(2) = TR (2)Py (2) TR (2)",
where T2 (z) is defined according to (2.10) by

ao(Z) 0
(3.4) T2(z) = , o ay(z) =

a,(z) ... ag(to)

Definition (3.2) makes sense at every point z € D where a is analytic; and (3.3)
follows from definitions (2.5), (3.1) and (3.4) by the Leibnitz rule. The following
theorem is the main result of the paper.

Theorem 3.1. Let w € SU,Y), to € T, n € Zy, let a be an L(Y, G)-valued
function analytic in a neighborhood of ty and let us assume that
3.5)

liminf< o (a(z)ly — w(z)w(z)*a(z)*> g, g> < oo forevery geg.

Ste \ 92n0z" 1— |22

Then the following statements hold.
(1) The weak limit P¥2(to) := w-lim P}'2(z) exists.
z—to
(2) The function b(z) := a(z)w(z) possesses the strong boundary limits

3) (2)*
(3.6) b, (to)* = lim > (2)

25t j

for j=0,...,n;

and the operator by (ty) satisfies ao(to)ag(to)* = bo(to)bo(to)*.
Let Bj; := p?f- be the polynomials defined via formulas (2.12), (2.13) (see also the
explicit formulas (5.32) and (6.1) below) and let UP(z) be the upper triangular
operator valued polynomial defined via (2.14):

Boo(z) Bii(z) ... Ban(2)
(3.7) UE(Z) _ O Bl.,o(z) e Bn’nil(z)
6 Ce 0 Bn,.O(Z)

(3) The functions c;(z) := w(z)B;(z) possess the strong boundary limits

¢jilto) i= lim ~ (w(z)B; (=) for0<i<j<n.

z2Sto 7!
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(4) The weak limits

3.8) Pra(tg) = wfliAntl T?(2)HY (2)UP(2)M,
(3.9) Qs (to) = wlim UP(2)P}(2)Un(2),

exist, where T2 (z) and HY(z) are given by (3.4), (2.8) and M is defined via
formula (2.17) with the identity operator 1y replaced by 1g. Moreover,

(3.10) P2 (1) = P12 (tg) = M* QY (t)M > 0.

Note that statements (1)—(3) in Theorem 3.1 were proved in [3, Section 9]
for matrix-valued Schur functions under the stronger (than (3.5)) assumption that
|IP¥-a(2)|| is uniformly bounded in a nontangential neighborhood of ¢y.

Remark 3.2. Theorem 2.2 follows from Theorem 3.1.

Indeed, if G = Y and a(z) = Iy in Theorem 3.1, then condition (3.5) collapses
to (2.15). Furthermore, PY:?(z) = P¥(z), b(z) = w(z), T?(z) = Iyat1; and it is
readily seen that statements (1), (2) and (3) in Theorem 2.2 follow, respectively,
from statements (1), (2) and (4) in Theorem 3.1.

Another special choice G = C and a(z) = y € ) in Theorem 3.1 gives the
consequences of condition (2.15) holding just for a fixed vector y. We omit the
precise formulation. The proof of Theorem 3.1 is presented in Section 6. The next
three sections contain definitions and constructions needed for the proof.

4 de Branges—Rovnyak spaces and their reproducing
kernels

In this section, we recall the definitions of the Hilbert spaces L* and H" [7, 8, 12]
and their properties needed for the subsequent analysis. Given a separable Hilbert
space U, we denote by L (Uf) the space of U/-valued measurable functions u(t) with

ol 00y = / lu(t) 3 m(dt) < oo,

where m(dt) stands for the normalized arc length Lebesgue measure on T; the
symbols H; (i) and H, (i) stand for the Hardy spaces of U/-valued functions with
vanishing Fourier coefficients with negative (respectively, nonnegative) indices.
The elements in H; () and H; (U) are identified with their unique analytic (resp.,
conjugate-analytic) continuations inside the unit disk so that H (i) and H, (U)
are identified with the Hardy spaces of the unit disk.
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Let w: D — L(U,Y) be a Schur function and let W (t) := [wl&’)* “fll(f)} The
space L is the range space W'/2(Ly(Y ® U)) endowed with the range norm. In
more detail: for every element f in L™, there exists a unique g € Lo() @U) which
is orthogonal to Ker W (t) for almost all + € T and such that f = W'/2g;. This

unique g; is denoted by g; := WI=1/2lf and the L"-norm is defined by
(41) <f7 h)L“’ = <gf7 gh>L2(y@Z/{) = /]1‘ <W(t)[_1/2]f7 W(t)[_l/z]h>y@um(dt)'

Definition 4.1. A function f = [{cﬂ is said to belong to the de Branges—Rovnyak
space H" if it belongs to L* and if f1 € Hy (V) and f— € Hy (U).

The space H" is a closed subspace of L*; in what follows, P, denotes the
orthogonal projection of L* onto H".

