ON DEGENERATE HAMBURGER MOMENT PROBLEM AND EXTENSIONS
OF POSITIVE SEMIDEFINITE HANKEL BLOCK MATRICES

VLADIMIR BOLOTNIKOV

ABSTRACT. In this paper we consider two related objects: singular positive semidefinite Hankel
block—matrices and associated degenerate truncated matrix Hamburger moment problems. The
description of all solutions of a degenerate matrix Hamburger moment problem is given in terms
of a linear fractional transformation. The case of interest is the Hamburger moment problem
whose Hankel block—matrix admits a positive semidefinite Hankel extension.

This is the corrected version of the original paper [2]. The work was inspired by V. Dubovoj’s
paper [4] containing the first systematic study of degenerate matricial interpolation problems.
Another sourse of inspiration must have been the paper by R. Curto and L. Fialkow [3] but I was
not aware of it then. The original paper contained several erratae and the author is very grateful
to A. Ben-Artzi and H. Woerdeman for indicating them. A short proof in Section 5 fixes these
incorrectnesses. The remaining four sections are mostly the same as in [2].

1. INTRODUCTION

The objective of this article is to describe the solutions of a degenerate truncated matrix Ham-

burger moment problem HMP. We start with a set of Hermitian matrices s, ..., s, € C™*™
and let K,, denote the Hankel block matrix
K, = (SiJrj)?,j:O' (1.1)

Let Z(K,,) denote the set of all solutions of the associated truncated Hamburger moment problem,
i.e., the set of nondecreasing right continuous m x m matrix-valued functions o(A) such that

/OO Meda(\) = sy, (k=0,...,2n—1) (1.2)

and

/ Ao (N) < sop. (1.3)
As in the scalar case (see [1: §2.1]) Z(K,,) is nonempty if and only if K, is positive semidefinite
and, moreover, by a theorem of H. Hamburger and R. Nevanlinna [1: §3.1], the formula

oty = [ 4o "

— 00

establishes a one-to-one correspondence between Z(K,) and the class R(K,) of C™*™—valued
functions w(z) analytic and with positive semidefinite imaginary part in the upper half plane C
such that uniformly in the angle {z = pe? : e <0 <7 —¢, ¢ >0},

2n
lim {22"+1w(z) + Z skz%_k} > 0. (1.5)
k=0

Z— 00

This correspondence reduces the HMP problem to a boundary interpolation problem of finding
all C"™*™—valued Pick functions w (which by definition are analytic and with positive semidefinite
imaginary part in C;) with prescribed asymptotic behavour (1.5) at infinity.
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In this paper we follow the Potapov’s method of the fundamental matrix inequality [9]. The
starting point is the following theorem which describes the set R(K,,) in terms of a matrix inequality
(see [9, §1] for the proof).

Theorem 1.1. Let w be a C™*™ —valued function analytic in Cy. Then w belongs to R(K,) if
and only if it satisfies the inequality

K, (I —2Fpn) Y (Uw(z)+ M)
x >0 (1.6)
(w(z)*U* + M*)(I = zF;, )7

z—Z
for every z € C,., where
O 0
Ip,
Fon=1 0 7T € Cmntl)xmintl) (1.7)
0 ... 0 I, Opn
is the matriz of the m-dimensional shift in C™"*+Y and where U, M € C™)X™ qre given by
I, 0
0 S0
U= . , M =F, K, U = . . (1.8)
0 Sn—1

The matrix K, (the so—called Pick matriz of the HMP) satisfies the following Lyapunov identity
FnKy — K, Fly, = MU* — UM* (1.9)
which can be easily verified with help of (1.1), (1.7) and (1.8).

The HMP is called nondegenerate if its Pick matrix K, is strictly positive and it is termed
degenerate if K, is singular and positive semidefinite. The parametrization of all solutions to
the inequality (1.6) for the case K,, > 0 was obtained in [9] and will be recalled in Theorem 1.3
below. To formulate this theorem we first introduce some needed definitions and notations. We
will denote bt W the class of C?™*2?™valued meromorphic functions © which are J-unitary on
R and J-expansive in C,:

0(2)JO(2)*=J (2 €R), 0(2)JO(z)*>J (2€Cy) (1.10)

0 il
J_<—ilm J ) (1.11)

Definition 1.2. A pair {p, q} of C™*"-valued functions meromorphic in C\R is called a Nevan-
linna pair if

where

(1) det (p(2)*p(z) + q(2)*q(2)) £ 0 (the nondegeneracy of the pair)
@) p(z) —p)az) T p(2) N (1.12)
@ VZIEE) ey, gy 2 (0 ) 20 @20

A pair {p, ¢} is said to be equivalent to the pair {p1, g1} if there exists a C™*"-valued function
Q (det (z) # 0) meromorphic in C\R such that p; =p Q and ¢ = ¢Q. The set of all m x m
matrix valued Nevanlinna pairs will be denoted by N,,.



DEGENERATE HAMBURGER MOMENT PROBLEM 3

Theorem 1.3. Let K, be a strictly positive matriz given by (1.1) and let Fp,n, U and M be
defined by (1.7), (1.8). Then

(1) The function

_ 011(2) 012(2) _ M* _ ¥ \—1p-—1
O(z) = ( 021(2) 022(2) )~ Ly + 2 _U* (I ZFm)n) K, (U M) (1.13)
belongs to the class W.

