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Abstract Itis well known that subspaces of the Hardy space over the unit disk which
are invariant under the backward shift occur as the image of an observability opera-
tor associated with a discrete-time linear system with stable state-dynamics, as well as
the functional-model space for a Hilbert space contraction operator. We discuss two
multivariable extensions of this structure, where the classical Hardy space is replaced
by (1) the Fock space of formal power series in a collection of d noncommuting inde-
terminates with norm-square-summable vector coefficients, and (2) the reproducing
kernel Hilbert space (often now called the Arveson space) over the unit ball in C?
with reproducing kernel k(x,¢) = 1/(1 — (A, ¢)) (A, ¢ € C? with ||A], I¢] < 1). In the
first case, the associated linear system is of noncommutative Fornasini-Marchesini
type with evolution along a free semigroup with d generators, while in the second
case the linear system is a standard (commutative) Fornasini-Marchesini-type system
with evolution along the integer lattice Z¢. An abelianization map (or symmetrization
of the Fock space) links the first case with the second. The second case has special
features depending on whether the operator-tuple defining the state dynamics is com-
mutative or not. The paper focuses on multidimensional state-output linear systems
and the associated observability operators; followup papers Ball, Bollotnikov, and
Fang (2007a, 2007b) use the results here to extend the analysis to represent observ-
ability-operator ranges as reproducing kernel Hilbert spaces with reproducing kernels
constructed from the transfer function of a conservative multidimensional (noncom-
mutative or commutative) input-state-output linear system.
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1 Introduction

For ¢/ and Y any pair of Hilbert spaces, we use the notation £ (4, ) to denote the space
of bounded, linear operators from ¢/ to Y. For X a single Hilbert space, we shorten
the notation £(X,X) to L(X). Let X, U, and Y be Hilbert spaces, let A € L(X),
BeLU,Xx),Ce L(X,)),and D € L({U,Y) be bounded linear operators, and let us
consider the associated discrete-time linear time-invariant system

x(n+1) = Ax(n) + Bu(n),
y(n) = Cx(n) + Du(n) (1.1)

with x(n) taking values in the state space X, u(n) taking values in the input-space U
and y(n) taking values in the output-space ). If we let the system evolve on the non-
negative integers n € Z,, then the whole trajectory {u(n),x(n),y(®)}nez, is deter-
mined from the input signal {u(n)},cz, and the initial state x(0) according to the
formulas

n—1
x(n) = A"x(0) + > A" Bu(k),
k=0
n—1
y(n) = CA"x(0) + Z CA" ' *Bu(k) + Du(n)
k=0
n—1
= [0c,.Ax(0)], + > CA" " Bu(k) + Du(n), (12)
k=0

where Oc, 4 denotes the so-called observability operator
Oc,a: x — {CA"x}

n€Z+ .

If we introduce the Z-transform
. oo
Fnez, = FO) =D f)r" (13)
n=0

the Z-transformed version of the system-trajectory formulas (1.2) become

T0) = (I —2A) " x(0) + AU — 1A 'Ba(),
F() = CU — 2A)"'x(0) + [D + ACU — AA) "' Bla(x)

= Oc, ax(0) + Tx (2)U(R), (1.4)
where
o0
Oc.a: x> D (CA"X) X" = C(I — 2A)"'x (1.5)
n=0
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is the Z-transformed version of the observability operator and where
Ts() =D +irCI —2A)"'B

is the transfer function of the system T given by (1.1). In particular, if the input signal
{t(n)}nez, is taken to be zero, the resulting output {y(1) },ez, isgivenby y = O¢, 4x(0).
In case Oc, 4 is bounded as an operator from X into €3, := (> ® Y (here £ is the space
of square-summable complex sequences indexed by the non-negative integers Z.),
we say that the pair (C, A) is output-stable. It is convenient to represent Oc, 4 in the
output-stable case in the matrix form

OC,A = CO]neZ+ [CA"] X — E%}

Since the Z-transform (1.3) maps Z%, unitarily onto H%, := H> ® Y, where H?, the
image of £2 under the Z-transform, is the space of analytic functions on the unit disk
with modulus-square-summable sequence of Taylor coefficients:

H* = [m) =D " D Il < oo}
n=0 n=0

the output stability of (C, A) is equivalent to the Z-transformed version of the observ-
ability operator (1.5) being bounded as an operator from X into H%,. Itis readily seen

that (/D\C’Ax = @x.
If (C, A) is output-stable, then the observability gramian

Gea = (0cA)Oca=(0ca)Oc.a

is bounded on X and can be represented via the series

o
Gea =D A™C*CA" (1.6)

n=0

converging in the strong operator topology. The following result gives a summary of
well-known connections between output stability, observability gramians and solu-
tions of associated Stein equations and inequalities.

Theorem 1.1 Let (C, A) be a pair of operators with C: X — Y and A: X — X. Then:
(1) The pair (C, A) is output-stable if and only if the Stein inequality
H—A*HA > C*C 1.7)

has a positive semidefinite solution H € L(X).
(2) If (C,A) is output-stable, then the observability gramian Gc 4 satisfies the Stein
equality
H— A*HA = C*C (1.8)

and is the minimal positive semidefinite solution of the Stein inequality (1.7).

(3) There is a unique positive semidefinite solution of the Stein equality (1.8) if A is
strongly stable, i.e., powers A" of A tend to zero in the strong operator topology of
L(X). If A is a contraction operator, then the positive semidefinite solution of the
Stein equation (1.8) is unique if and only if A is strongly stable.
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A pair (C,A) is called observable if the operator Oc 4 (equivalently, 6c, A, GcA)
is injective. This property means that a state space vector x € X is uniquely recovered
from the output string {y(n)}/°, generated by running the system (1.1) with the zero
input string and the initial condition x(0) = x. A pair (C, A) is called exactly observable
if Oc, a (equivalently, G¢ 4) is bounded and bounded from below.

Associated with an output-stable pair (C,A) is the range of the observability
operator

Ran (/O\QA ={Cd — zA)_lx: x e X}.

The following theorem summarizes the connections between such ranges and
backward-shift-invariant subspaces of H%,.

Theorem 1.2 Suppose that (C, A) is an output-stable pair. Then:

(1) The linear manifold Ran (/O\Q A Is invariant under the backward shift operator

J) —f(0)
—

(2) Let H > 0 be a solution of the Stein inequality (1.7) and let X' be the completion of
X with inner product ||[x)||%., = (Hx,x)x (where [x] denotes the equivalence class
modulo Ker H generated by x). Then A and C extend to define bounded operators
A X — X and C: X' — J/ and the observability operator (’)C A extends to
define a contraction operator Oc/ ' from X' into H%, Moreover, O¢r A X — H%,
is an isometry if and only if H satisfies the Stein equation (1.8) and A’ is strongly
stable, i.e.,

S FG) — (1.9)

(HA"x,A"x) — 0 forall x € X.
(3) Ifthe linear manifold M := Ran 6@,4 is given the lifted norm

~ 2 )
Oc. ax = inf H X
10c, axlliq yex: Oc,Ay=Oc,Ax< V. y)

then
(a) M can be completed to M' = Ran O¢r 4 with contractive inclusion in H%,:

||f||§,2y <\fliy forallf e M.

