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Abstract

We solve a tangential boundary interpolation problem with a finite number of interpolat-
ing points for a multivariable analogue of the Schur class. The description of all solutions is
parametrized in terms of a linear fractional transformation whose entries are given explicitly
in terms of the interpolation data. © 2002 Elsevier Science Inc. All rights reserved.
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1. Introduction

In this paper, we consider a boundary Nevanlinna—Pick interpolation problem for
a multivariable analogue .% 5 X4 of the Schur class. This class consists, by definition,
of all C”*4-valued functions S analytic in the unit ball

d
BY=1z=(1....2) €C: Y |z;I* < 1
j=1

of C? and such that the kernel
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1, — S()S(w)*

Ks(z, w) = (1.1)
1—(z,w)
is positive on B<. The latter means that
n
Z c;fKS(Z(J), e >0
je=1
for every choice of an integer n, of vectors ¢, . . . , ¢, € C? and of points AR

€ B? or equivalently, that the Hermitian block matrix with £jth entry Kg(z"?, z()
is positive semidefinite. This property will be denoted by Ks(z, w) > 0. Note that
positivity of Ks on BY characterizes S(z) as a contractive multiplier on the Arveson
space [2].

Ford = 1, the class & f *4 coincides with the classical Schur class (which consists
of functions analytic and contractive-valued on the unit disk D = B]). However, a
CP*4-valued function S, analytic and contractive-valued in B9, is characterized by
the positive kernel

I, — S(2)S(w)*

(1 —(z, w))4
on BY, which is equal to K only for d = 1. If d > 2, the Schur class &} is
contained properly in the set of analytic contractive-valued functions on B9.

Points in C? will be denoted by z = (z1,...,24), where z; € C. In (1.1) and
throughout the paper

Ks(z,w) =

d
(z,w) = Ziji)j (z, w € C%)
j=1

stand; for the standard inner product in C%. The unit sphere d(B¢) will be denoted
by S¢.

The Nevanlinna—Pick interpolation problem (to find necessary and sufficient con-
ditions which insure the existence of a function S € .¥ gxq taking prescribed values
at prescribed points in Bd) has been considered in [1,16,19]. It was shown that (sim-
ilarly to the one variable case [17,18]) the problem has a solution if and only if
the Pick matrix of the problem is positive semidefinite. The complete description of
the set of all solutions of the tangential Nevanlinna—Pick problem was first obtained
in [7]. It was shown that every solution of the problem corresponds to a unitary
extension of a partially defined isometric operator, which led to a parametrization of
all solutions in terms of a Redheffer linear fractional transformation. It turns out that
similar ideas lead to a description of all solutions for much more general bitangential
interpolation problem [4]. Another approach, based on the method of fundamental
matrix inequalities, has been suggested in [8] for a general tangential interpolation
problem. In this paper, we consider a Nevanlinna—Pick type problem when the in-
terpolating points are on the unit sphere S¢ and the prescribed values of contractive
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multipliers are replaced by radial boundary limits. For the one variable case such a
problem (as well as more general problems involving boundary derivatives of higher
orders) was considered in [3,5,6,10,11,14].

The boundary Nevanlinna—Pick problem in the class Vs 4 can be formulated as
follows:

Problem 1.1. Given m distinct points 8 = (8", ..., ), ..., B =8\, ...,

,Bé(im)) on the unit sphere S¢, given vectors & ;€ CP,nj € C? and given numbers y;,
find necessary and sufficient conditions which insure the existence of a function
Se? qu which has prescribed radial boundary limits

lim SCBYE =n; (G=1,....m) (12)
r—
and prescribed upper bounds for radial angular derivatives

— () (Dy*
lim £* I, = S(rBV)S(rpY’) £ <
r—>1 7 2 X

yvi G=1,...,m). (1.3)

1—r

The following result which can be considered as a multivariable matrix analogue
of the classical Julia—Carathéodory theorem will be useful for the subsequent analy-
sis.

Theorem 1.2. Let S € 7% B € S% and & € CP. Then:
L The following three statements are equivalent:
(1) Sis subject to

« Ip — S(rﬁ)f(rﬂ)* £ <00

sup &

0<r<1 I—r
(2) The radial limit
I, — S(rB)S(rp)* ¢

2

Ly := lim &*
r—1 1—r

exists.
(3) The radial limit

lim S(r8)" = (14)
exists and serves to define the vector n € C4. Furthermore,
lim S(rB)n =&, E*E =n"n, (1.5)

and the radial limit
* *
—&*S
Ly = tim EE=ESCHN
r—1 1—r

exists.
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1L If any of the preceding three statements holds true, then L1 = L.
II1. Any two of the three equalities in (1.4) and (1.5) imply the third.