(2) The formula

w(z) = (011(2)p(2) + 012(2)q(2)) (021 (2)p(2) + O22(2)q(2)) " (1.14)

gives all the solutions w to the inequality (1.6) when {p, q} varies in N,.
(3) Two pairs {p(z), q(z)} and {p1(z), ¢1(2)} lead by (1.14) to the same function w(z) if and
only if these pairs are equivalent.

The degenerate scalar HMP is simple: R(K,) consists of the unique rational function w(z)
(this follows immediately from (1.6)). In the degenerate matriz case, the description of R(K,,)
depends on the degeneracy of K,,, but we still have a parametrization of all the solutions as a
linear fractional transformation (1.14) with the coefficient matrix © from the class W and for a
suitable choice of parameters {p, ¢} (see Theorem 4.6 below). To construct the coefficient matrix
of the degenerate HMP, we follow the method of V. Dubovoj which was applied in [4] to the
degenerate Schur problem. Note that if det 622 # 0, the transformation (1.14) can be written as

w(z) = Y11(2) + Y12(2)p(2) (Y22(2)p(2) + q(2)) o2 (1.15)
where
Y11 = 01105, P12 = 011 — 012055 000, a1 = Oy, Pz = Oy 021 (1.16)

and it turns out that the function ¥(z) = ( ﬁ;gzg %38 ) is a Pick function (i.e. analytic and

with positive semidefinite imaginary part in C.). If det 622 = 0, formulas (1.16) make no sense,
but nevertheless the set R(K,) can be parametrized by the transformation (1.15) with a coefficient
matrix ¥ from the Pick class. This ¥ can be constructed as a characteristic function of certain
unitary colligation associated with the initial data {s;} of the problem. This approach (see [8]) is
much more stable with respect to a possible degeneracy of the Pick matrix K,. The degenerate
HMP will be discussed in some more detail in Section 2.

2. POSITIVE SEMIDEFINITE HANKEL EXTENSIONS OF HANKEL BLOCK MATRICES

Let Hyy,n be the set of all positive semidefinite Hankel block matrices of the form (1.1). We say
that a matrix K,, € H,, , admits a positive semidefinite Hankel extension if there exist Hermitian

matrices Sop+1,S2n+2 € C™*™ such that the block matrix K,y = (siﬂ)?j:lo is still positive
semidefinite. The class of such matrices will be denoted by H,J,Q)n:
H o ={Kn € Hpmpn (siﬂ);f;r:lo > 0 for some s; = s} and sp = 53 } . (2.1)

In the scalar case (m = 1) every positive semidefinite Hankel matrix admits a positive semidefinite
Hankel extension and therefore, Hf‘)n =Hin. Forn > 2, H;@)n is a proper subset of H,, , as can
be seen from the example

_ S0  S1 _ _ 1 0 _ 1 0
K2_<51 52>’ 80—81—(0 O) and 82—(0 1).

We introduce two more subsets of H,, »:

Sn+41
Hm,n = {Kn S Hm,n : PKerKn1< ) = 0} (22)
S2n
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and

— 00

ﬁm,n = {Kn € Hmn: Son = / A" do(\) for some o € Z(Kn)} ) (2.3)

Thus, ﬁm,n consists of all matrices K,, € H,, n, the associated truncated Hamburger moment
problem admits an “exact” solution ¢ such that

/ MNeda(N) = sy, (k=0,...,2n), (2.4)
that is, with equality for the last assigned moment sa,, rather than inequality (1.3). In (2.2) and in
what follows, P k.. denotes the orthogonal projection onto the kernel of K. We will show below
that _ N
which will provide therefore, several equivalent characterizations of Hankel block matrices admit-
ting positive semidefinite Hankel extensions. The following two propositions can be easily verified.
Lemma 2.1. The block matriz T' = (t;);' ;o (tij € C™Y) is Hankel if and only if
F.(F.T—-TF,)F..=0 (2.6)
where F' is a shift matriz defined via (1.7).

Lemma 2.2. Let K,V € CN*N and A € CV*" be matrices such that K = K* and det V # 0.
Then, Prerxk A = Prerviy-VA.

Given a K > 0, let @ be a matrix such that

QRKQ*>0 and rank QKQ* =rank K. (2.7)
We define the pseudoinverse matrix K[~ by
KM =@ (QKQ) ' Q. (2.8)

Since the pseudoinverse matrix depends on the choice of @, it is not uniquely defined.
Lemma 2.3. For every choice of K71,

- KKIFU = (I - KK[‘”) Prork. (2.9)

Proof: By (2.7), every vector f can be decomposed as f =g+ hQ for some
g € Ker K and h € C'*ankK  Therefore,

F(1-KKEY) = (g+hQ) (I - KQ'(QKQ)'Q) = g
which implies (2.9). O
Lemma 2.4. The block matriz ( EI;* g ) is positive semidefinite if and only if
K>0, Pr,xB=0 and R=C - B*K["B>0.
Moreover, if ( éi g ) >0, then the matriz R does not depend on the choice of K11
Proof: The first assertion of lemma follows from the factorization

K B\ _ I 0 K 0 I KB
B ¢ ) \ B*k[1U T 0 R 0 I

which in view of (2.9), is valid if and only if Pye,x B = 0.
Furthermore, let C admit two different representations C' = R; + B*K!fl]B (i =1,2). Then

R — Ry = B* (Kz[;” - K{*”) B. (2.10)
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In view of (2.9),
k(e - ki) B={(1- kKxY) — (1- KKSY) } P B = 0.
Since ( éﬁ g ) > 0, then also B* (Kéﬁl} - K£71]> B = 0 which both with (2.10) implies R; =
Rs. O
Lemma 2.5. Let K,, € Hy,,, and let L be the subspace of C1*™ given by
L={fecC™™: (fo,...,fn 2 f) € KerK, 1 for some fo,...,fnoe C>m} (2.11)

Then K,, belongs to ﬁmyn, that is
Sn+1
PKerKn,l ( ) =0, (212)

S2n

if and only if the block say, is of the form
Son = (5717 ceey 52n71>K7[7,_711] (Sn, ey Sgnfl)* + R (213)

for some positive semidefinite matriz R € C™*™ which vanishes on the subspace L and does not
depend on the choice of K};lll.