Furthermore, M’ is isometrically equal to the reproducing kernel Hilbert space
with reproducing kernel Kc 4.y given by
Kean(h,¢) = CU —2A)tHUI —cA")~Lex. (1.10)
(b) The following difference-quotient inequality is satisfied

IS*FI13q < If I3 — IF O, forall feM (1.11)
and moreover, if the Stein equality (1.8) holds, then (1.11) holds with equality.

(4) Conversely, if M is a Hilbert space contractively included in H%, which is invariant
under S* and for which the difference-quotient inequality (1.11) holds, then there is
a contractive pair (C, A) (i.e, (1.7) holds with H = I x) such that M = H(Kc.a.1) =
Ran Oc, 4 isometrically. In case (1.11) holds with equality, then (C, A) can be taken
to be isometric.
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Results of the type in Theorem 1.1 are the basis for the Lyapunov-function approach
to stability analysis in system theory; there are far-reaching generalizations to non-
linear and time-varying settings which are far afield from our main interests here.
The goal of characterizing subspaces of H? of the form H (K¢ 4.1y) (especially in a
finite-dimensional context) was a key feature in the approach to Nevanlinna—Pick
interpolation developed by Dym (1989).

In this paper, we present the analogues of Theorems 1.1 and 1.2 for the two related
multivariable settings: (1) the case where the Hardy space H> on the unit disk is
replaced by the Fock space H%,(]—"d), and (2) the case where H? is replaced by the
vector-valued Arveson reproducing kernel Hilbert space Hy (kg).

To define the Fock space, we let F; denote the free semigroup on the set {1,...,d}
of the first d natural numbers and then let H%, (Fq) consist of the space of all formal
power series . 7, fvz¥ in d noncommuting indeterminates z = (z1,...,24) With
coefficients f, in a coefficient Hilbert space ) which are square-summable in norm:
Zve}-d ||fv||%, < oo. Here we write z¥ = zjyziy_,---2i if v = iniN_1...1] € Fg.
The shift operator S: f(1) — Af(A) acting on the Hardy space H? is replaced by the
noncommuting d-tuple S = (S1,...,54) on H%, (F4) given by

Si:f(@) = f(x)zj for j=1,...,d (1.12)

The system (1.1) is replaced by a noncommutative multidimensional input-state-
output system of the form

x(Iv) = Apx(v) + Bu(v),
o 5 (1.13)
x(dv) = Agx(v) + Bau(v),
y(v) = Cx(v)+ Du(v).
Here the system evolves along the free semigroup F,, and, for each v € Fy, the state

vector x(v), input signal u(v) and output signal y(v) take values in the state space X,
input space U, and output space ), and the system matrix U has the form

A1 31 X

A B : : X :
U:[ }: . . :[}—> . (1.14)

C D A; By u x

C D Y

Such systems were introduced in Ball and Vinnikov (2005) and with further
elaboration in Ball, Groenewald, and Malakorn (2005, 2006), following Ball,
Groenewald, and Malakorn (2005), we call this type of system a noncommutative
Fornasini—-Marchesini linear system. The observability operator associated with an
output map C: X — Y and a d-tuple A = (Aq,...,A,) of not necessarily commuting
operators on a Hilbert space X, expressed in “frequency-domain” coordinates, takes
the form

6C’AI x—CU—-z1A1—--— ZdAd)_lx.

For the particular case where A is a row contraction and

C=U—-AjA — - — AsADY?
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with ) taken to be equal to the closure of the range of C, this operator appears already
in work of Popescu (1999) under the term “Poisson kernel” and as the adjoint of the
key operator L used in many constructions in the paper of Arveson (2000). Repro-
ducing kernel Hilbert spaces consisting of formal power series were developed in a
systematic way in Ball and Vinnikov (2003). Such spaces already appear (although
not quite in our notation) in the Sz.-Nagy—Foias model theory for row contractions
developed by Popescu (1989a—c). We shall see that Theorems 1.1 and 1.2 extend in a
natural way to this setting, where the observability gramian (1.6) in the statement of
Theorem 1.1 is replaced with the multivariable observability gramian

Gea =0pOca = D A™*C*CAY (1.15)

veF,

(here weset A" = A;y ... A, if v=in...ij € Fy), where the backward shift $* (1.9)
in the statement of Theorem 1.2 is replaced by the d-tuple §* = (7, ..., §%) of adjoints
of the shift operators S; in (1.12), and where the positive kernel (1.10) becomes the
kernel

Kean(z,w) =CU —z1A] — - — 2qA0) "H(I — w1 AT — - — waA%)7IC* (1.16)

in two sets z = (z1,...,2q) and w = (wq,...,wy) of noncommuting indeterminates
(see Theorems 2.2 and 2.8 below).

In the second Arveson-space setting, the Hardy space H? over the unit disk is
replaced by the so-called Arveson space, the reproducing kernel Hilbert space H (k)
over the unit ball BY in complex d-dimensional space C¢ based on the reproducing
kernel function .

kgA,0)= —— forA, L € BY
I =&, &)ca
and the classical Hardy-space shift f (1) — A-f()) isreplaced by the d-tuple of Arveson
shift operators M = (M,,, ..., M, ) where

M, f) = Afh)  for f € H(kg) (1.17)

(Arveson, 2000; Drury, 1978). In this case the underlying system evolves along the
integer lattice Zi = {n = (ny,...,ng): nj € Z} and has the form of what we call a
(commutative) Fornasini—Marchesini system

x(m) =Ajx(m—ey)+---+Azx(n—ey)
+Bium—ey) +---+ Byu(n — ey), (1.18)
y(m) = Cx(n) + Du(n).

Here and in what follows, ¢; denotes the element in Zi having the jth partial index
equal to one and all other partial indices equal to zero:

¢j=(0,...,0,1,0,...,0) e Z4. (1.19)

Thus, the system matrix U has the same form (1.14) as for the noncommutative
setting but the domain for all the signals and the system evolution is the integer lattice
Zi rather than the free semigroup F, and the associated “frequency-domain” objects
are functions or formal power series in the commuting variables A = (Ay,...,1q)
rather than in the noncommuting indeterminates z = (z1,.. ., z4)- In Sect. 3, we show
how the Arveson space H(k;) ® Y and this Fornasini-Marchesini linear system can
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be derived as an abelianization (sometimes also called symmetrization) of the non-
commutative Fock space H%, (F4) and of the noncommutative Fornasini-Marchesini
linear system, respectively; while it is well known that the Arveson space is a symme-
trization of the Fock space and that the multiplier algebra on the Arveson space is
the image under a completely positive map acting on the noncommutative multiplier
algebra on the Fock space (Arias & Popescu, 2000; Arveson, 1998; Davidson & Pitts,
1998; Davidson, 2001, and Popescu (2006; to appear in Proc. Amer. Math. Soc.) for
a recent, more general systematic framework), our extension of these ideas to the
underlying system theory appears to be new. The observability operator, as in the
noncommutative setting, is associated with a so-called output pair (C, A) but now has
the form
6%’A: x> C — MA| — - — AgAg) 'x,

where the variables 1q,...,1; commute and the abelianized observability gramian
Gta = ((5’&7 A)*@"C’ A has an infinite-series representation more complicated than
the second expression in (1.15) (see Eq. 3.10 below). In case the operator d-tuple
A = (Ay,...,Ay) is commutative (so A;A; = AjA; forall 1 < i,j < d), gg’A =GCcA
(see Proposition 3.3 below), and Theorem 1.2 has a natural analogue for this set-
ting, with the abelianized multivariable observability gramian gg, A = Gca play-
ing the role of the observability gramian in Theorem 1.1, with the operator d-tuple
M = (M ,...,M; ) in place of the backward shift §* (1.9) in Theorem 1.2, and with
kernel (1.10) now taken to be the multivariable positive kernel