Proof. For the proof of all the statements for the single-variable case (d = 1) see
[12, Lemma 8.3 and Theorem 8.5]. For the case d > 2, let us introduce the slice-
function

Sp(6) :=8(B) (D),

which clearly belongs to the classical Schur class Vf *4_ Applying one-variable re-
sults to this function and returning to the original function S, we obtain all the desired
assertions. [

Note that tangential analogues of Julia—Carathéodory theorem (including bound-
ary derivatives of higher orders) were considered also in [13] and [10, Section 8].
Multivariable analogues of Julia—Carathéodory theorem can be found in [20, Section
8.5] (although the results from [20] are related to holomorphic maps from B into
B rather than to functions from the class .’ 5 *4 they suggest a different formula-
tion of a boundary Nevanlinna—Pick problem with the radial limits in (1.2) and (1.3)
replaced by weak K-limits; such a problem is planned to be considered elsewhere).

Conditions (1.2) are called left-sided interpolation conditions for S. It follows
from Theorem 1.2 that if the limits in (1.2) exist and equal 7;, then the necessary
condition for the limits in (1.3) to exist and to be finite is

g&i=nm; (G=1....m). (1.6)
Now it follows from the third assertion in Theorem 1.2 that S satisfies also right-sided
interpolation conditions

lim Sy =& (j=1,...,m).
r—1

Thus, Problem 1.1 is in fact a two-sided interpolation problem and conditions (1.6)
are necessary for this problem to have a solution. As in the case of one variable, the
solvability criterion of Problem 1.1 can be formulated in terms of the Pick matrix P
constructed from the interpolation data.

Theorem 1.3. Problem 1.1 has a solution if and only if equalities (1.6) hold and
the matrix
ETEr —nlme _
m %’ L, {
P = (Pj@)j,e=1 , Wwhere Pjg =11 — (BW), O . (1.7)
Vi, J= L,
is positive semidefinite or equivalently, if and only if the matrix P defined in (1.7) is
a positive semidefinite solution of the generalized Stein equation

P—AJPA| —---—AjPA; =C"JC, (1.8)
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where
(el A BN 15 S P s
and
Ao
Aj = (G=1,...,4d). (1.10)
0 B

The proof will be given in Section 4. Here, we note only that P defined as in (1.7)
satisfies the Stein equation (1.8) if and only if conditions (1.6) hold true. Indeed, by
(1.9) and (1.10), all the nondiagonal entries of P are uniquely determined from (1.9)
and are the same as in (1.7). The jjth entry in the matrix on the left-hand side of (1.9)
is equal to

yj — Bl(./)yjﬁl(,/) L IB‘L(Z./)yjIB[(I,/) =(1— <13(j), ﬂ(j)m/j =0,

whereas the jj entry in the matrix on the right-hand side equals to 575‘/ — njf n;. Thus,
conditions (1.6) are equivalent to (1.9).

Note also that conditions (1.6) are necessary and sufficient for the existence of a
function § € & 5 4 which satisfies interpolation conditions (1.2) and has finite radial
derivatives
o p = SEBUSrpD)*

li
r1—r>nl Sl 1—)‘2

Ej<oo (j=1,....m).

This result follows immediately from Theorem 1.3, since one can always choose
diagonal entries y1, ..., ¥m in (1.7) so that P will be positive definite.

The following theorem (which will be proved in Section 4) gives a parametriza-
tion of all solutions to Problem 1.1.

Theorem 1.4. Let P be a positive definite solution of the Stein equation (1.7), let
rank P = n < m and let

v = rank(P + C;C) — rank P. (1.11)
Then there exists a rational (p + q) x (nd + p + q) matrix-valued function ®(z),
nd+p 14
b — Dy Ppp : C N C ’
which defines a map via the linear fractional transformation

5@ = (P11(2)E(2) + P12(2)) (P21 (D)6 (2) + ‘1522(Z))_l (1.12)
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. (nd+p)xq
from the set of all functions & € & of the form

£(z) = (géZ) ;)) g e gty (1.13)
v

onto the set of all solutions S(z) of Problem 1.1.

In other words, S is a solution of Problem 1.1 if and only if it admits a represen-
tation (1.12) for some parameter & of the form (1.13).

Problem 1.1 is termed nondegenerate if the corresponding Pick matrix is positive
definite and degenerate if P is positive semidefinite.