Proof: Since K,, > 0, then by Lemma 2.4,

Sop — (Sn7 ) 32n—1)K7[1111] (Sn7 ey 8271—1)* Z 0

and therefore, s5, admits a representation (2.13) for some R > 0. Moreover, since K,, > 0, then
for every vector (fo,..., fn—1) from KerK, 1

$1 ...  Sp
(fo,-- s fa1) | : =0
Sn Son—1
and therefore,
$1 ...  Sp
fre1(8n, ooy 8am—1) = —(fo,--+, fn-2)
Sp_1 ... S2p_2
= —(0, fo,- s fn—2)Kn-1. (2.14)

Thus,
fosns1+ ...+ fu—2S2m—1 + fa—1(sn, .., 82n—1)K,[;11] (Snse-vyS2m—1)"
= (0, for -+, fa_s) {I— Kn_lK,[:l]} (Sny- - s S2n_1)"
— (0, for- s frs) {I - Kn,lKLill]}PKeranl(sn, e Sane1)" =0 (2.15)

where the first equality holds due to (2.14), the second follows by (2.9) and the last one holds since
K, > 0 and therefore, Pxerk, _,(Sn,--.,S2n—1)* = 0. Comparing (2.15) with (2.13) gives

fosny1 + ...+ fru1S2m = fr1 R (2.16)
It remains to show that R vanishes on the subspace £ if and only if (2.12) holds. To this end,
let us observe that condition (2.12) means that fosp+1 + ... + fn_182, = 0 for every vector

(fos---s fn—1) € KerK,_1. The latter is equivalent, in view of (2.16) and (2.11), to f,—1R =0 for

all f,—1 € L. By Lemma 2.4, the matrix R = s2, — (S, - .,52n,1)K7[;11] (Sny- -, S2n—1)" does

not depend on the choice of KLill]. O
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ﬁm,n and ﬁm,n be the classes defined in (2.1)~(2.3). Then
Mo € Homin € Honon- (2.17)

Lemma 2.6. Let H

m,n’

Proof: Let K, ;1 be a positive semidefinite Hankel extension of K,. Since K,,+1 > 0, by the
solvability criterion for the associated Hamburger moment problem, the set Z(K, 1) is nonempty.
Furthermore, for every o € Z(K,,41)

/ Mdo(\) =s, (k=0,...,2n+ 1)and / N 200 (N) < Sonto
and therefore, K,, € ﬁm,n which proves the first containment in (2.17).

Now let us assume that K, belongs to ﬁm)n and let do be the measure satisfying conditions
(2.4). Then

Kn:/ Iy s NPT} do (V) (I - s N T (2.18)

Let f=(fo,...,fn-1) € C*™ be a vector from Ker K,_1. Then [ f(N)do(N)f(A)* =0,
where

FO)=fot Mt A XN oy =€ (L, A (2.19)
In particular, for every choice of —o0 < a < b < +o0,
b
/ FN)de(N) f(N)* =0. (2.20)

Let g € C'*™ be an arbitrary nonzero vector. By the Cauchy inequality,
1
3

b b b
/ FNdo (WA gt < ( / FNdo (V) V)" / AQ"”gda(Mg*)

which in view of (2.20) implies fff()\)da()\))\"“g* = 0. Since a,b € R and g € CY*™ are
arbitrary, then

/ b fNdo( M)A, =0

which on account of (2.4)—(2.19) can be rewritten as

f(Sn+1, ceey SQn)* =0. (221)
Thus, every vector f € Ker K,,_; satisfies (2.21) or in other words, Prerr, _, (Snt1,---,82,) =
0 and therefore, K,, € Hp, n, which completes the proof of the second inclusion in (2.17). O

In connection with the last lemma we consider the following question: to describe all matrices
s € C™™ such that s = [°._A*"do(X) for some o € Z(K,).

Lemma 2.7. Let K,, > 0 be a block matriz of the form (1.1) with the block sa, of the form

Som = (S, S2n—1) K- 0 (8n, ... So0n_1)" + R (2.22)

for some matriz R > 0 (which does not depend on the choice of K,[f_ll]) and let s € C™*™ be defined

by .
5= / A do(N) (2.23)

for some o € Z(K,). Then there exists a positive semidefinite matric Ry < R which vanishes on
the subspace L defined by (2.11) and such that

s = (Sn,...,Sgn_l)Klf_ll] (Sn,...,Sgn_l)*—f—Ro (OS Ro <R and Rolg ZO) (224)
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Proof: Let s be of the form (2.23) for some o € Z(K,,). We introduce the Hankel block matrix

S0 Sp—1 Sn
K, = : : (2.25)
Sn—1 S2n—1
Sn e Son—1 S

which differs from K, only by the block s3, = s. Thus, IN(n S ﬁm)n. Therefore, IN(n S ﬁm)n,
by Lemma 2.6. By Lemma 2.5, the block S5, = s admits representation (2.24) for some Ry > 0
vanishing on £. The inequality Ry < R follows from (1.3) and (2.22)—(2.24). O

Lemma 2.8. Let K,, € Hpn be of the form (1.1), let L be the subspace given by (2.11), let

Som, s and K, be matrices defined by (2.22), (2.24) and (2.25) respectively, and let the positive
semidefinite Ry : C"™ — C™ be defined by

- 0 for helCl,
Foh = { Rh for he Lt (2.26)

Then the Hamburger moment problems associated with the sets of matrices {so, . . ., Son—1, S2n} and
{50, .., 82n—1,8} have the same solutions: Z(K,) = Z(K,).