K2 Ay, 8) = CU = A — - —2gA) THUI —TAT — - — A TICr (1.20)

(see Theorems 3.14-3.16 below). In the general case where the operator d-tuple
A = (Aq,...,Ay) is not assumed to be commutative, there is no characterization of
the abelianized observability gramian as a minimal solution of a generalized Stein
equation analogous to the classical case given in Theorem 1.1, but there still is a some-
what more implicit analogue of Theorem 1.2, where the backward shift $* (1.9) in
Theorem 1.2 is replaced by a solution of the so-called Gleason problem (see Theorems
3.20 and 3.21 below). The Gleason problem originates in the work of Gleason (1964)
and Henkin (1971) and has been studied in the context of the Arveson space (with
various formulas for the solution) in Alpay and Dubi (2005) with an application to
realization questions in Alpay, Dijksma, and Rovnyak (2003). Our analogue of Theo-
rem 1.2 for the Arveson space for the case of commutative d-tuple A has already been
given in Bolotnikov and Rodman (2002) (with a more general power-series setting
worked out in Bolotnikov & Rodman, 2004) for the finite-dimensional case.

We also give various numerical examples (constructed with the aid of the soft-
ware program MATHEMATICA) to illustrate how Oca and @‘g A can have divergent
properties when A is not commutative (see Examples 3.4, 3.9, and 3.11 below).

Backward-shift-invariant subspaces for the classical setting have been used for
some time in the operator-theory literature as the model space for a more general
(abstractly defined) Hilbert-space contraction operator (de Branges & Rovnyak, 1966;
Sz.-Nagy & Foias, 1970); connections of this work with linear system theory were only
realized later (see, e.g., Helton, 1972/1973, 1974). Our results develop the structure of
such model spaces for the case of operator-tuples and therefore are of interest from
the point of view of multivariable operator theory. We find it satisfying that these
model spaces in turn tie in with the theory of multidimensional linear systems in much
the same way (but with some surprises) as in the classical case.
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As applications of the ideas, we obtain new system-theoretic derivations of the
Beurling-Lax representation theorem for shift invariant subspaces in both the non-
commutative and commutative settings; the result for the noncommutative setting is
due originally to Popescu (1989d) and for the commutative setting to Arveson (1998)
and McCullough and Trent (2000). We also indicate connections with dilation theory
and the von Neumann inequality for these settings (see Arveson, (1998); Drury, 1978;
Popescu, 1991,1999).

Closely related to the kernels K¢ A (z,w) and KaC’A (A, ¢) (given by (1.16) and (1.20)
with H normalized to be the identity operator) are kernels of de Branges—Rovnyak
type (see de Branges & Rovnyak, 1966 for the classical case)

I-SMS@)*
-8

(where z = (z1,...,24) and w = (wq,...,wy) are two sets of noncommuting inde-

Ks(z,w) = ksy(z,w) — S(2)ks,(z, w)S(W)*, Ks(A,¢) =

terminates with ks, (z,w) = >, y z"w"T equal to the noncommutative Szego kernel
while A = (A1,...,4¢) and ¢ = (¢1,...,¢q) are two sets of commuting variables)
for respective reproducing kernel Hilbert spaces H(Ky), H(K%) in the respective
noncommutative and commutative settings. In this situation (where Ky and K§ are
positive kernels in noncommuting and commuting variables, respectively), the respec-
tive power series

S@=2 S SW =D Sa"

veFy nezd
are contractive multipliers, i.e., the respective multiplication operators
Ms: f(2) = S(2) - f(2), Mg f) = SQ) - fQ)

are bounded from HZ%{ (Fy) into H%, (Fp) and from Hy,(ky) into Hy (kg), respectively,
with norm at most 1. A particular issue is the construction of operators

Biu—Xx, for j=1,....,d and D:U— Y

for some input space U so that

S@Q)=D+CU—71A1 —--- — szd)_l(mBl + -+ z4Ba),
SA) =D+ CUI—=1A; —  —rgAd) Y04 B1 + -+ + AgBy)
satisfy
Kca(z,w) = Kg(z,w), ac,A(X, 0 =K5,0).

With the resolution of this issue, then the results here lead directly to representa-
tions of backward-shift-invariant subspaces as reproducing kernel Hilbert spaces of
the form 7(Ky) and H(K%) for a Schur multiplier S in both the noncommutative
and commutative settings as well as linear-fractional realizations for Beurling-Lax
representers of shift-invariant subspaces for both the noncommutative (see Popescu,
(1989d)) and commutative (see McCullough & Trent, (2000)) settings. We work out
these issues for the commutative setting and for the noncommutative setting in Ball,
Bolotnikov, and Fang (2007a) and Ball, Bolotnikov, and Fang (2007b) respectively.
The paper is organized as follows. After the present Introduction, Sect. 2 focuses
on the noncommutative Fock space setting while Sect. 3 focuses on the Arveson-
space setting. Section 2 is divided into Sect. 2.1 dealing with the connections between
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solutions of generalized Stein equations and strong stability of the state dynamics for
noncommutative Fornasini-Marchesini systems and Sect. 2.2 dealing with character-
izing ranges of observability operators as backward-shift-invariant subspaces of the
Fock space with a certain reproducing-kernel-Hilbert-space structure. The first sub-
section (Sect. 3.1) of Sect. 3 deals with the less tractable issues parallel to the material
in Sect. 2.1 of generalized Stein equations and stability for commutative Fornasini—
Marchesini systems and also presents the abelianization map giving the connection
between noncommutative and commutative Fornasini-Marchesini systems. The sec-
ond subsection (Sect. 3.2) of Sect. 3, parallel to Sect. 2.2, discusses characterizations
of observability-operator ranges for the case of a commutative Fornasini-Marchesini
state-output system. The results are the most satisfying in case the operator-tuple A
giving the state dynamics is commutative —these are collected in Sect. 3.2.1. The more
implicit results for the case of noncommutative A are given in Sect. 3.2.2.