Recall that H, () and H, (U) are reproducing kernel Hilbert spaces with
reproducing kernels k. (t) = 1= and k. (t) = 12 in the sense that

4.2) (f+r k9 1,0y = (F+(2), vy, (f-, Eew) oy = <f_(2)7 U>u

z

forevery f € HY (Y), f- € Hy U),y € Y, u € U and z € D. We let

1 o7 I
~ 1 8 ~ 1
4.4) kj.(t) ==

= z():m'

Now we introduce the operator-valued functions

Iy w(t) Iy
4.5 K.(t) = k.() - )
*.5) (t) = k(1) lw@)* L H—W)*
~ =~ Iy w(t) —w(z)
4.6 K.(t) = k,(t) -
(4.6) (® “lw@)* IMH L
defined for z € D and ¢t € T and, more generally, the vector-valued functions
. 1 oI ~, . 1 87 ~
@G () = — G () = —

for j € Z4. The next lemma displays reproducing properties of K, and K.. The
straightforward proof is based on relations (4.2), formulas (4.3)—(4.6) and the
definition (4.1) of the inner product in L* (see [4, Lemma 2.2] for the proof).
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Lemma 4.2. Foreveryj € Z,, z € D, y € Y, and u € U, the functions Kz(j) y and

K9 w belong to H®. Furthermore, for every f = [;ﬂ € ",
, 1, d
(4 = —(—
(4.8) <f’ Kz y>Hw j!<dzj J+ (@), y>y7

49) (. g§j>u>Hw :%G— (f-z(z)) , “>M'

We conclude this section with three more lemmas. The proofs are much the
same as in the scalar case (see Lemmas 2.6, 2.7 and 2.8 in [4]) and are omitted.
The first lemma gives a convenient representation of the kernels K Z(j) and K ,§j ) as
orthogonal projections of certain simple elements in L" onto H".

Lemma 4.3. Let w € SU,Y), let z € D, j € Zy and let K9 and K be the
functions defined in (4.7). Then for every pair of vectors y € Y and u € U,

(4.10) K9y = P ([ v w ] l ki y D |
w Iz,{ 0

4.11) ROuepya (| @0 '
w* Iy kj7z - U

Lemma 4.4. Let Pyw be the orthogonal projection of L™ onto H™.
() If g1 € Lo(Y) and g2 € Hy' (U), then

1 I
(4.12) Pyo | Y YA 2Py | Y YD
w* Iy g2 w* Iy 0
(2) If g1 € Hy () and g2 € Lo(U), then
[ I 17 ] [ I 1T 0 |
(4.13) o e B I (P R
| w IZ,{__gg_ | w IZ/{__gQ_

Lemma 4.5. Let w € S(U,Y) and h € L. Then for every to € T, z € D and
n € N, the functions

ha(t) = (1_tt0)nh(t) and h.(t) = <tt_t0)nh(t)

1—1tz —z

belong to LY and tend to h in norm of LY as z=ty:

lim ||h, — hl|pw =0 and  lim |[h. — h|zw = 0.
z=to z—to



CARATHEODORY-JULIA TYPE THEOREMS 251

5 The kernels LY and their boundary analogues

For a Schur function w € S(U4,Y) and an L(}, G)-valued function a analytic at ¢,
let us introduce the kernels

1 o

Wy = L9
(5.1) L) = 5 5

z

(K-(t)a(z)") (1 =0),

where K, is defined as in (4.5). By the Leibnitz rule and the definition (4.7) of
(4)
KZ ’

J
(5.2) LOt) =Y K (t)a;_o(2)".

On the other hand, letting b(z) := a(z)w(z), we get from (4.5)

. Iy w(t) a(z)*
K.(t = ko (b);
BaGy = o ] [ by |
and another application of the Leibnitz rule leads us to
- b w) [~ aee)
(5.3) LU (t) = koo (1),
O w2 ] b [P0

where a,(2) = al®) (2) /¢! and by(z) = b(¥) (2)/¢!. Formula (5.3) defines LY only on
the unit circle. The analytic (conjugate-analytic) continuations of its top (bottom)
component inside the unit disk are given by

J
(5.4) Q) =D (a-e(2)" = w(Q)by—e(2)") - ke, (Q),
£=0
j ~
(5.5) =(- Z )'aj—o(2)" —bj_e(2)") ke . (0)"
=

By definition (5.1), the kernels L/(zj ) inherit the reproducing property (4.8) of K ,§j ).

Lemma 5. 1 For every j € Zy, g € G and z € D at which a is analytic, the
function Ly g belongs to HY, furthermore, for every f = [ } € HY,

5.6) (1 199), = (@2 ),

dzd
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Proof. By Lemma 4.2, K © yr belongs to H" for every y, € ). Choosing
ye = a;_¢(z)*g we get the first statement of the lemma from (5.2). The rest follows
from (4.8) and (5.1):

4 A7
(. L) = 55 (. Koa(e) )
d
= L) Al

1 d]

(a(2)f+(2); 9)g

Tl ded

Lemma 5.2. Foreveryz € Dand g, g € G,
(5.7) (L, L§j>g>Hw = (Pi*(2)g, g>g,
where P[%(z) is given in (3.2). In particular,

2
(5.8) (LIg, L g) g L,i")gHHw (Pi2(2)9: 9)g

Proof. Upon setting f = L,(f) g’ in (5.6), we get

_ 1,0
(G J6)) L © !
<Lz g, Lz g>H“’ - ]' <azja(z)Lz,+(Z)g ) g>g

This coincides with (5.7), since by (5.1) and (4.5),

,_ 10 ey = L 0 Ty mwBw(z)®
=+ (09 =5 557 KerWalz)g) = 5 azj( 1—tz

a(2)")g;
and, on the other hand, a(z)Lili)Jr(z) = P¥:2(z), by the last equality and (3.2).
Letting £ = j = nin (5.7) gives (5.8). O

It turns out that if condition (3.5) holds, then the kernels L/(zj ) converge to the
“boundary kernels”

J
59 LI (t) == 8¢ g 1o (t
s o] B OS] 0 T
forj =0,...,nas 2=tg € T, where
¢ - 1
(5.10) kjto(C) = and  kj1,(C) =

(1= Clo)i*1 =ty
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are the boundary analogues of the kernels (4.3) and by (¢o)*, . . ., b, (to)* are defined
via the limits

(J) 7%
(5.11)  bj(to)* :=s-lim b;(2)* = slim [M for j=0,...,n,

25t 25t J!

whose existence is also a consequence of (3.5).