Proof: Let o belong to Z(K,). By Lemma 2.7, the matrix § = [~ A?"do()\) admits a

representation (2.24) with a positive semidefinite matrix Ry < R vanishing on £. In view of (2.26),

Ry < Ry. Therefore, s < s and 0 € Z(K,,). So, Z(K,,) C Z(K,). The converse inclusion follows
from the inequality s < so,. O

Remark 2.9. By Lemmas 2.5 and 2.8, we can assume without loss of generality that the Pick
matriz of the HMP belongs to Hu, .

Otherwise we replace the block sa,, (which is necessarily of the form (2.22)) by the block S, = s
defined by (2.24), (2.26). By Lemma 2.5, K,, € H,, , and we describe the set Z(K,,) of solutions
of this new moment problem, which coincides, by Lemma 2.8, with Z(K,,).

3. THE COEFFICIENT MATRIX OF THE PROBLEM

The coefficient matrix © of the nondegenerate HMP given by the formula (1.13) is the matrix
polynomial of deg © = n + 1 and (1.13) is a realization of © with state space equal C™(+1), In
this section we obtain some special decomposition (see formula (3.13) below) of the state space
which will allow us to construct the analogue of (1.13) for K, not strictly positive (formula (3.23)).
The idea is simple: to replace in (1.13) the inverse of the matrix K, (which does not exist for the
degenerate case) by its pseudoinverse. However after this replacement the function ©® may lose
its J-properties (1.10) which are essential for the description (1.14) to be in force. This suggests
the following question: is there exist a pseudoinverse matrix Klf” of the form (2.8) such that the
function

O(2) = Lo + 2 ( o ) (I = 2F ) KU, M)

still belongs to the class W? We show in Lemmas 3.2 and 3.3 below that such a pseudoinverse
exists if (and in fact, only if) the Pick matrix K, belongs to the class Hy, . Recall that for the
degenerate matricial Schur problem such a pseudoinverse always exists (see [4]).

Lemma 3.1. Let T, = (tiﬂ);szo € 7—717" (t; € CXY), et tg > 0 and let fn_l be the block matrix
defined as

Ty1 = D {S — Tt ' 7,7} Dy (3.1)
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where
to 0 0 "
131
D, = . . . 0 , S= (ti-i-j)?,j:lv 7, =
: . . ;
th1 .t to "

Then fn_l is a Hankel block matriz:

_ n—1
Tn-1= (ti+j) =0
and moreover, T,_1 € Hypn—1.

Proof: Let F},_1 be the matrix defined via formula (1.7) and let

U:=(I;,0,...,0)* € Cnx!,
We begin with the identities

DnFin-1=Fin-1Dy, U'Fiuo1=0, D,U—F, 17, = Ut
and

n n

Fin-1(S = Tutg ' T7) = (S = Tuty "I F'yoy = Tty 'U D}, — DUty ' T,;
which follow immediately from (1.7), (3.2) and (3.4). Using these identities we get
Ffpy(Fin1Tno1 — Tn1 Ffy 1) Fin1

= Foei D { Pt (8 = Tutg ') = (S = Tutg " T7) Fia } D" Fin

n

= s Dy Ttg U D, = DaUtG T b Dy Fin

n

= Fy D Tty ' U Fipy — Fy Utg " TiF 1 = 0

n

and (3.3) follows by Lemma 2.1. Since D,, is invertible, the factorization formula

T — I 0 to 0 L ty'Tr
"\ Tuty' Dy 0 Th_1 0 D

implies that fn,l > 0 and thus, T\n,1 € Hipn—1. It remains to verify that

To this end, we first observe that
PKerTn,l (7;7,, S) =0

since T}, > 0. Using the factorization of T),,_; similar to (3.6) we obtain

so 0 _ I 0 T, I —t; T D%,
0 Tho -D; N T, atyt DY )0 D7 *,

where D,,_; and 7,,_; are defined via (3.2). Upon applying Lemma 2.2 to the matrices

1 0

K=t V=( _por ot o,

) and A= (7, 9S),

and making use of (3.8), (3.9) we obtain
P Dot (=Taaty', L) (Tn, S) = 0.