2 The Fock-space setting
2.1 Output stability and Stein equations: the noncommutative case

For d a positive integer, let F,; be the free semigroup F,; generated by the set of d let-
ters {1,...,d}. Elements of F; are words of the form iy ...i; where iy € {1,...,d} for
each ¢ =1,..., N with multiplication given by concatenation. We also use { to denote
the empty word; this serves as the unit element for F;. For v = iniy_1...i] € Fg, we
let |v| denote the number N of letters in v and we let vT := i; ...iy_1iy denote the
transpose of v. We let z = (z1,...,24) to be a collection of d formal noncommuting
variables and let Y((z)) denote the set of formal noncommutative series > .~ ’ fz¥
where f, € Y and where

7' = ZinZiy_y - -Zips MV =ININ_1.. 0. (2.1)

The Fock space Z%,(]—"d) is defined as

G (Fa) = hhver: D, IFl3 <oot. (22)

veFy

If we let x,, be the characteristic function of the word v, so

1, ifv =v
= “YVer,, where D=1, ’
X = {xv()}y €Fq X (V) [0, otherwise

and we let By be an orthonormal basis for Y, then {x,y;: v € F4,y; € By} is an ortho-
normal basis for Z%)(]-'d). The space K%,(}'d) can be identified as the tensor product

02(F4) ® Y and is mapped unitarily onto the space

Hy(Fa) =1 D h2" eV DRI < oo (23)

veFy veFy
by the noncommutative Z-transform
Folvery > A @ = D fiz" (2.4)

veFy
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with the monomials z¥ playing the role of the basis vectors ;.

The noncommutative multidimensional analogue of the system (1.1) is the system
with evolution along the free semigroup F, given by (1.13). Upon running the system
(1.13) with the zero input string u(v) = 0 for v € F; and a fixed initial condition
x(¥) =x € X we get

y(v) = CAVx + > CAY Bu(). (2.5)
VIV eFqjell,...d}: vijy'=v

Here we extend the noncommutative functional calculus (2.1) from noncommuting
indeterminates z = (z1,...,2q) to a d-tuple of operators A = (Aq,...,Ay); we use
the notation

AV = AiyAiy - Aiy, if v=iniy_y ... 01 € Fg,

where the multiplication is now operator composition. Application of the formal
noncommutative Z-transform (2.4) then gives

3(z) = CU — Z(2)A)"'x(9) + Ts (2)1i(2), (2.6)

where the formal power series T'x(z) (by definition equal to the transfer function of
the system (1.13)) is given by

Tx(x) = D+ CU — Z()A) "' Z(2)B,
where we have set

A By
Z@)=|z1 - zd|®Ix, A=|: |, B=]| ' |. (2.7)

Ad By
For details see Ball and Vinnikov (2005) or, for a more general setting of structured
noncommutative multidimensional systems, see Ball, Sadosky, and Vinnikov (2005).
In analogy to the classical case, the system (1.13) is called output-stable (and in this
case we will say that the pair (C, A) is output-stable) if the output string {y(v)},c7,,

defined as in (2.5) but with the input string {u(v)},c7, assumed to be equal to 0,
belongs to (Z%, (Fy) for every x € X and the observability operator

Oca: x+— {CA"x} (2.8)

veFy

is bounded as an operator from X into Z%, (Fq). The Z-transformed version of Oc 4 is

Oca: x> > (CA'x)z" € Y((z))

veFy
and the following realization formula for O 4 is immediate:
Ocax = C( — Z(z)A) 'x.

If (C, A) is output-stable, then (7)\c,A maps X into H %, (F,) and is bounded. In this case
it makes sense to introduce the observability gramian

Gea = (OcA) Oca = (Oca)*Oca (2.9)
@ Springer
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and its representation in terms of strongly converging series
Gea= D AV CCAY (2.10)
veF,

follows immediately by definition (2.8) of Oc A and the formula (2.2) for the norm
in Z%, (F4)- The second equality in (2.9) follows by definition of Oc o and the formula

(2.3) for the norm in H%, (Fa)-

Definition 2.1 A pair (C, A) is called observable if Gc A is positive definite and exactly
observable if Gc A is strictly positive definite. We say that the d-tuple of operators
A = (Aq,...,Ay) is strongly stable if

li "xII? ) .
Jim > IAx|*> >0 forall xeXx (2.11)
veFy: [v|=N

We mention that the term pure rather than strongly stable has been used in this
context (see Arveson, 2000), but we prefer the present terminology so as to avoid
confusion with the use of the term pure in the context of contractive operator-valued
functions (see Sz.-Nagy & Foias, 1970).

In analogy with the classical case one can introduce the unobservable subspace

KerGea =KerOca = () KerCA”. (2.12)
veF,
Thus, observability of (C, A) means that Ker G¢ 4 is the zero subspace or that
CA’x=0 (WveFy) = x=0. (2.13)

The following is the noncommutative Fock-space counterpart to Theorem 1.1.

Theorem 2.2 LetA = (Aq,...,Ay) € L(X)andlet C € L(X,)). Then the pair (C,A)
is output-stable if and only if the (generalized) Stein inequality

H—-AJHA| —---—AJHA; > C*C (2.14)
has a positive semidefinite solution H € L(X). In this case,
(1) The observability gramian Gc A satisfies the generalized Stein equation
H—-ATHA| — .- —AjJHA; = C*C (2.15)

and is the minimal positive semidefinite solution of the generalized Stein inequality
(2.14).

(2) The positive semidefinite solution of the Stein equation (2.15) is unique if A is
strongly stable, i.e., (2.11) holds. Moreover, in case A is contractive in the sense that

ATA + -+ AJAG < Iy, (2.16)

then the solution of the Stein equation (2.15) is unique if and only if A is strongly
stable.

Proof Suppose first that (C, A) is output-stable. Then for each x € X,

[CA"X}yer, € By(Fg), ie. D [ICAx[3 < 0.
veF,
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This has the consequence that the infinite series
o0

> Y avcar

N=0veF;: |v|=N
converges in the strong operator topology to an operator H € £(X) (infact, H = Gc A
is the observability gramian). From this infinite-series representation for Gc 4 itis eas-
ily verified that G¢ A is positive semidefinite and satisfies the Stein equation (2.15) and
hence also the Stein inequality (2.14).

Conversely, suppose that the Stein inequality (2.15) has a positive semidefinite
solution H. We first claim that

H> > AYccA+ > AYHAY (2.17)
veFy: [vIEN veFy: [v|=N+1
for each N € Zy. For N = 0, (2.17) collapses to (2.14) which is given. Inductively
assume that
H> > AYCccA+ > AV HA
veFy: [v|<N veFy: [v|I=N

Use the Stein inequality (2.14) to replace H on the right side by its lower bound
C*C+ ATHA | + -+ AHA, to get from this

H>= > AYccA+ > AYHA+ > AV CCA,
veFy: [vI<N veFy: [v|=N+1 veFy: [v|=N

which then simplifies to (2.17) as wanted.
We rewrite (2.17) in the form

> AV CCAY<H- > AV HAY<H. (2.18)
veF,: [v|<N veF,: [v|=N

By letting N — oo in (2.18), we conclude that the left hand side sum converges
(weakly and therefore, since all the terms are positive semidefinite, strongly) to a
bounded positive semidefinite operator. By (2.10),

im > A™CCA =D A" C'CAY =Gca

N—oo
veFy: [v|<N veFy

and passing to the limitin (2.18) as N — oo gives Gc A < H.In particular the operator
Gc A is bounded (since H is) and therefore the pair (C, A) is output-stable. O

Proof of (I) As observed in the proof of the first part of the theorem, from the infi-
nite-series representation (2.10) it follows that G A satisfies the Stein equation (2.15).
If H is any solution of the Stein inequality, the computation leading to (2.18) shows
that H satisfies (2.18). By taking the limit as N — oo we conclude that Gc o < H as
asserted. O

Proof of (2) Suppose that A is strongly stable and that H solves the Stein equation
(2.15). Then the proof of (2.17) shows that in this case (2.17) holds with equality:

H= > AYCcA+ > AV HA (2.19)
veFy: [vI<N veFy: [v|=N+1
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foreach N =0,1,2,... Taking the limit as N — oo and using the stability assumption
(2.11) we conclude that H = G¢c .