The paper is organized as follows. Section 2 characterizes the set of all solu-
tions of Problem 1.1 in terms of a positive kernel, Section 3 presents a description
of the all solutions of a nondegenerate Problem 1.1 in terms of a linear fractional
transformation, and Section 4 treats the degenerate case.

2. Fundamental matrix inequality

In this section, we characterize all the solutions S of Problem 1.1 in terms of
a certain positive kernel. This characterization develops Potapov’s method of the
fundamental matrix inequality (which characterizes the solutions of an interpola-
tion problem in terms of a related fundamental matrix inequality; see e.g. [15]).
In [9] a general boundary interpolation problem was considered for matrix-valued
Schur functions of the unit disk (i.e., in the class Sf "4y involving prescribed angular
derivatives of higher orders. Here we present a very special case of [9, Theorem
3.1] which is needed for the subsequent analysis (see also [9, Section 8] for more
details).

Theorem 2.1. Let S be a CP*?-valued function analytic in the open unit disk D.
Then S belongs to the class Sf *4 and meets the interpolation conditions
I, — S(r)Sr)*

lim1 SH)*eE=n and limlé* E<y
r— r—

1—r2
if and only if the following kernel is positive on the unit disk D:
MO8
14 T
-
=0 (. weD).
§-=8S@n I, =S S@)*
1-¢ 1—-¢w
Remark 2.2. Let Ay, ..., A; be matrices defined in (1.10) and let G be the function

given by
G(@)=1In—21A1 — - — 244Aq. 2.1



V. Bolotnikov / Linear Algebra and its Applications 346 (2002) 239-260 245

By (1.10),
1—(z, 1) 0
G(z) = 2.2)
0 1 —(z, ™)

and therefore, it is invertible at every point z € C? for which (z, ) # 1 for j =
. - . . —d
1,...,m.In particular, G is invertible at every point z € B \{8", ..., (™}.

Theorem 2.3. Let S be a CP*9-valued function analytic in B¢ and let P, C, Ajand
G be defined by (1.7), (1.9), (1.10) and (2.1), respectively. Then S is a solution to
Problem 1.1 if and only if the following kernel is positive on B¢:

P G(w)™*(C} — C38(w)™)

S w) = [(Q _S()C)G () Ks(z, w)

] = 0. (2.3)
Proof. Let Sbelong to )% and satisfy (1.2). Fix a number r € (0, 1) and m points
wD =g =1, ,m, (2.4)

in B?. Since the kernel K s 18 positive on Bd, it follows that

o i<, lIlr(w)* d
K=yl Koo =0 CweBh
where
Kr=[Ks(w(j),w“))]m :
jie=1
(2.5)
P, (@) =[Ksz,wh) - Kg(z,w™)]
(the dependence of [, and ¥, on r is conditioned by (2.4)). Let
T = diag[&y, ..., &x]. (2.6)
Then clearly,
T*K,T T*P,(w)*|_[T* 0 T 0
[q/r(z)T Kszw) |T| o 1, |K&wW g g |=0
(z,w € BY). (2.7)
By (1.2) and (1.7),
lim £ Ks(w®, w)g; = 1ims*[”_S(rﬁ(l))s(’ﬁ(j))* .
A=< L P PV TG IV T
E/&j —nyn; .
=L L (j 0, (2.8)

T 1— (B0, pU))
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. . 1. — SrBUNS(HBUY)*
lim S;Ks(wu), w(,l))%-j — lim %-]* )4 (rB )2 (rBY?) 3
r—1 r—1 1—r

_% < (2.9)
‘ , .1, — S@)SEBYU)*
lim K UNg: = 1im -2 . ‘
lim Ks(z, w'")gj = lim ——— (z,rpy 7
_ &S
T 1= D)

€ j=1...,m), (2.10)
which imply, on account of partitionings (2.5) and (2.6), the existence of the follow-
ing radial limits:
P:=1lim T*K,T and ¥(z) = lim ¥,(2)T. (2.11)
r—1 r—1
Moreover, it follows from (2.8) and (2.9) that
§76—mime

P = (Fjg)ﬂ:l , where IF’ij =11-(Bj.Be)’ J# b (2.12)
Vi i=¢
whereas (1.9), (2.2) and (2.10) lead to
& — S@m Em — S(@)Nm
qj(Z)z[l—(z,ﬁ“» 1—<z,ﬂ(’"’)}
=(C1 = S@C2) Iy — 21A1 — -+ — 24 Ag) ™"
=(C; — S(z)C2) G(z)~". (2.13)

Thus, taking the limit in (2.7) as » — 1 we obtain, on account of (2.11)—(2.13),

lim [T*K,T T*‘P,(w)*}

r— |Yr@T  Ks(z,w)
_ P G(w)™*(CF — C3S(w)*)
B [(Cl — 8(2)C2)G () Ks(z, w) } = 0. (2.14)

Comparing (2.12) and (1.7) we conclude that P < P and thus, (2.14) implies (2.3).