)

(3.2)

(3.10)
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From the block decomposition D,, = ( T:ll fol ) we have

D' = fo 0 (3.11)
"o\ =D L Taatyt DYy )T '
Substituting (3.11) into (3.1) we obtain

11 ty
: = (Oa Im(n—l))fnfl = D;il (_7;7,711561) Imn) (S - %talﬁ) D;*

th—1 ... top—2

The last equality both with (3.10) implies

t1 e tn
PKeT’fn,2 =0
th—1 ... top—2
and, in particular, (3.7), which completes the proof of lemma. (Il

Lemma 3.2. Let K, € ﬁmm and let rank K,, = r. Then there exists Q € C™*"TD™ sych that
QK,Q" >0, rank QK,Q* = rank K, QFnn=NQ (3.12)
for the shift F,, , defined by (1.7) and some matrix N € C"™*". In other words, there exists a

subspace Q = Ran @ Lef {y e C+) .y = fQ for some f € C"} coinvariant with respect to
Fy n and such that

cm ) — Ker K + Q. (3.13)

Proof: We prove this lemma by induction. Let n = 0 and let rank s = < m. Then there
exists a unitary matrix v € C™*™ such that

* tO 0
vsov* = ( 0 0, > (to > 0), (3.14)

and the matrix
g=(I;, 0)vecCchm (3.15)
(considered as Q) clearly satisfies (3.12).

Let us suppose that the statement of the lemma holds for all integers up to n — 1. Let as above,
rank so = | and let v and g be matrices defined by (3.14), (3.15). Since K,, € Hy,n, we have

Ker so C Ker s; for i =1,...,2n, and then we have from (3.14),
x ti 0 Ixl.
v v = (t; e C™Y5 i=1,...,2n). (3.16)
0 Omfl
In more detail, representations (3.16) for ¢ = 1,...,2n — 1 follow from positivity of K, along

with its Hankel structure. Since K, belongs to H,, », equality (2.12) holds. Upon substituting
decompositions (3.14) and (3.16) (for ¢ = 1,...,2n — 1) into (2.12), one can easily see that so,

. . t . . ..
is necessarily of the form vsg,v* = %" g for some vy € CHx(m=1)  Since s, is Hermitian,

~ = 0 and representation (3.16) for sa,, follows.
From (3.14)—(3.16) we obtain that g¢s;¢g* =t; (i =0,...,2n) and

T, = (tiJFj)Zj:O =G, K,G, rank T, = rank K, (3.17)
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where G, is the (n + 1)l x (n + 1)m matrix defined by

g 0
G = ( ) (3.18)
0 g

Since K,, € ﬁmm, then it is readily seen that T, € 7—717". Let fn_l, D,, and 7,, be matrices
defined by (3.1), (3.2). Multiplying K,, on the left by the matrix

I 0
o = ( —D—llﬂtal D )Gn (3.19)

and by ®* on the right we obtain, on account of of (3.18) and (3.6),

to 0
DK, D" = ~ . 2
(%) (3.20)

By Lemma 3.1, T),_; € Hjm_1, and it follows from (3.17), (3.19) and (3.20) that rank Tpo1 =
rank K, —rank to = r —[. Therefore, by the induction hypothesis, there exist matrices @ €
Clr=0xin and N € Cr=Dx(=1 guch that

QT,_1Q* >0 and QF,, = NQ. (3.21)
We show that the matrices
Il 0 Ol 0
— b (b r><(n+1) N — S b rXr 22
< <0 Q> €c ’ ot N )€€ (3.22)

(where U is the matrix given by (3.4)) satisfy (3.12). Indeed, by (3.20)(3.22,)
. I, 0 to 0 I, 0
e = (4 o) (v 2. ) (0 g )0

rank QK,Q* = rank ty + rank @fn,lé* =14 (r—1) =rank K,.
We next make use of (3.19)—(3.21) and of the block decompositions

(9 0 (9 0
G"‘(O Gn_l) and Fm’"‘(U Fm,nl)

and

to compute

OF,. — 0 0 B 0 0
e QDglGn—lU QDglGn—lFm,n—l B QD;IU.Q QDglF‘l,n—lGn—l

and
0 0
Ne = ( (QU — NQD;'T,)tg'g NQD; Gy )

0 0
( @Dgl(Dnﬁ - F‘l,nfllz;L)talg @E,nleglanl ) '

We now invoke equalities (3.5) to verify that the right hand side matrices in the two last formulas
coincide. Thus, QF,,, = NQ = 0, and the matrices Q and N defined by (3.22) satisfy (3.12).
This completes the proof. O

In what follows, the indeces will be omitted and by K and F' we mean matrices K,, and Fy,
given by (1.1) and (1.7) respectively.
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Lemma 3.3. Let K € ﬁm,n; let Q be any matriz satisfying (3.12) and let F, U, M, J and K=Y
be matrices given by (1.7), (1.8), (1.11) and (2.8). Then the C*™*2m —yalued function

O(2) = Iy + 2 ( i‘é ) (I — 2z 'K=(w, M) (3.23)

is of the class W and moreover,

O(2)*JO(z) — J = i(Z — 2) ( AU4 ) KEUI -z 'K - 2F) KU, M), (3.24)
J—0(2)*J07(z2) = i(z — 2) ( ]\U4 ) (I —zF)) 'K NT — 2P (U, M). (3.25)

Observe that the two first relations in (3.12) enable us to construct the pseudoinverse matrix
K=" according to (2.8) and the third equality guarantees (3.24) and (3.25) to be in force.