For the converse direction we assume in addition that A is contractive (i.e., (2.16)
holds). We prove the contrapositive: if A does not satisfy the stability condition (2.11),
then the solution of the Stein equation (2.15) is not unique. Assume therefore that A is
not stable. By the assumption (2.16), the sequence of operators

Av= > AVALN=12,...
veFy: [v|=N

is decreasing and bounded below and therefore has a strong limit A. Since A is
assumed not to be stable, this limit A is not zero. However it is easily verified that

ATANAl + - +AZANA(1 = AnNy1. (2.20)

Taking limits in (2.20) gives that A = limy_, o Ay satisfies the homogeneous Stein
equation
A—ATAA| — - —AJAA; =0.

We conclude that the solution of the Stein equation (2.15) cannot be unique. O

Particular cases of output pairs (C,A) are the cases where (C,A) is contractive
(i.e., the Stein inequality (2.14) holds with H = Ix) and where (C,A) is isometric
(i.e., the Stein equality (2.15) holds with H = Ix). For these cases some additional
observations can be made along the lines of Theorem 2.2.

Proposition 2.3

(1) Suppose that (C, A) is a contractive pair. Then (C,A) is output-stable with Gc A <
Ix and the observability gramian Gc A is the unique positive semidefinite solution
of the Stein equation (2.15) if and only if A is strongly stable.

(2) Suppose that (C,A) is an isometric pair. Then (C,A) is output-stable. Moreover
H = Iy is the unique solution of the Stein equation (2.15) if and only if A is
strongly stable. In this case Oc A is isometric and hence also (C,A) is exactly
observable.

Proof Statement (1) immediately follows from statements in Theorem 2.2 combined
with the observation that (C,A) being a contractive pair implies that A is contractive.

The first two assertions in statement (2) follow in a similar way. As for the last asser-
tion, for the case where (C, A) is isometric, [ y is a solution of the Stein equation (2.15);
for the situation where A is strongly stable, uniqueness implies that the observability
gramian Gc A = Iy, i.e., that Oc 4 is isometric. Then also (C, A) is exactly observable
by definition. O

Remark 2.4 The converse of the last part of Proposition 2.3 does not hold even for
the case d = 1. More precisely, there exists an isometric pair of operators (C, A) such
that (C, A) is observable but A is not strongly stable.

An example necessarily requires that dim X = oco. In the terminology of Sz.-Nagy
and Foiag (1970), it suffices to produce a completely nonisometric (c.n.i.) contraction
operator A on a nontrivial Hilbert space X (so dim X > 0 and there is no non-
zero-invariant subspace M for A such that A| ¢ is an isometry) in the class Cy. (so
Ax — 0in X for some x € X implies that x = 0). Indeed, if A is such an operator, set
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C = (I — A*A)'/? considered as an operator from X into ) := Ran(/ — A*A)"/? (the
closure of the range of (I — A*A)!/2). Such an A is not strongly stable by the definition
of the class Cy., the definition of C makes the pair (C, A) isometric, and the condition
that A is c.n.i. implies that (C, A) is observable.

To construct such an operator A, let 6 be a Schur-class outer function such that
log(1 — |]?) is not integrable (with respect to arc-length Lebesgue measure) over the
unit circle T. Furthermore, let K(0) be the associated Sz.-Nagy-Foiag model space

_[HD) 6() 2
K@) = [Lz('ﬂ‘)] © [(1 b)) H”(D), where L eDand¢ €T
and let S(0) be the Sz.-Nagy-Foias model operator
M, 0
T = Pg) [ } ;
0 M |lge

where M, and M, are the operators of multiplication by A and by ¢, respectively. Now
we let A := S(0)* and note that A is in the class C. by Proposition 3.5 in Sz.-Nagy and
Foias (1970) (since 6 is outer) and A is c.n.i. by Theorem 5 in Ball and Kriete (1987)
(since the nonlog-integrability property of 1—|0| implies that there is no H>°-function
a(z) for which |a(§)|2 <1- |9(§)|2 for ¢ € T). This completes the construction.

Let us say that the pair (C, A) is similar to the pair (Z’, A) if there is an invertible
operator S on X so that

cC=cs!,  Aj=SA;87! forj=1,...,d

Then we have the following characterization of pairs (C, A) which are similar to a
contractive or to an isometric pair.

Proposition 2.5

(1) The pair (C,A) is similar to a contractive pair (E’, A) if and only if there exists a
bounded, strictly positive-definite solution H to the Stein inequality (2.14).

(2) The pair (C, A) is similar to an isometric pair if and only if there exists a bounded,
strictly positive-definite solution H of the Stein equation (2.15).

Proof Suppose that H is a strictly positive-definite solution of (2.14). Factor H as
H = §*§ with § invertible and set

C=cCS!,  Ag=SAS"! for k=1,...,d (2.21)
Multiplying (2.14) on the left by $*~! and on the right by S~! then leads us to
[—AfA; —-- —A%A, > CC,

ie. (C,A) is a contractive pair which is similar to the original pair (C, A). Conversely,
if (C,A) given by (2.21) is contractive, then H = S*S is bounded and positive-defi-
nite and satisfies the Stein inequality (2.14). This verifies the first statement of the
Proposition. The second statement follows in a similar way. ]

As a consequence of the observations in Proposition 2.5, Proposition 2.3 can be
formulated more generally as follows.
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Proposition 2.6

(1) Ifthe pair (C, A) is such that the Stein inequality (2.14) has a strictly positive-defi-
nite solution H, then (C, A) is output-stable. Moreover, the observability gramian
Gc A s the unique positive semidefinite solution of the Stein equation (2.15) if and
only if A is strongly stable.

(2) Ifthe pair (C, A) is such that the Stein equation (2.15) has a strictly positive-definite
solution H, then (C,A) is output-stable and the observability gramian Gc A is the
unique positive semidefinite solution of the Stein equation (2.15) if and only if A is
strongly stable. In this case (C, A) is moreover exactly observable.

The last part of Proposition 2.6 has a converse.

Proposition 2.7 Suppose that the pair (C, A) is output-stable and exactly observable.
Then A is strongly stable, i.e., (2.11) holds.