Conversely, let S be a C”*9-valued function analytic in BY for which the kernel
(2.3) is positive on B?. Then, in particular, the kernel Kg(z, w) is positive on B¢
and thus, S belongs to ys 4 The positivity of the kernel (2.3) implies also that the
following kernels are positive on BY:

§ —niS(w)*
g 1= (8D, w)
& —S@n; I —S@Sw)* | ~
1 —(z,80) 1 —(z, w)

G=1....m). (2.15)
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Let us introduce the slice-functions

Sj@)=58pY) (¢t eD) (2.16)

for j=1,...,m, Which are analyyic and contractive-valued on the open unit disk
D. Setting z = ¢ and w = wBY) in (2.15), we obtain then that

£ — 38 (w)*

V) -
1—w .
0 =1,..., .
g SO I —S;©8@ | =0V ™)
1—¢ 1—¢@

By Theorem 2.1, S; satisfies the interpolation conditions
}gﬂl Si(r)*&; =n;
and

I, — S8;(r)S;(r)*

lim &% 5 §i<yi (G=1...,m),

r—>1 "7 1—r

which immediately imply (1.2) and (1.3), by the definition (2.16) of S;. [

3. Description of all solutions in the nondegenerate case

By Theorem 2.3, the set of all solutions of Problem 1.1 coincides with the set
of all functions S € & 5 *? such that the kernel (2.3) is positive. In this section, we
parametrize this set under the assumption that P is positive definite.

Let J be the signature matrix as in (1.9), let

=[]
and let @ be a C"4+P)*4_yalued function analytic on BY. We say that @ is (J, J)-
inner in B? if

O@JO()* <J (zeBY) 3.1)
and

0)JO@)*" =7 (3.2)

at every point z on S? at which © is analytic. The next lemma provides an example
of a (J, J)-inner function.

Lemma 3.1. Let P be a positive solution of the Stein equation (1.8). Then the func-
tion
O@)=[0 -+ 0 Ipq]+CGE@ P!
x [@iIn — ADPY?E oo (zqly — AHPY2 —C*J] (3.3)
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is (J, Y)-inner in B, analytic at every point z € BY except for YV, ..., B and
moreover,
J —0@)JOw)*
T = ORIOWY _ )1 p1 Gy
1—(z,w)
(z,w e BOBD, ..., MY, (3.4)

Proof. By definition (3.3), © is analytic at every point z at which G (z) is invertible

and thus, by Remark 2.2, it is analytic at every point z € BY\{8", ..., B™}. The
proof of (3.4) is quite straightforward (see e.g. [8]) and relies on the identity (1.8)
rather than on special structures of matrices P, Cy, C2 and A;. Relations (3.1) and
(3.2) follow immediately from (3.4). O

Lemma 3.2. Let a (J, J)-inner function © be analytic on an open set U C B? and
continuous on U. Furthermore, let

_[eun en], [crdtr cr
0= |:@21 O | ct |7 | ce (3.5)
be the partition of © into four blocks of the indicated sizes. Then for every choice of
& e Fmd+prixq the function (0,8 + Ox») Lis uniformly bounded in norm on .

Proof. Substituting the partitioning (3.5) of & together with conformal partitionings
of Jand J into (3.1) and (3.2) and comparing the 22 blocks we conclude that

021(2)021(2)* — On()ONR)* < -1, (eX).
The last inequality implies that

000% > I, + 0203 and 05,0,0%05 <1, — 0,,0,;.
Therefore, the functions &>, (92—21 and @2_21 ©» are, respectively, invertible, contin-
uous and strictly contractive at every point z € %. Let

max |03 ()l = M and  max 0 (@) =8 < 1.