Proof: Using (3.23), (1.11) and (1.9) we have

0(2)"JO(2) = J =i ( o ) L(z)(U, M) (3.26)

where
L(z) = |zPKENT - 2F) Y {MU* —UM*} (I — 2F*)"'K[=1
+zKIU(T = 2F) 1 — 2(I — 2F*) K1
(3.27)
=(z-2)KENI - 2F) 'K (I — 2F*) 'K (=1
+zKEN (T - zF) "Y1 - KK — 2(1 — KEUR) (T — 2F*) KU,
It follows from (3.12) that QF7 = N7Q (j =0,1,...) which both with (2.8) implies
K- (1 - KK[‘”) = Q (QKQ")'NIQ (I - KQQKQ") Q) =0 (3.28)

for j=0,1,...Since (I —zF*)~" =37 2/F* | then also

KU — 2F) (I - KK[*”) (z € C). (3.29)
Substituting (3.29) into (3.27) and (3.27) into (3.26), we obtain (3.24). Similarly,
0(2)J0(2)" — J =i ( i‘é > (I = 2F")'L(z)(I - 2F)" (M, —U) (3.30)

where

L(z) =z(I - 2F)KY — 2K = 2F) — 22K {MU* — UM*} K

(3.31)
= (z—2) KU 4+ [2PKEUE (I - KKEY) — 22 (1 - KPUK) FrRE
Using (3.28) for j =1 we obtain from (3.31) that L(z) = (z — 2z) K[! and by (3.30),
. L M #y—1 7 [—1] sy —1
O(2)JO(2)* =T =i(z — 2) _u (I—zF")""K\" (I -zF)"" (M, -U). (3.32)

Relations (1.10) follow from (3.32) and thus, © € W. Since it © is J—unitary on R, then by the
symmetry principle,
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©71(z) = JO(2)*J which both with (3.32) leads to
T —0(z)~*J0-1(2) = J(J — ©(2)J0(2)*)

M*

= Z(Z - E)J ( _U* > (I — EF*)flK[*l](]_ ZF)fl(M, —U)J (333)

and implies (3.25). O

4. PARAMETRIZATION OF ALL SOLUTIONS

In this section we parametrize the set R(K,,) of all solutions of the degenerate HMP in terms
of a linear fractional transformation. The following theorem can be found in [7, 9.

Theorem 4.1. Let © = 011 012
021 b2

O € W into four C™*™ —valued blocks. Then all C"™*™ —yalued analytic in C\R solutions w to the

inequality
wiz)* O(2)*JO 7 (2) [ w(z)
(w(2)", Im)—i(z_z) < I ) >0 (4.1)

) be the block decomposition of a C*™*2™ walued function

are parametrized by the formula

w(z) = (011(2)p(2) + 012(2)4(2)) (021 (2)p(2) + b22(2)a(2)) " (42)
when the parameter {p, q} varies in the set Ny, of all Nevanlinna pairs and satisfies
det (021 (2)p(2) + 022(2)q(2)) # 0; (4.3)

Moreover, two Nevanlinna pairs lead via (4.2) to the same function w if and only if these pairs are
equivalent.

Lemma 4.2. Let {p, q} € Ny, be a Nevanlimma pair. Then
det (p(z) +iq(2)) # 0, (4.4)

the function

S(z) = (p(2) —iq(2))(p(2) +iq(2)) ™ (4.5)
s a ~valued contraction in C1 and moreover, two different pairs lead by (4.5) to the same s
if and only if they are equivalent.

mem

The proof is given in [7]. Observe that by (4.4), every Nevanlinna pair {p, ¢} satisfies the dual
nondegeneracy property (compare with Definition 1.2)

det (p(2)p(2)" + q(2)q(2)") # 0. (4.6)

Lemma 4.3. Let {p, ¢} € N,, be a Nevanlimma pair such that (I,, 0) p(z) =0 (v <m). Then
{p, q} is equivalent to a pair

{< 00” 1’5(0z) ) ( {) Ej(oz) )} for some {p, g} € Ny (4.7)

Proof: By the assumption assumption, p and ¢ are of the form
0, 0 q11(2)  q2(2) >
= = 4.8
p(z) < p21(2)  p22(2) >’ a(z) ( @21(2)  qe2(2) (4.8)

and in view of (4.6), rank (q11(z), q12(2)) = m at almost all z € C,. Multiplying (q11(2), ¢12(2))
by an appropriate unitary matrix U on the right we obtain

(11(2), q12(2)) U = (qu1(2), q12(2)),  det qu1(2) #0.
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The pair {p, ¢} is equivalent to the pair {p1, ¢1} defined as
pi(z) ) _ [ p(2) _ (@' (z) —an ()de(2)
( a(2) > = ( a(2) Ud(z) where &(z)= 0 o .
It follows from (4.8) that the functions p; and ¢y are of the form
0 0 I 0
2)=|( ~/\ =~ 2)=| -/, =~ 4.9
r0= (5 ) 29 (a6 o) 49
and it remains to show that {p1, g1} is equivalent to the pair defined in (4.7). Indeed, (4.9) implies
that {p, ¢} € N,,,—, and therefore, det (p(z) + ig(z)) # 0. Substituting the pair (4.9) into (4.5)
gives
S(z) = (i(2) —iq(2)(pr(2) +iqa(2))~"
< il 0 >< il 0 )1
B p1—iqi p—iq pr+iqn p+iq
( 5 e )
P =i +ig) " (P +iq) —i(Pr —iq) (P — i) (P +ig) "
_ ( -1 0 )
0 G- iD)FE+ia
(to obtain the last equality we used the following: if the function S = ( z; BI

valued, then so = 0). It is easily seen that the pair (4.7) being substituted into (4.5), leads to the
same function S. By Lemma 4.2, the pairs (4.5) and (4.9) are equivalent. O

) is contractive

Lemma 4.4. Let R € C*?™ be a J-neutral matriz (i.e. RJR = 0) and let rank R = v <
min(m, 1). Then there exist a J—unitary matriz ¥ and an invertible T such that