Theorem 5.3. Letw € S(U,)), to € T, n € Z and let us assume that condition
(3.5) holds for an L(Y,G)-valued function a analytic at ty. Then the following
statements hold.

(1) The strong limits (5.11) exist; and the functions L,Ef)) (t) deﬁnedfor_j =0,...,n
by formula (5.9) belong to the space H* ® G in the sense that Lgi)g € HY for
every g € G.

(2) The kernels LY defined by (5.3) converge to Lgi) innormof H* ® G:

(5.12) LW 25 19y as 25t
for j =0,...,nand every vector g € G.
(3) The nontangential weak limit

(5.13) P2 (to) := wlim P12(z)

z—to

(where P¥:2(z2) is defined in (3.2)) exists; moreover, for every g € G,

(5.14) (P’ (to)g, g) = liminf (P7;2(2)g, g) .

Proof. According to (5.8), condition (3.5) tells us that ligagf ILM™g| 0 < 00
for everyg € G. Fix g € G and pick a sequence {z;} of points in D approaching ¢,
such that the sequence HL/(Z?) ||+ is bounded. Since every bounded set in a Hilbert
space is weakly compact, there is a subsequence of {z;} (which we continue to
denote by {z;}), such that the sequence {Li’f)g} converges weakly in HY, say to
Fy:

(5.15) F, = =wlim L{Wge H".

Zq',—>t0

g
Since F,; belongs to H", we can use the reproducing properties (4.8), (4.9) (with
j = 0) to conclude that

= lim (157.(0) 9, v),

Hw zi—to

<ng+(<)a y>y = <Fga KC y>H“’ = zhlgo <LZI) 9, KC y>

<Fg,—(<)

- . = L Q)
z u>u = (Fy, Kcu)gw = hH% (LYY g, Kcu)pgw = lim <“7_ g, u>
zZi—1lo

z;—to C
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forevery ( € D, y € ), and u € U. Then, by the explicit formulas (5.4) and (5.5)
for L/(ZZ) . and L/(ZZ)_, we have

n

(5.16) Fy () = wlim 37 (a(z)” = w(Q)be(21)) kn-t. ()9,
£=0

(5.17) Fg’z(o = velim 3~ (w(¢)"ar(z0)" ~be(z)") k-t
£=0

It follows from (5.17) and formula (4.4) for %g)z that

(5.18)
€=t P2 i S Q) a0()" b)) €~ '
=0
= w(Q)" Y aulte) (€ — f)'g — wlim 3(C - 2)bi(z)"g
=0 BT

Thus, the weak limit on the right hand side of (5.18) exists for every ¢ € D. Since
the coefficients of a (vector-valued) polynomial of degree n are determined by its
values at n+ 1 points and depend on these values continuously, the existence of the
latter weak limit implies that the sequences {by(z;)*g}; converge weakly for every
£e€{0,...,n}. Weset

(5.19) ug ;= w-lim by(z;)*g forl{=0

A
Zq',—>t0

Making use of (5.19), we can rewrite (5.16) and (5.17) as
Z ay to — C)'UJE) knfl.,to (C)a
=0
C Z ag to — UE) Enff,to (C)*
=0

Setting ¢ = ¢ € T in the last two formulas and taking into account that ¢ - Ej,to () =
k; i, (t) for t € T, we get the following expression for Fj:

(520)  Fy(t) = ?fm—lwl(f) wIS)]Z

aclto)"g kn—g,to(t)
_ué n770 :

Now we show that

(5.21) LMg 25N B as 25t
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To this end, we introduce auxiliary functions

I w) || alz)yg
(5.22) fz(t)_lw(t)* L, ];l o 1kne,z(t)
and
| v ow®) |~ | alte)'g 1 — tho\n+1
(5.23) hz(t)_[wé})* L, ];l _Z@ ]kne,to(t)-(l_ts)

which belong to L™ for every fixed z € D. Since Y., uskn—¢,-(t) belongs to
H?(U), it follows by formula (4.12) in Lemma 4.4 that

Iy w i kn—e, - as(2)*g
w* Iz,{ 0 '

£=0

PwaZ:PHw

Therefore, by (4.10) and (5.2),

- Iy w kn—so.-as(2)*g
P..f.= P._. ’
o ; o | e 1, ] .
(5.24) — ZKgn’l)ae(Z)*g — Lﬁ")g.
£=0
On the other hand, since
(1 -zt t4(1 — tot)m*

1— tt‘o)nﬂ

ke o (t) = (1—z)ntt o () ( 1—tz

N converges to

uniformly in ¢t € T as z tends to ¢, and since a is analytic at ¢ so that
Jim flac(=)"g — aclto) gl =0 for £=0,1,....

it is readily seen from (5.22) and (5.23) that

(5.25) Jing (1o = hall o = 0.