ZEU Z€%

Since & takes contractive values on B¢ , it follows that for every z € %,

1(@21(2)6(2) + 02(2) " 1< 1021(2) 7 I - 1, + 03, (2)O21(2)E(2) |
<My + 05,1 (2)021 () ER) 7|

<M max (I, +0)7
UeCi*4, ||U|<8
M

1-6

< ,

which completes the proof. [
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Corollary 3.3. Let O be analytic at a point § € S°. Then
sup [ (@21(rB)EB) + On(rB) ™" || < oo
0<r<l1

for every choice of & € gmd+p)xq

Proof. If @ is analyticat 8 € Sd, then % € B can be chosen so that % will contain
the complex segment connecting  with the origin. Now the desired bound follows
from the previous lemma. [J

The following theorem gives a parametrization of all solutions of Problem 1.1 in
the case when the Pick matrix P is positive definite.

Theorem 3.4. Let P be a positive solution of the Stein equation (1.8), let © be the
(J, N)-inner function given in (3.3) and partitioned into four blocks as in (3.5). Then
all solutions S of Problem 1.1 are described by the linear fractional transformation

S) = (011()E2) + 012(2)) (021(2)E () + On(2) ", (3.6)

when the parameter & varies on the set & ™4+P)x4q

Proof. It follows from Lemma 3.2 that for every & € & (md+p)Xq the matrix (@21 (2)
é(2) + ©22(2)) is invertible at every point z € B and thus, the transformation (3.6)
is well defined. By Theorem 2.3, it suffices to describe the set of all solutions S to
the inequality (2.3). Since P > 0, (2.3) is equivalent to

I, — S()S(w)*

1— (z, w)
x (CF — C3S(w)*) = 0,

—(C1 = S(@)C)GR) ' PIG(w)

which in turn can be written as
J -1 p-1 —% Ip
[Ip —S(Z)] {m —CGR) P 'Gw) C} [—S(w)* > 0.

Taking advantage of (3.4), we rewrite the last inequality as
O()JO(w)* I,

1—(z,w) |[—Sw)*
It was shown in [8] that the set of all solutions § satisfying (3.7) (for a (J, J)-inner

function @ not necessarily being of the form (3.3)) is parametrized by formula (3.6).
O

[1, —S@)] ] >0 (z,weB9). 3.7)

4. Degenerate case

In this section, we consider degenerate Problem 1.1, i.e., the case when the Pick
matrix P is positive semidefinite. We shall show that the set of all solutions still
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can be parametrized by a linear fractional transformation, with parameters & being
of a special form. To be more precise, let the matrix P given in (1.7) be positive
semidefinite, let rank P = n < m and let the interpolating points 8/ be arranged so
that the upper left n x n block of P is positive definite. Thus,

_ Pl Pz* nxn
P = |:P2 IE where P € C"*", P, > 0,
B s 4.1
Ps= PP Py

Let
Ci=[Cn Cn]. C=[Cx Cn],
_|An 0 -
A,_[d AJJ G=1,....d)

be block decompositions of matrices Cy, C; and A; conformal with (4.2), so that

Cul|_1|& - & Coo|_ &+ - &n
Ca1 nmo - M| | Cx M+l 0 Mm |’
—(1) —(n+1)
B; 0 Bi 0
Aj] = s Ajz =
(G=1,...,4d),
and let
Gi@)=1—-z21A1—"- —zdAan1-

It is easily seen that P; is the Pick matrix of the following truncated (and nondegen-
erate, since P; > 0) interpolation problem:

Find all functions S € & qu satisfying interpolation conditions (1.2) and (1.3) for
j=1,...,n

. I, — SrBUYSrBWDY*
lim SCBU)E; =n; and timgy 22PN )
r—1 r—>1"7 1—172

G=1,...,n). 4.2)

Remark 4.1. By Theorem 3.4, the set of all functions S € & 5 4 satisfying (4.2) is
parametrized by the formula

S(2) = (01126 + 012()) (021 (D)E@) + On(2)) (4.3)

with the parameter & varying on the set &"¢+P)*4 and the transfer function
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~ éll C:)]z . crd+p cr
@_[@21 @22][ ct |7 |

given by
B = Cui —1p—1
(Z)—[O - 0 Ip+q]+ Co Gi1(2) P]
x[(zlln—A*l‘l)Pll/z o al, - AZOPP —cy Ci‘l]~ (4.4)

It remains to choose among all functions S of the form (4.3) those which satisfy also
interpolation conditions (1.2) and (1.3) for j =n +1,..., m. We shall show that
this can be achieved by an appropriate choice of parameters & in (4.3).