Proof 1f (C,A) is output-stable and exactly observable, then the observability gra-
mian Gc 4 is a strictly positive-definite solution of the Stein equation (2.15). Hence
(2.19) holds with H = Gc A:

Geax)= > AV CCAx D+ D> (GeaA'rA'x).  (222)
veFy: [vI<N veFy: [v|=N+1
From the infinite-series representation (2.10) for G¢ A, taking limits in (2.22) gives
lim > (GcaAx,A'x) =0. (2.23)
— 00
veFy: [v|=N+1
The strict positive-definiteness of Gc A tells us that there is an ¢ > 0 so that
elx? < (Geax,x) forall x e X. (2.24)
In particular, from (2.24) with AVx in place of x combined with (2.23) we get
e > AP D> (GcaA'xAVx) > 0
veFy: [v|I=N+1 veFy: [v|=N+1

for all x € &, and we conclude that A is strongly stable as asserted. O

2.2 Observability-operator range spaces and reproducing kernel Hilbert
spaces: the noncommutative-variable case

To develop the noncommutative analogue of Theorem 1.2, we first introduce the right

noncommutative shift operators SR, 55 on H%, (Fy) as follows:
Sfc 2R 2 Ry =3 A =10 (2.25)
veF, veFy veF,

It is readily seen that their adjoints (backward shifts) are given by

S D h' e D fr (=14 (2.26)
veF, veF,
Their left counterparts S, ..., S%, also on H3,(F,), are given by
S]-L: Z hl - Z fzjz’ = Z fod (2.27)
veF, veF, veF,
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with adjoints given by
SH*: DR D fid (2.28)

veFy veFy

Let t denote the unitary involution on Hg) (Fp) given by

i > = D fird (2.29)

veFy veFy

In addition to the unitary property t* = t~! of 7, note also that t intertwines the left
shifts with the right shifts:

SOt =1(S))*, Sfr=1S for j=1,....d. (2.30)
Then we have the following Fock-space analogue of Theorem 1.2.

Theorem 2.8 Suppose that (C, A) is an output-stable pair. Then:

(1) The intertwining relation
(S)*Ocax = OcaAjx (x € X) (2.31)

holds for every backward-shift operator (S]R)* defined in (2.26) and hence Ran 6@ A
is (Sf)*-invariantforj =1,...,d

(2) Let H > 0 be a solution of the Stein inequality (2.14) and let X' be the completion
of X with H-inner product ||[x]||§,(, = (Hx,x)x. Then A; and C extend to define
bounded operators A}: X = X' forj=1,...,dand C': X’ — Y and the observ-
ability operator 6c,AAextends to define a contraction operator (5c/,A/ from X’ into
Hg) (Fa)- Moreover, Ocr o2 X' — H%, (Fq) is an isometry if and only if H satisfies
the Stein equation (2.15) and A' = (A}, ..., A)) is strongly stable, i.e.,

> (HA'x,A'x) >0 forall x e X. (2.32)
veFy: [v|=N

() IfH = 0 is a solution of the Stein inequality (2.14) and the linear manifold M =
Ran Oc A is given the lifted norm

1Ocaxliy = _inf _ (Hyyx, (2.33)
yEXZ OCAVAy:OC,AX
then R
(@) M can be completed to M’ = Ran Oc ar (with (C',A’) as in #2 above) with
contractive inclusion in H%, (Fa):

11,5 = Wline forall feM.

Furthermore, M' is isometrically equal to the formal noncommutative repro-
ducing kernel Hilbert space with reproducing kernel Kc a.y given by (1.16).
(b) The following difference-quotient inequality is valid

d
DS ke < W Wik — Wil (2.34)
j=1
for every f € M' = H(Kc.aA:x) with equality holding in (2.34) if and only if

(2.15) holds.
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(4) Conversely, if M is a Hilbert space included in H%, (Fyq) which is invariant under
(S]R)* forj=1,...,d such that the difference-quotient inequality

d
DNSE IR < 11— 1full3 (2.35)

j=1

holds for every f € M, then M is contractively included in H%, (Fq) and there exists
a contractive pair (C, A) (so H = I positive definite solution of the Stein inequality
(2.14)) such that

M =H(Kcaq) =RanOca

isometrically. In case (2.35) holds with equality, then (C, A) can be taken to be an
isometric pair. An explicit (C, A) meeting these conditions is given as follows. Take
X to be the Hilbert space X = t(M) (where t is the involution given by (2.29))
with |[t(H)lx = |fllm and define C: X — Y and A = (A4,...,Ay) on X by

Aj=ESHxforj=1,....d; C=ExX—->Y,  H=Ily, (236)

where E: H%,(]—'d) — Y is given by
E: > [z = fp (2.37)

veFy

Proof of (1) Applying (S]R)* to a typical element from Ran 6@ A (with notation as in
(2.7)), we get

(SPH*(CU = Z()A) %) = (SH)*( D (CA"x)Z")

veFy
= Z (CAVix)z"
veF,
= C — Z(2)A) ' Ajx € Ran Oc a. (2.38)
The latter equality shows that Ran (5C’A is invariant under (S]R)* forallj=1,...,d
(backward-shift-invariant) and (2.31) follows. ]

Proof of (2) The Stein inequality (2.14) amounts to the statement that (C, A) is con-
tractive and well-defined on the dense subset [X] of X’ (where [x] is the equivalence
class containing x) and hence extends to a contractive pair (C’', A’) on all of X’ and
moreover the inequality (2.17) holds for all N = 1,2,... From this we see that (5c,A
is contractive from X with the H-inner product to H%, (F4), and hence also 6C’,A’ is
contractive from &’ to H %, (F4)- The inequality (2.17) is actually a chain of inequalities
Wy = Wyyq for N =1,2,..., where

Wy= > AV CCA'+ > AV HA
veFq: [vI=N-1 veFy: [v|=N
Note that
s-limy 0o Wy = GeA + Al A,
where

. T
Ag A =slimy_ o Z A" HA.
[v|=N
@ Springer



208 Multidim Syst Sign Process (2007) 18:191-248

In particular it follows from (2.16) that

d
H>C*C+ ) AHA;> Wy forall N>2
j=1
and hence, by taking the strong limit on the right hand side, we get

d
H>C"C+ Y A*HA; > Gca + AnA. (2.39)
j=1
By definition, 60, A X — H%, (F4) being an isometry means that Gc A = H in which
case (2.39) becomes

d
H>C*C+ ) AtHAj > H+ Apa, (2.40)
j=1

which in turn forces Ay o = 0 and equalities throughout (2.40). The condition Ay o =
0 just means that A’ is strongly stable. From equality holding in (2.40) we see that
the Stein inequality (2.14) holds with equality, i.e., the Stein equation (2.15) holds.
Conversely, by reversing the steps of the argument, we see that A’ being strongly sta-
ble and the Stein equality holding leads to Gc A = H, i.e., to (/O\C/, A’ being an isometry
from X’ into H%, (Fa). o

Proof of (3a) Statement (3a) follows from general principles laid out in Ball and
Vinnikov (2003).

Proof of (3b) For f of the form f(z) = C(I — Z(z)A)"'x, we have
W1 e kg = CHX )
We see that then
||S;‘f||%1(KC’A;H) = (HAjx,Ajx) for j=1,...,d (from (2.38)), fs = Cx.

With these substitutions, we see that (2.34) is equivalent to

d
Z HAjx,Ajx)x < (Hx,x)x — [|Cx|3,
j=1

or, in operator-theoretic form,
ATHA| +---+ AJHA; <H - C*C (2.41)

with equality in (2.34) equivalent to equality in (2.41). This completes the verification
of part (3b) of Theorem 2.8. ]

Before commencing the proof of part (4) of Theorem 2.8, we collect some useful
facts concerning H%, (Fq) itself.