Furthermore, comparing formula (5.23) for h, with (5.2) gives

B 1 — ttg\n+!
(5.26) ha(t) = Fg(t)( — tz) .
Setting h = F;; in Lemma 4.5, we conclude that the function A of the form (5.26)
belongs to L™ for every z € D and h, £ F, as z=ty. Combining this latter

convergence with (5.25) gives f, R Fy, as z=t(. Since F, € H", we have

P h. 5P F,=F, as:5t,



256 VLADIMIR BOLOTNIKOV AND ALEXANDER KHEIFETS

which, together with (5.24), gives (5.21). Upon applying the standard estimates

[Lf 1l
VI=|z?

to the function f = F, — LMg, we get

1f=()ly < (f = Hﬂ € HY, zeD)

1Fy — L8 gl

V1=

1Foe(0) = LEL(Q glly <
This, together with (5.21), implies that

Fy i (Q) =stlim LI () g, Fy(¢) =slim LI () g

z—to z—to

for every ¢ € D; thus,

(5.27) Fy(¢) = s-lim LIM(Q) g.

z—to

Now we repeat the arguments used to derive (5.19) from (5.15). However, since
now we start with the strong limit (5.27) rather than the weak subsequential limit
(5.15), the conclusion strengthening (5.19) is that for every g € G, the strong limits
uj; = s;ango b;(z)*g existfor j =0,...,n
Define operators b;(to)* : G — U by
b;(t )g—shrnb() (j=0,...,n).

—to

Itis clear that b;(to)* is a linear operator defined on all of G. Thus, by the Banach—
Steinhaus theorem, it is bounded. This proves statement (1) in the theorem.
Again, let g € G be fixed. Substituting u; = b;(to)*g into (5.20) and comparing
the resulting formula with (5.9), we see that L§0 g=F,. Therefore L g belongs
to H" for every g € G. It now follows from (5.21) that L,(z")g — L,EO g, which
completes the proof of statements (1) and of statement (2) for j = n. To complete
the proof of statement (2), we take advantage of the recursive relation

G- _ L B Dy Iy  w(?) a;(to)”

verification of which is straightforward, and show that
(5.29) LgeH" = LY YgeH"

Indeed, if Lg) g € H", then in particular, ng) g € LY; and it follows from (5.28)
that ng_l)g € L. Furthermore, by (5.28),

LI g = 1+(Q)/¢,
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where
F(0) = (1= CB) LY, (Q) g — aj(to)* g + w(C)b; (to)* g.

The function f, belongs to H; () since LEZ)JF g € HF(Y). Since

£4(0) = LY, (0) g — a;(t0)*g + w(0)b;(te) g = 0,

the function Lgo L’ g = f+(¢)/¢ also belongs to Hy (V). Comparing the bottom
components in (5.28), we get

LIT(C) g = (C =) LY_() g — Cw(¢)*a;(to)* g + Cbj(t)” g

thus, the assumption L(j) g € Hy (U) implies that L i) g e H, (U). Therefore,
ng 2 g € H", by Definition 4.1. Since the membershlp L n) g € H" is already
proved, the inverse induction arguments show that Lto) g € H" forevery g € G and
j € {0,...,n}. Repeating the arguments used to get (5.21) (now with j replacing
n), we conclude that (5.12) holds forevery j =0,...,n

To prove statement (3), we note that by formula (5.8) and in view of (5.12),
5300 Tim (PEAC). g = m [E9]°, = 1 12 = 5],

Z*}

which proves the existence of the weak limit in (5.13). Observe that the inequality

(5.31) liminf (P.;%(2)g, ) < Jim (P2 (2)g, 9)

is obvious, since the first limit allows z to approach ¢ty unrestrictedly in D (more
precisely, unrestrictedly in the neighborhood i, . of ¢y of the form (2.1) on which a
is analytic), while the second limit is nontangential. To prove the reverse inequality,
assume that {z;} is a sequence that leads to the limit inferior in (5.14). Then the
sequence of numbers HL/(Z?) g||%. converges to the limit inferior and, in particular,
is bounded. Thus there exists a subsequence of the sequence {z;} (still denoted by

(n)

{#;}) such that L g converges to L, ’ g weakly in H”. Then

126 gl < iy 1291 = liminf (P2()g, o)

Combining the latter inequality with (5.30) gives

lim (P1*(2)g, 9)g = | Lt gl}re < liminf (P%(2)g, g),

2zt

which, together with (5.31), implies (5.14) and completes the proof. O
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In the next section, we make extensive use of the polynomials

J J
(5.32) Aj(z) = Z A7 = zt)far(te)*,  Bj(z) = Z 271 — 2t0) by (to)*,
=0 £=0

which can be written in terms of the formula (2.12) as p?ﬂ and p;’ﬁ, respectively.