The function @ has the same structure as @ given by (3.3) and similarly to (3.4),

J - B@IBW) =1 — (2, w)) [C“]

Cn
x G 'PTGiw) T [Cy C3]. (4.5)

where

~ |l O

J= [ 0 J} ) (4.6)
By Remark 2.2, G(z) is invertible (and therefore, (:j(z) is analytic) at every point
from the closed unit ball @d except for n points ,3(1), el ,3(”). In particular, @ is an-
alytic at the remaining interpolating points 8D ..., ™ Since (8, ) =1,
it follows from (4.5) that

OBNIOBDY =1 (j=n+1,....m). 4.7

Note also that the jth row (P;); of the matrix P, from the decomposition (4.2) can
be written in the matrix form as

(Pz)jZ[ sjél_‘njnl Sj%-n_'njnn :|
1 —(BW, py 1 — (W), pm)
=[57 -] [g;] G1(B)™! (4.8)

and comparing diagonal entries in the equality P3 = P, Pl_1 P, we obtain
Cc =1 p— )y —
vi=[& -] [C;] Gi(B) T PTIGL(B) T
<[Cl 3] [ é,j% } (4.9)
-

forj=n+1,...,m.
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Lemma 4.2. Let E,H_], e Em e CMP and TMn+ls -+ Im € CY be the vectors giv-
en by
[i’} ='jé(ﬁ<f>)*[ g } G=n+1,...,m). (4.10)
m; —nj
Then
=T, (G=n+1....m), (4.11)
~ ~ —plpr
[Tt - ] =C2 [ 11 2] , (4.12)
m-—n
rank [y41 -+ 7w| = rank(P + C3C5) — rank P. (4.13)

Proof. Equalities (4.11) follow from (4.10), (4.7) and (1.6):
THE ~p Tx x| Y g
jSi— M j=|:§j nJiIJI:’ﬁj]
—[&F -] BBEHIBED)* [ 5 ]
% §
= [Ej 77]] |: ,]7]]

=&/&j —njn; =0.
Next, by (4.10), (4.4) and (4.8),
* *71 ) i 0
mi=[& -ni]e@Y) [_ ,J
— & -] [2”} Gi(BY)Y P Cy,

=05 — (P, P{'Cyy (j=n+1.....m).

Therefore,
Tt Myt
A N e OV Jaye
M M
= C22 PP C2l

which is equivalent to (4.12). To verify (4.13), we start with an evident equality
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* _ I 0 *
rank (P + C;C,) =rank |:—P2P1_1 I (P +C5C)
I —pPP!
X |:0 7 ] . (4.14)

Setting for short
__p—1lpx
N = C2|: Py PZ]
II’VI*I‘I
and making use of equality
—1
P [_P v B ] =0,
m-—n
which follows directly from (4.2), we rewrite (4.14) as
P+ C;l Cy C;lJV
N*Co NEN |

By the standard Schur complement argument,

rank(P + C5C,) = rank |:

rank(P + C5C)=rank(P; + C3,C21)
+rank(AN*(I — Ca1(Py + C3,C21) "' Ci A,
which implies (4.13), since
rank(P; + C3,C21) = rankP; = n = rank P
and
rank[ A (I — Ca1(Py + C3,C21) ' C3) AN ]
= rank[AV*(I + Cn P C3) '] =rank . O

Lemma 4.3. Let K be any N x g contractive matrix, let € € CV, n € C? and sup-
pose that £*& = n*n. Then the following three equalities are equivalent:

E=Kn, n=K"E &%&=¢8Kn
For the proof see [12, Lemma 0.9].

Lemmad4.4. Let B € S9, let & € Vgxq, let a(z) be a CN-valuedfunction on B¢
and let

lima(f)=¢ and limaGp)’ Iy = EGREGH)

1—r2

a(rp) =0. (4.15)
Then there exist radial boundary limits

n:i= lim1 ErB)*a(rp) = lim1 ErB)*E (4.16)
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so that £*& = n*n and moreover,

EQn=E& and EQR)FE=n. (4.17)

Proof. Under assumption that the first limit in (4.15) exists, the existence of the
second limit in (4.15) implies the existence of the first limit in (4.16) and the equality
n*n =§&*¢. Since £ € & qu, it follows from the triangle inequality,

16()*6 = nl<llE —a@ - 6@ + 1€ alz) — 7
<lE —a@l + 16()a@) —nl.