Proposition 2.9 LetS = (Sy,...,Sy) denote either the right shift SR or the left shift S©
=(SR,.... 8K, st=sh,....sh

defined as in (2.25) and (2.27) and let the operator E: H%, (Fa),— Y be defined as in
(2.37). Then:
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(1) The operator-tuple §* = (S, ..., S}) is strongly stable, i.e.,

li *V 212 — 2 ) )
im Z ISflI* =0 foreach f e H3y(Fy) (2.42)
veFy: [v|=N
(2) The operator
S
L HY(Fp) — HY(F) &Y
S*
d
E
is unitary, i.e.,
EE* =1y, ES;=0, SI’-*S,- =68l for ij=1,...,d (2.43)

(where §;j stands for the Kronecker symbol), and
I—88]—---—845;,=E"E. (2.44)
(3) X = I is the unique solution of the Stein equation
X —8$1 XS] — - —84XS), = E'E. (2.45)
(4) Foreveryf e H%, (Fa),

d
J DUSH NG -z, if S=SFK,
F@ —fa =D (SiSiN(z) = jj (2.46)
= >z (SH*HG). if =S~

j=1

(5) The observability operator 6E’SR* is equal to the operator t defined in (2.29) and
hence is unitary.

Proof Iff(z) = ZVE}.{I fvz", then
(SR*V/]C)(Z) _ Z fW'TZv7 (SL*wf)(Z) _ Z fv’TvZV
veF, veFy
and hence, in either the left or the right case, we have
ES™f = f,r. (2.47)
Therefore,
> IsTfIP= D> IAIP—0 as N— o
veFy: [v|=N veFy: [v|=N

and (2.42) follows. Equalities (2.43) and (2.44) follow from (2.25)-(2.28), (2.37) and
the fact that E* is the inclusion map of Y into H%, (Fq). Applying the operator identity
(244)toanf € H%, (F4), we get (2.46). Finally, from (2.47) we see that, for both the
left and the right case,

Opsif = D (ES"NzV =D frz'=1f
veFy veFy
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forall f € H%,(]—"d). That X = I is the unique solution of the Stein equation (2.45) is
now a consequence of (2.42) combined with the last part of Theorem 2.2. O

Proof of (4) in Theorem 2.8 Suppose that M is a Hilbert space contractively included
in H3,(F4) which is invariant under (Sf)* for eachj = 1, ., d such that the difference-
quotient inequality (2.34) holds. Set X = 7(M) with norm inherited from M. From
the intertwining relations (2.30) we see that X is invariant under the left backward
shifts (S5)*,..., (S5)*. Define operators Aj X — X forj=1,...,dand C: X — Y
by (2.36). From the difference-quotient inequality (2.35) together with the definition
of the X-norm and the intertwining relations (2.30), we have

d d d
DUSHENHIZ = D IS NI = D ISH* IR

j=1 j=1 j=1
< W15 = Wfally = Itz = I@Hal3
and hence H = Iy satisfies the Stein inequality (2.14). From Proposition 2.9 we see

that
OcaA = Oggislx = Tlx=c(Mm)

and hence (’9\c,Ar| m = Inpq. Therefore, for each f € M we have

IflHKean = 10cATfInkes = 1Tfllx = lIfllm

and thus M = H(Kc ) isometrically. It then follows from part (3a) of the theorem
that in fact M is contractively included in H v (Fa)- O

As explained by part (4) of Theorem 2.8, for purposes of study of contractively
included, backward-shift-invariant subspaces of H%, (F4) which satisfy the difference-
quotient-inequality (2.34), without loss of generality we may suppose at the start that
we are working with X” as the original state space X and with the solution H of the
Stein inequality (2.14) to be normalized to H = I x. Then certain simplifications occur
in parts (1)-(4) of Theorem 2.8 as explained in the next result.

Theorem 2.10 Suppose that (C, A) is a contractive pair with state space X and output
space ). Then:

(1) (C,A) is output-stable and the intertwining relation (2.31) holds. Hence Ran (/Q\C’A
is invariant under the backward shifts (Sﬁ)* forj=1,...,d
(2) The observability operator 6C,A is a contraction from X into H%, (Fq). Moreover

(/Q\QA is isometric if and only if (C, A) is an isometric pair and A is strongly stable.
(3) If the linear manifold M = Ran Oc 4 is given the lifted norm

I0caxlm = I10xlx, (2.48)

where Q is the orthogonal projection of X onto (Ker 6c,A)J-, then 6C,A is a cois-
ometry of X onto M. Moreover, M is contained contractively in H%, (Fq) and
is isometrically equal to the formal noncommutative reproducing kernel Hilbert
space H(Kc A) with reproducing kernel Kc A (z,w) given by

Kca(z,w) = CU — Z(2)A) ™ U — A*Zw)*)~Lcx.
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4) If Oc A is given the lifted norm || - 1k 5) as in (2.48), then the difference-quotient
inequality

d
DS ke ny < W 5eien) — IFal3 (2:49)
j=1

holds for all f € H(KcA). Moreover, (2.49) holds with equality if and only the
orthogonal projection Q of X onto (Ker OcA)™ satisfies the Stein equation

d
Q- > ATQA;=C*C. (2.50)
j=1
In particular, if (C, A) is observable, then (2.49) holds with equality if and only if

(C,A) is an isometric pair.

Proof Statements (1)—(3) and all but the last part of statement (4) are direct special-
izations to the case H = Iy of the corresponding results in Theorem 2.8. It remains
only to analyze the conditions for equality in (2.49).

From the intertwining relation (2.31), we see that equality in (2.49) for a generic
element f = 6c,Ax € H(Kc,a) means that

d

%) 2 %) 2 2
Z ||OC,AA]'X||H(KC,A) = ”OC,AXHH(KCYA) — [ICx1ly,
=1

for all x € X. Using the definition (2.48) of the H (K¢ a)-norm, we rewrite this last
equality as
d
D 10Ax|% = 10x]% — ICx]3.
j=1

This holding for all x € X is finally equivalent to the Stein equation (2.50). ]

Remark 2.11 In Theorems 2.8 and 2.10, we could equally well have interchanged the
roles of left versus right. For a given output pair (C, A), define the associated left
observability operator Oé AL X — H%, (Fq) by

Ok pe= 3 A2
veFy
Then the linear manifold Ran Oé A 1is invariant under the left backward shifts
(SEY*, ..., (S5)*) as verified by the intertwining relation
1 d
(STY*O¢ A = O AA;.
We leave the precise statements and proofs to the interested reader.

The characterization (2.50) of the difference-quotient inequality holding with
equality for a space H(Kc,a) in Theorem 2.10 can be made more explicit as follows.