Here we just note that formula (5.9) for ng) can be written in terms of these

polynomials as

(5.33) ng’)(t):l by w(t)

1=ty

6 The kernels LY and their boundary analogues

The kernels LY were introduced in Section 4 as certain tangential analogues
of the kernels K Z(j) defined in (4.7). In this section, we introduce the kernels
Egj ), which are tangential counterparts of the kernels K 9) also defined in (4.7).
The construction is carried out under the assumption (3.5), so that we have at
our disposal the operators ay(tg) = a¥(ty)/¢! € L£(Y, G) for all £ € Z, and
by(to)* = Sfl/i\Htl [a(2)w(z)]; € L(G, U) forl = 0,...,n. Therefore, we canintroduce
the polynoril?al[; (5.32) for j =0, ...,n and their derivatives

1 d 1l d

(61) Ajyl-(z) = ﬁ@ AJ(Z) and BJZ(Z) = ﬁ@ Bj(Z),
so that
J J
(62) Aj (Z) = Z A.M(to)(z — to)i and Bj (Z) = Z Bj)i(to)(z — to)i.
i=0 =0

Now we introduce the kernels

(6.3) P9() =+ o (ffz(t)Bj(Z)) =

= 17 (4) L
= ! 0z K (t)B.m—Z(Z)

J
=0

for j = 0,...,n, where K, is given by (4.6) and where the second equality follows
by the Leibnitz rule. Making use of (4.6) and of the functions

(6.4) ci(z) =w(2)Bj(z) (j=0,...,n),

we can write
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another application of Leibnitz rule leads us to

(6.5) E,&”(t)—[ b ]XJ:

w (f) * Iu =0

—cjj-i(2) |+
Bj j-i(2) ]ku(t)'

The next lemma establishes a reproducing property of the kernel LY (t).

Lemma 6.1. For every j € Z, g € G and z € D, the function Zi“g belongs to
H"Y; furthermore, for every f = [fcf | € HY,

6.6) <f’ Egj)g> _ 1< &’ (M), g>g.

e jl\dzd z

Proof. By Lemma 4.2, K @ belongs to the space H" for every u; € U.
Upon choosing u; = B;j_;(2)g, we get the first statement directly from (6.3).
Using the reproducing property (4.9), we get (6.6):

-~ . 1 d7 ~
(. 19 g = 5 5 (F K- Bil)g)

_ 1d_j<f_(z)’ Bi(:)g) 1<%(M) -

T jldz \ 2 u gl z

Hw

To extend definitions (6.5) of LY to the boundary by continuity (that is, letting
2=to in (6.5)), we need to be sure that the functions

€iil2) = 3o €3(2) = 3o (W(2) B (2)

possess at least weak angular limits at ¢y. The next theorem shows that condition
(3.5) guarantees the existence of such limits even in the strong sense.

Theorem 6.2. Assume that condition (3.5) holds for w € S(U, V) and an L(Y, G)-
valued function a analytic at to € T. Let A; and Bj be the polynomials defined in
(5.32). Then the strong nontangential boundary limits

(6.7) cji(to) == l' -s-lim (w(z)B; (z))(i) (0<i<j<m)

1. ZSto

exist; moreover,

(68) Cjﬂ'(to) = Aj,i(tO) fOI’ 0 < ) S] <n.
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Proof. Fix j € {0,...,n} and g € G. By Theorem 5.3, ng)g belongs to H;
therefore, its top component ng ) g belongs to Hy (). By formula (5.33),
A;(t) — w(t)B;(t)

(1 — tto)/+

L(j)+ (t)g _

to,

Now we apply the standard H» estimate

|E ), < @ =tey2- |28

to the analytic extension of Lti g inside the unit disk to get
|1 - Gto”™! ’

A;i(¢) —w I <
[[(4;(C) —w(O)B;(O))gll < N

to, +g’ HY (D)

Therefore,

1(4;(¢) = w(Q)B; (O)gll = o(I¢ — tol’)  as z=to.
Consequently,
(6.9) s him o5 (A5(0) —w(()B;(¢)) g =0 fori=0,...,j
Since g € G is arbitrary, since A; is a polynomial and since by (6.2)

1 d
7 m 5 A0 = Ajilt),
(6.9) implies (6.7) and (6.8). -

Now we introduce the boundary kernels Zgg ) upon letting z — t( in (6.5):
) J
(6.10) Lgi)(t) _ [ Iy w(t) 1 Z
Since, by (6.2),

|

1=0

we can rewrite (6.10) as

6.11) zgg?(t)_l Ly w(t)]

’Ll}(t)* IZ/I kj-,to (t)

Comparing the latter formula with (5.33) leads to the conclusion that

(6.12) L) = (=17 LY (t) forj=0,...,n



CARATHEODORY-JULIA TYPE THEOREMS 261

Theorem 6.3. Assume that (3.5) holds for w € S(U,Y) and an L(Y,G)-valued
Sfunction a analytic at to, and let LY and ZE;) be the kernels introduced in (6.5)
and (6.10), respectively. Then for every vector g € G, the function L,Ef)) (t) g belongs

to H”, and Z/(Zj)g A Z§§>g as z=ty.