Thus lim, 1 [|6(rB)*E — n|| = 0, which completes the proof of (4.16).
Furthermore, since & belongs to Vflvxq, the kernel

In — @& w)*

Ke(z,w) = FR—

is positive on B¢. In particular, the following block matrix is positive semidefinite:

Iy —E)Ew)* Iy — E(w)E()*
1 —(w, w) 1 —(w,z)
Iy —6@EW)* Iy —E@)ER)*
1—(z,w) 1—{(z,2)

207

where z and w are two fixed points in B¢. Multiplying this matrix by

[a(w) 0
| O Iy

on the right, by its adjoint on the left and setting w = rj, we get

v — EGREGB) Iv — EGBER)*
atrpy = op) - atrpyr D

1= (g, z)
In = EOECHY ) YU R
- 1= ({z,rB) 1—(z,2)

Taking in (4.18) the limit as r tends to 1 and making use of (4.15) and (4.16), we get
) £ —n"6@)”

§—6@n In—E()EQR)

L1 —(z, B) 1 —(z,2)

Since (z, B) # 1 forevery z € B¢, it follows from the last inequality that & (z)n = &,
which proves the first identity in (4.17). The second identity follows from the first by
Lemma4.3. O
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Lemma 4.5. Let E,H_], e Em e CMP and TMn+ls -+ Im € CY be the vectors giv-

enin (4.10) and let S be of the form (4.3) for some parameter & € Vfind"_p)xq. Then
S satisfies interpolation conditions (1.2) and (1.3) for j =n+ 1, ..., m if and only
if & is subject to

EQN =5 (G=n+1,...,m). (4.19)

Proof. A simple manipulation shows that (4.3) is equivalent to

011(2) _ O12(2)
[1, —S()] [@21(2)}5(@:—[1,, -S(2)] [@22(2)] (4.20)

and therefore, on account of (4.5) and (4.6),

[, —5@)] [Qll(ﬂ In=6@E@"

fo * D * I,
@21 (Z) 1— (Z, Z) [@ll(z) @21 (Z) ] |:_S(Z)*:|

= [Ip —S(Z)] 1 — (Z, Z) _S(Z)*
J
S e

(z,2)
IP
x [—S(z)*}
= S@S@*

SO g, e e

0()J6(2)* [ I ]

*k *k I
<[y 63] [_S&)*} : 4.21)

Let us assume that § satisfies interpolation conditions (1.2) and (1.3) for j =n +
1,...,m and set

aj(2) = [61@* O] [_ ;g’z)*] . (4.22)
It follows from (1.2) and (4.10) that

lim a; () = [O11(B)* O ()] [_‘iﬂ =£;. (4.23)
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Furthermore, multiplying both sides in (4.20) by S;f on the left and taking adjoints in
the resulting identity, we get

6@)aj@) =~[0n@" On@’] [ Soy* } &
and similarly to the preceding calculation,

lim &) a; ()
=—lim[@1(B)* On(rp)] [—S(rg(”)*] &

=—[60") OnEY)] [ m

=17;. (4.24)
Finally, multiplying (4.21) by E;‘ on the left and by &; on the right and taking into
account (4.22), we get

Iy — 6@)ER)*
1—(z,z2)

I — 8(z)8(2)" « C ~1p- —
- fpl—ﬁéf_éf [, —5@] [C;]Gl(z) 'PGi(2)

<[y 6] [ S(z) }51

and setting z = r8Y) — BU) in the last equality, we obtain, on account of (4.9),

aj(2)* a;(z)

. i IN = E@BD)ErpD)* :
lim a;(rp)* p— aj(rp)
I, — S(rBYNS(rp)*

Z,h_rﬂéj* 1—,2 iV

Since the left-hand side limit is positive semidefinite and the limit on the right-hand
side does not exceed y; (by (1.3)), it follows that

o Iv — EFBINE GBI .
lim aj(rpPy = (rlﬁ )2 wp) aj(rp%) = 0.
r— —r

The last relation together with (4.23) allows us to apply Lemma 4.4. In the present
context, a = aj, § = &; and the vector 7 defined via radial limits (4.16) equals (by
(4.24)) 7. Thus, the first identity in (4.17) leads to (4.19).

Conversely, let S be of the form (4.3) for some parameter & € & g’dﬂ’ x4 subject
to (4.19). Making use of (4.12) we conclude by Lemma 4.3 that

E@QE =T (=n+1,....,m). (4.25)
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Multiplying (4.3) by E;‘ on the left and subtracting 77}5 from both sides, we get

£15() - i =[E7@1 6@ + B122) = 1} @2 (6@ + Bna(2)) |
x(021(2)6(2) + On(2) "

_[&r -n"]8) [‘50,(;)} (B2 + On() ",

which can be written as
* * * %71 3 = j 8(2)
ES@ —ni=[&] -] [@@ - @(/3%] [ I ]
x (021()6(2) + On(2) ", (4.26)

since by (4.10) and (4.25),
~ €z ~ ~]%| 6z % o ~
& —n1een [*P]=[5 B[] =Few -1 =0
Since @ is analytic at ,3("+1>, el ,3(’”), it follows from Corollary 3.3 that
sup (@21 (BN EEBY) + O (BN <00 (j=n+1,....m).