TRV = ( {)” 8 ) (4.10)

Proof: Since rank R = v, there exists an invertible matrix T such that
TR = < R ) (4.11)
O(mfv)><2m

(C1><2m

where R is a full rank J-neutral matrix. Let us endow the space with the indefinite inner

product [z, y] = yJz*. By (1.11), the subspace
G={geC"”®: g=(g, 0) for some ge C"*"}

is J-neutral. The subspace F = {f e Clx2m . f = §§, ge (Clx”} J-neutral as well. Let us

introduce the operator U . F—g by §]§ U = (g, 0). Since F and G are J-neutral and
dim F =dim G, the operator U is J-isometric and has equal defect numbers. Furthermore, U is
invertible and therefore, it admits a J-—unitary extension ¥ to all of C'*2™ ([6]). The matrix ¥ of
this extended operator in the standard basis is J-unitary and satisfies R¥ = (I,, 0) which both
with (4.11) implies (4.10). O

Remark 4.5. Let R = (R;, Ry) € C*?™ be a J-neutral matrix: R;Rj — RoR} = 0. Then
rank R = rank (R + iR2). Indeed,

rank (Ry +iRg) = rank (Ry + iR2)(Ry + iR2)* = rank (R1 R} + Rz R3) = rank RR* = rank R.
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The following theorem is the degenerate analogue of Theorem 1.3.

Theorem 4.6. Let the Pick matriz K, of the HMP be in the class ﬁm,n and let © be the
C2mx2m _yalued function defined by (3.23). Then, there exists a J-unitary matriz ¥ € C?m*2m
such that

(1) All the functions w € R(Ky) are obtained by the formula

w(z) = (a11(2)p(2) + a12(2)q(2)) (a21(2)p(2) + aza(2)q(2)) ! (4.12)

with the coefficient matriz A(z) = (a;j(2)) = ©(2)V € W when the parameter {p, ¢} varies
in the set of all Nevanlinna pairs of the form

e a@={(% 50 ) (% &) (113)
where {p, ¢} € Ny,,—,, and v is the integer given by
v =rank {(In,1S0,-..,980—1)Pkerk, } -

(2) Two pairs lead to the same function w if and only if they are equivalent.

Proof: According to Theorem 1.1 the set R(K,,) coincides with the set of all solutions to the
inequality (1.6) which is equivalent, by Lemma 2.4, to the following system

— (Uw(z) + M)*(I — 2F) K7W = 2F) Y (Uw(z) + M) > 0, (4.14)

Prerx(I — 2F) " HUw(z) + M} = 0. (4.15)
It is easily seen that (4.14) can be written as
(w(2)*, ) {ﬁ - ( AU4 ) (I—2F*)'K-(1 - 2F)~ (U, M)} ( “’(IZ) ) >0

and is equivalent, in view of (3.25), to the inequality (4.1) with the function © defined by (3.23)
which is of the class W by Lemma 3.3. According to Theorem 4.1, all solutions w to the inequality
(4.14) are parametrized by the linear fractional transformation (4.2) when the parameter {p, ¢}
varies in the set N,, of all Nevanlinna pairs and satisfies (4.3). It remains to choose among these
solutions all functions w which satisfy also identity (4.15). The rest of the proof is broken into
four steps which we now specify.

Step 1: The function w(z) of the form (4.2) stisfies the identity (4.15) if and only if the corre-
sponding parameter {p, ¢} satisfies

Prerx{Up(z) + Mq(z)} = 0. (4.16)
Step 2: If a pair {p, ¢} € N,, satisfies (4.16) then it also satisfies (4.3).
Step 3: If a pair {p, ¢} € N,, satisfies (4.16) then it is equivalent to some pair {p1, g1} of the

form
(2)-+( 5 %)~ (22) i

C2m><2m

3

for some J-unitary matrix ¥ e which depends only on K,, and a pair
{D, ¢} € Ny, where v = rank Prerx (U, M) = rank Prerx (U +iM).

Proof of Step 1: Let © = (6;;) be the function defined by (3.23) and let w be a function of
the form (4.2) for some pair {p, ¢} € N, which satisfies (4.3). Then

< wE’Z) > =60 ( 28 > (621 (2)p(2) + 022(2)q(2)) "
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and therefore, identity (4.15) is equivalent to

Prerx(I — 2F)"H(U, M)O(2) < 58 ) =0. (4.18)

Using (1.9), (3.23) and the identity
K(I—2F)"'~(I—-2F)"'K =2(I - 2F)"Y(KF* -~ FK)(I — 2zF*)~!
we get
(I — 2F)"Y(U, M)O(2) = K(I — 2F*) 'K, M)+ (I — 2F)~ {I - KK[*”} (U, M).
Substituting the latter equality into (4.18) gives
Prerx(I —2F) "I - KK} (Up(2) + Mq(2)) =0
which on account of (2.9), can be written as
{I+ 2Pgerx F(I = 2F) 7' (I = KKU)YPgeric (Up(2) + Mg(2)) = 0. (4.19)
Since the matrix {I + 2Pperx F(I — 2F)~ (I — KKI=1)} is nondegenerate, (4.19) implies (4.16).
Proof of Step 2: Let a pair {p, ¢} € N,, satisfy the condition (4.16). We introduce the pair
(5w (32)
and show that det go(z) £ 0. Indeed, suppose that the point A € C; and the nonzero vector
h € C™ are such that det ©(\) # 0 and
go(A)h =0. (4.21)