Proof. If condition (3.5) holds, then Lg) g belongs to H" by Theorem 5.3.
Then it follows by (6.12), that

ht) ==L (t) g

belongs to H* as well. Furthermore, by Lemma 4.5,

. B
(6.13) %z@)—(“to)J h(t)—(““)y L9 (t) g

t—=z t—z

belongs to L* and tends to h in norm of L¥ as z—t. Then PHwﬁz (the orthogonal
projection of h. onto H™) belongs to H* and tends to & in norm of H" as z=t.
Thus, to complete the proof, it suffices to show that

(6.14) Pk, = L9 g.
To this end, we use the formula (6.11) for Eg) to rewrite (6.13) in the form

%Z(t)_l Iy w(t)] 1

—4;(t)

w(t)” Iy B,(t)

By construction (6.2), A; is a polynomial in ¢t € T of degree j; thus the function

Ai(t) g LA (t) g _
0 _7 it = = E,Jz)j“ belongs to H, (V).

Then by formula (4.13) in Lemma 4.4,

h, = Iy w(t) 0 1
(6.15) Prwh, = Pyw wt)* Iy Bj(t)g ] =S
Note that by (6.2),
B;(t) : o
=T ; Bigalto) (b =0l Gy
Jj oJj-t 4. . ,
J—1 z — 1
B Z; ; ( 12 )Bjﬂ—l(tO) (t( Z)’Li)e—l—l
J 1 -
= Z (t _ Z)k—l—l Z ('7 Z) B_],]—l(to)(z _ tO)é
k=0 iti=k
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Substituting the latter relation into (6.15) and then making use of (4.11), we get

e ([t W ]| e ])
Pyuh, =S Py
i (| | ke
x Z (j zz) Bjj—i(to)(z — to)"

i+4=k
i L
(6.16) =Y K®@) Y (J , Z)Bj,j-xto)(z—to)fg.
k=0 i+l=Fk

On the other hand, differentiating the second equality in (6.2), we get

Bji(z) = %% Bj(z) = Z (Z : €> Bjive(to)(z —to)

£=0

therefore,
=40
Bjj-x(z)= ) ( ¢ )Bayjz'(to)(z—to)g-
i+e=k

Substituting the latter formula into (6.16), we obtain

J
Pyuh. =Y KW (6)B;; k() g,
k=0
which, together with (6.3), implies (6.14). This completes the proof of the
theorem. O

7 Proof of Theorem 3.1

Now we are in a position to give a proof of Theorem 3.1. Since statements (2) and
(3) have been already proved in Theorems 5.3 and 6.2, respectively, it remains to
prove the two other statements. First we recall that, by Theorems 5.3 and 6.3, the
functions Lfgg) g and fg) g defined via formulas (5.9) and (6.10) belong to H* for
every j € {0,...,n}, g € G and, furthermore,

(7.1) ng)gH—w>L§g)g and Zgj)gﬂzgz)g as z>ty.
Writing
(72)  L.=[1Y ... V], L= ... L],

(7.3) Ly =12 ... "], L, =[ LY ... L],
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we can express (7.1) equivalently as
(7.4) Lg ™ L,g and L.g ™ L,g (:5t),

holding for every vector g € G"*1.

Proof of statement (1). We first note that (5.8) for the block entries P;’fj’-a(z)
of the tangential Schwarz—Pick matrix P%>2(z) can be equivalently expressed as a
single equality

(7.5) <ng/>Hw = (P %(2)g, g/>gn+1

holding for every g, g’, where L, is given in (7.2). By the first convergence in
(7.4), we have

lim <ng7 ngl>H <11H1 ng7 l/l\m ng > = <Lt0g7 Ltogl>Hw )
H‘LL)

25t z>t0 z—to

which together with (7.5) implies (since g and g’ are arbitrary) that the weak limit
PY2(ty) := w-lim P})®(z) exists and is uniquely defined by the equality
z—to

(76) <P$)a(t0)g7 gl>g"+1 = <Ltog7 Ltogl>Hw ) gag/ S gn-i—l'

Proof of statement (4). From definitions (2.8), (3.4) and (2.14) of H,(z),
T2(z) and UP(z) respectively, it follows that the ij-th block entry R.;(z) of the
matrix R(z) := T2(2)H,(2)UP(z) equals

(7.7)  Ry(z Zzaj o(2)wesr1(2)Biic(2)  (i,5 =0,...,n).

£=0 k=0
On the other hand, it follows from (5.2) and (6.3), that for every g, ¢’ € G,

<z§i)97 ng) g/>Hw _ <ZK(k) Bii_ k(2)g, iK 37 o *g/>
Hw

k=0 =
J

(78) Y S (RO B, K (0a;-o(2)'g') -
£=0 k=0

Recall the equality

<K§k) u, Kz(g) y>Hw = <wk+f-‘r1 (Z)u7 y>y

holding for every z € D, k,{ € Z,u € U, and y € Y (see Lemma 2.3 in [4] for the
proof). Letting u = B; ;_(2)g and y = a;_¢(z)*¢’ in this equality, we get

<f~(§k)3i,i—k(2)7 K§i)aj—e(2)*9'>Hw = (Wkt+1(2) Bi,i-k(2)g, aj—e(2)"g)g

= (aj_¢(2)wrte41(2)Bii-k(2)g; 9')g-
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Substituting the latter equalities into the right hand side of (7.8) and making use
of (7.7) leads to

<Zgl) g/7 L,(zj) g>Hw = <Rl] (2)97 gl>g (27] = 07 e ns g, gl S g)u
which can be written equivalently in terms of (7.2) as
<izg, ng'>Hw = (R(2)g, &) gn+1 = (T (2)Ha(2)UR(2)g, &) guis

holding for all vectors g, g’ € G"*!. Since matrix M given by (2.17) is unitary, we
can replace g by Mg to get