0<r<l1

Since moreover, @ is continuous at z = B, the right-hand side expression in (4.26)
tends to zero as z = rf) — B\, Therefore, (4.26) implies

lim £7 5B =nj (G=n+1,....m). (4.27)

Rewriting (4.20) (which is equivalent to (4.3)) as

N
[, -S@)] ) I(ﬂzo,

we multiply this identity by 7; on the right and obtain, on account of (4.19),

[I, —S)] 6@ %f} =0. (4.28)
L'J

Upon making subsequent use of (4.10), of (4.5) evaluated at w = /) and of the
block structure (1.9) of the matrix J, we get

&) if}
_ B(0)JBBY) [ i }
o

=1/ - = ) [g;] G~ PGB




258 V. Bolotnikov / Linear Algebra and its Applications 346 (2002) 239-260
x[CT 5] —n;
J

. ) C o .
= |:‘§J:| —(1— (g, ,3(J)>) |:C111| G1(2) 1Pl lGl(,B(‘l)) *
i 21
<[y G3] :
—n;

which, being substituted into (4.28), implies

£ S@m=(— (@ B[, 5G] [gﬂ

xG1() ' PGB [Cr, c3] [ i } . (4.29)

—1;

The right-hand side expression in (4.29) tends to zero as z approaches /), since
G1(z) is invertible at B8Y) (for j =n +1,...,m), since S of the form (4.3) be-
longs necessarily to the class yg %4 (and therefore, ||S(z)|| < 1 on BY), and since
lim__, g0 (1 — (z, B)) = 0. Therefore, (4.29) implies

lim S =& (=n+1,...,m). (4.30)

Furthermore, multiplying (4.29) by SJ’." /(1 = (z, B9))) on the left and letting z =
rBY) — BU) we come to
ErE; —&1S(rpYn; .
iy TS e ]

r—1 1—r

}Gmﬂml

<prGe e fen el ],

11
21

which, in view of (4.27) and (4.9), is equivalent to
5 —EISBm;
lim
r—1 1—r
Taking into account (4.27), (4.30) and (4.31) we get, from the two first assertions in
Theorem 1.2, that

. I, — SrBY)SrpUy* .
rh_rﬂg;kp 2 Ei=y; (G=n+1,...,m).

=y; (=n+1,...,m). 4.31)

The last equalities together with (4.30) mean that S satisfies interpolation conditions
(1.2) and (1.3) for j = n + 1, ..., m, which completes the proof. [

Proof of Theorem 1.4. By Remark 4.1 and Lemma 4.5, the set of all solutions S
of Problem 1.1 are parametrized by formula (4.3), when the parameter & varies on

Vg’dﬂ’ )4 and satisfies conditions (4.19). Thus,
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E@ [Tt o Tm]=[Ear1 o Em]
which displays the fact that the function & e 5”2"‘”’7 )jq maps %) =
Ran[7,+1 -+ 7m] isometrically onto #, = Ran[§,+; --- &) for every z €
B?. Therefore (see e.g., [12, Lemma 0.13]), & admits a representation of the form
@) =U [‘g(Z) O] v, (4.32)
0 I

where U € C"4tP)*(1d+p) and vV € C7*4 are fixed unitary matrices which depend
only on #1 and %, (i.e., only on the interpolation data) and a function & €

ygld'i‘[’_vl)x(q_vl)’ where

V] = dimgi’l = dim 9?2.
By (4.13),
dim#; =rank [u41 -+ 7] =rank(P + C3C;) — rank P

and thus, v is equal to the integer v defined via (1.11). Moreover, setting
~ u o0
o(2) = B(2) ( 0 V*> :

it is easily seen that formulas (4.3) and (1.12) with parameters of the~ form (4.32) and
(1.13)Lrespectively, are equivalent. It remains to note that @ is (J, J)-inner since &
is (J, J)-inner and the matrices U and V are unitary. [

Proof of Theorem 1.3. The necessity part follows from Theorem 2.3, since the posi-
tivity of the kernel (2.3) implies that the Pick matrix P is positive semidefinite. The
sufficiency part follows from Theorem 1.4: under the assumption that P is a positive
definite solution of the Stein equation (1.8), the set of functions S of the form (1.12)
is not empty. [
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