Since b* (p(A\)*, g(A)*) O(A)*JO(N) < 583 ) h = h* (po(\)*, 0)J < Pl ) h = 0, then

0 < b ()" g I (P )= 1wt ) g {7 — ey Tey ( P ),

due to (1.12). Substituting (3.24) into this last inequality leads us to

K(I = )L KEUp(A) + Mg(\) Jh = 0. (4.22)
It follows from (3.23) and (4.20) that
po(A) = p(A) + AM*(I = AF*) T K7 H{Up(X) + Mg(V)}. (4.23)

Since M = FKU (see (1.8)), then AM*(I — \F*)"! = U*K(I — A\F*)~! — U*K. Substituting
this last equality into (4.23) and taking into account (2.9), (4.16), (4.22) and the evident equalities
U*U = 1,,, and U*M = 0 we receive
po(Ah = p(Ah — U* KK Up(A) + Mg\ Yh + UK (I — 2F*) ' KEU{Up(A) + Mg(\)}h
=U*(I - KKU){Up(N) + Mg(\)Yh + (I —UU*)p(A) — U*Mq(X)
=U*(I - KKENP e x {Up(N) + Mg(\)}h = 0.
Since det ©(\) # 0, the equality po(A)h =0 both with (4.20) and (4.21) implies

p(\) ) -1 ( po(A) >
h=0(\ h=0
e SRR
and since A is a arbitrary point, the latter equality contradicts to the nondegeneracy of the pair
{p. a}.

Proof of Step 3: Using (1.9) we obtain that the matrix Pge,x (U, M) is J-neutral:

PKE’I"K(U) M)J< JUw* )PKerK = iPKeTK(KF* _FK)PKE’I"K =0.
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Thus, by Remark 4.5,
w=rank (Prerx (U, M)) =rank (Pge k(U +iM)) = rank {(Ln,480, .-, 48n—1)PKerk, } -

According to Lemma 4.4, there exist a J-unitary matrix ¥ and an invertible 7" such that

TP eric (U, M) = < e ) . (4.24)

Let {p2, g2} be the pair defined by

( 58 ) =V ( 528 > : (4.25)

On account of (4.24) and (4.25), condition (4.3) can be rewritten as (I, 0) p2(z) =0 and by
Lemma 4.3, the pair {p2, g2} is equivalent to some pair of the form (4.7), i.e.,

)
0, 0
p(z) \ _ pa(2) 0 5= | _ [ p(2)
) ) =Y L) )7 e o T e
0 q(z)
which completes the proof of Step 3.

Substituting (4.17) into (4.2) and taking into account that the equivalent pairs lead under the
linear fractional transformation to the same function w(z), we finish the proof of theorem. g

By Remark 2.9, the condition K,, € 7—~lm7n is not restrictive and hence, the received in Theorem
3.3 description is applicable to the general situation K,, € Hy, p.
5. CORRECTION OF ERRATAE IN [2]
The following result was formulated in [2] (see Lemmas 2.5, 2.10 and 2.11 there).

Lemma 5.1. Let K, = (siyj)}' o € Hmn and let L be the subspace of C'*™ given in (2.11).
The following are equivalent:

(1) K, admits a positive semidefinite Hankel extension.

Sn+41
(2) PKerKn1< > =0.
S2n

(3) The block say, is of the form
Son = (5717 ceey 52n71>K7[7,—711] (Sn, ey Sgnfl)* + R (51)

for some positive semidefinite matriz R € C™*™ which vanishes on the subspace L and
does not depend on the choice of K

n—1-

(4) The associated truncated Hamburger moment problem admits an “exact” solution o such
that -
/ Meda(\) = sy, (k=0,...,2n).

The proofs of implications (1) = (4) = (2) < (3) presented in [2] are correct; they are repro-
duced in Lemmas 2.10 and 2.11 above. To complete the proof, it suffices to justify (2) = (1), that
is, in our current terminology, to show that

Hnn C Hfy . (5.2)

This inclusion together with (2.17) implies that all three classes introduced in Section 2 coincide.

Proof of (5.2): Let K,, € Hyn. Plug in the Nevanlinna pair {p,q} = {Om, [} (which is
certainly of the form (4.13)) into formula (4.12) to get a solution w(z) = aja(z)age(z)~! from
R(K,). This Pick function w is rational (since A is) and takes Hermitian values at every real
point at which it is analytic (since A is J-unitary on R). Then the measure o from the Herglotz
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representation (1.4) of w is finitely atomic and therefore, the integrals [0 AVdo()) exists for

every N > 0. Since this measure solves the associated HMP, it satisfies (1.2) and 1.3. By virtue
of (2.18), the Hankel block matrix

Sn Sn+1
- anl
K =
n Son—1  S2n
Sn et Son—1 S Son+1
Sn+1 S2n S2n+1  S2n+42

is positive semidefinite, where we have set

5= / Mo ()),  Sopy1 = / N da (), sapgpe = / N2 g ().

The Hankel block matrix K, := (siﬂ-)z;;lo extends K, and is positive semidefinie. Indeed, by
(1.3), we have K, 11 > IN(n > 0. Thus K,, € H,J{L)n which completes the proof. O

Remark 5.2. The proof of implication (2) = (1) presented in [2] does not rely on interpolation
Theorem 4.6. The extending matrices so,+1 and sa,42 were constructed directly in terms of the
given sq, ..., Sa,. Unfortunately, the construction turned out to be wrong. The author was very
glad to learn that correct explicit proofs of the above implication have been recently obtained
[5, 10].
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