(7.9) <izl\/[g, ngl>Hw = <T2(2)Hn(z)U2(z)Mg, g’>gn+1 ,

also holding for all g, g’ € G"™t. By (7.4), we can pass in (7.9) to the limits
as 2=ty to conclude (as in the proof of statement (1) above) that the weak limit
Pw:a(ty) in (3.8) exists and satisfies

(7.10)  (P¥3(to)g, g')gnit = <it0Mg, Ltog’>Hw forall g, g’ € G
Note that relations (6.13) can be written in matrix form as
(7.11) Ly, = L, M,
using which we combine (7.10) and (7.6) to get
" (t0)g. &) = (Li,Mg. Luyg') = (Luyg, Liog) g = (P (t0)g: &).

Since the latter holds for every g, g’ € G"!, we also have P¥2(ty) = PY2(tg).
By definitions (2.6) of P¥(z) and (3.7) of UP(z), the ij-th block entry Qi(2)
of the matrix Q¥ (z) := UP(2)*P¥(z)UP(2) equals

L1 Ok Ty —w(z)*w(z
4@ :;;ﬂﬁ&”‘é(z)*(azzazk - 1—(|2|2 : ))’B-fvj—’“(z)
1 ot ( ()" Iy — w(z)*w(z)

T2 = g (B T 5e)

where the second equality follows from (6.1) by the Leibnitz rule. On the other
hand, letting f = 3% ¢’ (for an arbitrary fixed ¢’ € G) in (6.6) gives

i (Bi(2)*LY) (2)y
T (D)),

~ ~ 1
7.1 LI g LY gy = —(
713) (L9 I g = (s (—
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By (6.3) and (4.6), the bottom component of E,(zj ) (z) is equal to

E(j) (2)

Zy,—

1 97 197 1 —w(z)*w(C)

= 9 (B (IBi() = 5 5 (27120 Bi2),
Substituting the latter formula into the right hand side expression in (7.13) and
comparing the result with (7.12), we conclude that

(IV g, IO 9>Hw =(Q¥(=)d's 9)g-

Since the latter equalities hold for every i, 5 = 0,...,n and every g, ¢’ € G, they can
be equivalently written in terms of (7.2) as

(7.14) <izgv izg/>Hw =(Qi(2)g &), &g gt

By the second convergence in (7.4), we can pass in (7.9) to the limits as 2=t to
conclude that the weak limit Q¥ () in (3.9) exists and satisfies

(Qu(to)e. &) = (Lug Lug’)

Replacing g and g’ by Mg and Mg’ respectively, and making use of (7.11) and
(7.6), we get

(Q(to)Mg', Mg) = (Li, Mg, Li,Mg') = (Li,. Liy8) o = (P (t0)g, &)

and conclude that P¥2(ty) = M*QY(t,)M. Finally, the positivity of P2 (¢g)
follows from (7.6). This completes the proof of Theorem 3.1.

8 Carathéodory—Julia condition and boundary behav-
ior of functions in H"Y

In this section, we justify the terminology “boundary kernels” for L,Ef) ) and Zgg ) by
showing that these kernels reproduce (directional) nontangential boundary limits
for the j-th derivative of functions f € H".

Let us assume that condition (3.5) holds. Then the kernels Lgi) and Zgi) are
well-defined by formulas (5.9) and (6.10) for j = 0, ..., n; furthermore, (7.1) holds.
Then for every function f = [f +] € H" and every vector g € G, we can pass to the

I
limits in (5.6) and (6.6) to get

, af )0 (s
GO (I @f)) 0)g = (20 o)y (afi)y(e) = B

1 d9 /B;(2)*f_ ~(
(8.2) <zh§?0ﬁdza‘(w)’ g>g ={f, L g) -

z

)
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Therefore, the weak limits

(83)  (afy);(t0) = wlim (afy)y (=) Cylto) = wilim %

2Sto 2>t jl dZI z

existfor j =0,...,n. By (5.6), (8.1) and (7.1),

I(af+);(z) = (af+);(to)lly = sup [((af+);(2) = (af+);(to), 9)g]

llgll<1
= (1,299 - 1D g)ue

<\ f e - 1299 = LD gl g — 0

0

as z5ty; and, therefore, the first limit in (8.3) exists in the strong sense. The strong
convergence of the second limit in (8.3) follows in much the same way. Note also
that, conversely, if the nontangential boundary limit

(8.4) (afy)n(to) = l'wfl/i\m (afy)™(z) exists for every f = l
n: z—to

then condition (3.5) holds. Indeed, by (5.6), (8.4) means that the limit

lim (f, L g)gw exists for every g € G and every f € H”. Fix g and a non-

—to

tangential neighborhood I';, . of ¢y (see (2.2)). Then (f, L g) gw is bounded for
every f € H" and z € I'y, o ¢, so by the uniform boundedness principle, HL/(Z”) 9l mrw
is uniformly bounded on I't,q.. By (5.8), we conclude that (P}'(2)g, g),, is
uniformly bounded on I'y, o ., which clearly implies (3.5). We have arrived at the
following result.

Theorem 8.1. Letw € S(U,Y), n € Z and let a be an L(Y, G)-valued function
analytic in a neighborhood of t, € T. Then condition (3.5) is equivalent to (8.4).
In this case, the strong limits
1 & Bj(z)*f-
(a1 );(to) = s-lim (afs);() and Cy(to) = s-lim -2 Bile)'/-(2)

25t 25t j' dzi z
exist and are reproduced via the inner product of H" by formulas (8.1) and (8.2).
In the case where G = ) and a(z) =1, Theorem 8.1 simplifies as follows.

Theorem 8.2. Letw € S(U,Y), n € Zy and ty € T. Then (2.15) holds if and only
if the nontangential boundary limit

f+

1
(8.5) frn(to) = waliAm J(r") (z) exists for every f = [f
. z—to —
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In this case, the strong limits

exist for j =0,...,n, where psjﬂ are the polynomials defined in (2.12).

Making use of Theorem 8.2 and following the recipe of Remark 1.4, one can
formulate the dual condition (2.20) in terms of boundary limits of H"-functions.
We omit the precise formulation and pass directly to the “combined” result.

Theorem 8.3. Letw € S(U,Y), n € Zy and tg € T. Then conditions (2.15) and
(2.20) hold if and only if the nontangential boundary limit

fr

an
(8.6) fn(to) :== iV\Llim l;’;ﬂr(z)] exists for every f = [f

TL! 25t Zn f_ (Z)

In this case, the strong limits f;(to) exist for j =0,...,n.

The latter results look somewhat more elegant in the context of the “one-
component” de Branges-Rovnyak space H(w), which was introduced in [7] as the
space of all functions h € H, ()) such that

(8.7) Iy = sup b+ wgllEs g = N9l g < 00

B ™ cmran { HY () Hj <u>}
Alternatively, H(w) can be defined as the reproducing kernel Hilbert space with
reproducing kernel

Iy~ w(xuw(Q)

(8.8) N(z,¢) e

obtained via Aronszajn’s construction [2]. The “two-component” space H" was
originally introduced in [8] (in a slightly different, but equivalent, form) as the
reproducing kernel Hilbert space with reproducing kernel

(8.9) Re(2) = L w(z)" —w(Q)* 2 Ty — w(zg*w(O

Its range space definition with the integral formula for the inner product presented
in Section 4 comes from [12]. The space H" serves as the state space for the unitary
realization of w; namely, there exist a unitary operator U = [4 B]: [#"] — [H]]
such that

w(z) = D+ 2C(Igw — 2zA)"'B  for every z € D.
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Using equalities UU* = Igwgy and U*U = Igwgy, one can factorize the kernel
(8.9) in terms of the entries of U as

CI—zA)"!

(8.10) Ri(z) = H(z)H({)" where H(z) = B — A7)

Theorem 8.4. Let w € SU,Y), n € Z4 and let a be an L(Y, G)-valued function
analytic at ty € T. Then condition (3.5) holds if and only if the nontangential

boundary limit

(8.11) w-lim (ah)™ (z)  exists for every h € H(w).
z—to

In this case, the strong limits s_lim (ah)V)(z) exist for j =0, ..., n.

Z:to

Proof. It follows from factorization (8.10) that for every h € H(w), there
exists a function h € Hy (U) such that f = [%] belongs to H¥. Indeed, every
h € H(w) is of the form h(z) = C(I - zA) "z for some z € HY, and we can simply
take h(z) = zB*(I — zA*)z. If we now assume that condition (3.5) holds, then
(8.11) and the last statement in the theorem follow by Theorem 8.1.

To prove that (8.11) implies (3.5), we reproduce the arguments from the proof of
Theorem 8.1, adapted to the single-component framework. Namely, we introduce

.=+

T nlozn

(N(¢;2)a(z)")

(the analogue of L,(Z") (see (5.1)) and note the equalities

1

(8.12) —{@ERE)N™, g)g = (b Tog)nw)
and
(8.13) 17291170y = P ()9, 9)

holding for every g € G and h € H(w). To prove (8.12) and (8.13), we repeat the
proofs of Lemma 5.1 and Lemma 5.2, respectively, and use the fact that N(z,() isa
reproducing kernel for H(w). Assuming that condition (8.11) holds, we conclude
by (8.12) that the limit liArrt1 (h, T>.g) m(w) exists forevery g € G and every h € H(w).

Then (h, T.g) g (w) is bounded for every fixed h € H(w) and every z from a fixed
nontangential neighborhood I'y, . of ty. By the uniform boundedness principle,
| T-9| £ (w) is uniformly bounded on 2/, which implies (3.5) by (8.13). O



CARATHEODORY-JULIA TYPE THEOREMS 269

Recently, Fricain and Mashreghi [10] showed that if a(z) = 1 and

_ _ 27 40
w(z) = %.w.exp{—/ e.9+zdu(6‘)}
0

L Ok 1 — zay ew — z

is a scalar Schur-class function, then (8.11) holds if and only if

laf [
8.14 __dul0)
(8.14) Z Ito — ax|2+2 T o Jto — eif|2n+2 <

(in case w is inner, this result was established in the remarkable paper [1]).
Thus, in the scalar valued case, condition (8.14) appears to be equivalent to the
Carathéodory—Julia condition (1.9). A natural question concerning the opera-
tor valued analogue of (8.14) (supposedly equivalent to condition (3.5)) will be
presented on a separate occasion.
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