Proposition 2.12 Suppose that (C, A) is a contractive pair as in Theorem 2.10 and let
Q be the orthogonal projection onto (Ker Oc A)*. Then Q satisfies the Stein inequality

Q- AJQA| — - A70A, > C*°C (2.51)
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and we have the inequalities
gea <0 =<lIx. (2.52)

If we write C, A}, Q in 2 x 2-block matrix form with respect to the decomposition
X =Ker Oca @ (Ker Oca)* as

c=[o ], A;=[Aoj1 i]]g] Qz[gﬂ (2.53)

forj=1,...,d, then Q satisfies the Stein equation (2.50) if and only if the pair (C°, A%)
is an isometric pair, in which case we also have that App = 0 (so (Ker OQA)L is invariant
for Aj) forj=1,....d

Proof First note that Ker 6@ A is invariant for each A; and that Ker 6@ A C KerC.
Therefore, the matrix decomposmons of C,Aj,Q with respect to the decomposition
X = Ker OC A D (Ker (’)C A)L have the form as given in (2.53). Next note that the
contractive property of the pair (C, A) means that

d
0 0 ASAp ALAp I 0
44 ]
[0 CO*CO] T2 Ak AnAn —|—A0*A0* = [o 1] Y
j=1 L7277 j27T
On the other hand, the Stein inequality (2.51) works out to be
d * *
0 0 1AL ALApR I 0
J
[0 0 Co] + 21 [ ALy A;ﬂ* A =lo 1) (2.55)
j=

As the left hand side of (2.55) is dominated by the left hand side of (2.54), it is clear

that (2.55) follows from (2.54), and hence (2.51) holds as asserted. Since Gc A is the

minimal positive semidefinite solution of the Stein inequality (2.14) (by part (2) of

Theorem 2.2) and we now know that Q is one such solution, it follows that Gc A < O.

As Q is an orthogonal projection on X, we also have Q < Iy and (2.52) now follows.
From the (2,2) entry of (2.54), we read off

d d
0 ~0 0% 40
c*CY + E A;-szjz-i- E Aj*Aj < I(Ker@qA)l' (2.56)
j=1 j=1

In particular
™+ Zd:A?*A}] < (e B gyt
j=1
i.e., Q satisfies (2.51). On the other hand, the validity of (2.50) reduces to
d
[8 CO*CU} + Z [ AU*AO] [g (I)]
j=1
or simply to
' + zd:A;?*A/Q = I(Ker O )+ (2.57)

j=1
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Thus, the validity of (2.50) is equivalent to (C°, A%) being an isometric pair, in which
case we also have that Ajp = 0. O

Finally, we have the following uniqueness result.

Theorem 2.13 Suppose that (C,A) and (E’, A) are two output-stable, observable pairs
realizing the same positive kernel

Kcalz,w) = CU — Z(A) ™ — A*Zw)H) ' c*
= CU - Z@DA) I - A" Zw)") ' C* = Keg(z.w).  (2.58)
Then (C,A) and (C,A)are unitarily equivalent, i.e., there is a unitary operator U: X —
X such that
C=CU and A;=U'A;U for j=1,....d.
Proof For any two words «, 8 € Fy4, equating coefficients of 22wh’ in (2.58) gives
CA“A*PC* = CA*A*F C*.
Hence the operator U defined by
U: AP Cty > A C*y (2.59)
extends by linearity and continuity to define an isometry from
Dy =5pan{APC'y: € Fy, y € V)

onto o
Ry = span{A**C*y: B € Fy, y € V).

The observability assumption implies that Dy = X and Ry = X; hence U: X — X is
unitary. From (2.59) it is easily seen that
UC*=C* and UA;=A'U for j=1,....d.
Since U is unitary we then get
CU=C and A;U=UA; for j=1,...,d

and we conclude that (C, A) and (5 ,A) are unitarily equivalent as desired.

2.3 Applications of observability operators: the noncommutative setting

As an application we give a proof of the Beurling-Lax theorem for the Fock-space
setting originally given by Popescu (1989d). We shall in fact prove a more general
version of the Beurling-Lax—Halmos theorem for contractively included (rather than
isometrically included) subspaces of H %, (Fg) due in the classical setting to de Branges
(see de Branges & Rovnyak, 1966). Our proof is similar to that in Popescu (1989d)
but highlights more explicitly the role of an associated observability operator. For this
purpose we say that a formal power series 0(z) = >, 7, 0vz" € LU, Y)((z)) is a con-
tractive multiplier, also written as 0 is in the d-variable, noncommutative Schur-class
Sne.aU, V), if the operator My of multiplication by 6

Mg: f(2) = 6(2) - f(2)
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defines a bounded linear operator from Ha(fd) to H%,(]—"d) with operator norm at
most 1. Such a formal power series 6(z) is said to be inner if moreover the operator
My from HZ, (Fg) to H%, (Fy) is an isometry.]

Theorem 2.14

(1) A Hilbert space M is such that
(a) M is contractively included in H%, (Fa),
(b) M is invariant under the right shift operators Sf, e, Sg:

SEM C M,
(c) the d-tuple
SR = (SRqph SR, where SR = SRm for j=1,....d
is a row contraction
SRR+ + SR SR )™ = I

and
(<)) (Sﬁ/l)* is strongly stable, i.e.,

: R \xv e 2
lim_ > ISR~ 0 forall fe M,

veFy: [vl=n

if and only if there is a coefficient Hilbert space U and a contractive multiplier
0 € SpcaU,)) so that
M =0 -HY(Fy)

with lifted norm
19 fllae = 1OF 2, (7, (2.60)

where Q is the orthogonal projection onto (Ker Mg)*.
(2) The subspace M in part (1) above is isometrically included in H%, (Fq) if and only
if the associated contractive multiplier 0 is inner.

Proof We first verify sufficiency in statement (1). Suppose that M has the form
M=0- Hz24 (Fy) for a contractive multiplier # with M-norm given by (2.60). From
the fact that |[My| < 1itis easily verified that ||6 'f||H§,(fd) <116 - fllm, 1.e. (a) holds.

From the intertwining property S]-RMQ = MeS]R (note that S]R is multiplication by z;
on the right while My is multiplication by 6 on the left), property (b) follows.

If Q is the orthogonal projection onto (Ker Mp)* C H7,(F,), then the intertwining
property SfMy = Mo S implies that

0SF =0SFfO and (SH*Q=0(MH*Q for j=1,....d. (2.61)

L We prefer to define inner to be isometric rather than partially isometric as in Popescu (1989d).
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Thus
o-A7° ATl
I:Sﬁ/l,l Sﬁ/t,d:l : = |0 [Sf - S§]
0 'fd M d_ 1l pq
on|’?
= |O[sF - si]|
Ofalll 7
2 2
Ofi 0-fi
< . = N
Qfd HZZ/{(]:d)d 0 'fd Md

and property (c) follows. Finally, a short computation shows that
SR po-f>o-sof. SR 0 fe0.8Rv0f

and hence

2. ISK07o-fie= 2 IS™OfIp ) = 0

veFy: [v|=n veFy: [vl=n

asn — oo, and property (d) follows as well. Moreover, if 6 is inner and M = 6 -HZ%{ (Fa)
with the lifted norm (2.60), it is clear that M is contained in H%, (Fq) isometrically.
This completes the proof of sufficiency in Theorem 2.14.

Suppose now that the Hilbert space M satisfies conditions (a), (b), (c), (d) in
statement (1) of Theorem 2.14. Define a d-tuple of operators A = (Ay,...,Ay) on
M by

Aj= SR for j=1,....4,

where we use hypothesis (b) to set Sf/tj = S]R|M forj =1,...,d, and choose the
coefficient Hilbert space U so that

dimi = rank(I — AJA; —--- — AJAy).
By hypothesis (c) we may then choose the operator C: M — U so that
C'C=1—-ATA| —---A}A,.

Then (C, A) is an isometric pair and, by hypothesis (d), A* is strongly stable. Thus by
part (2) of Proposition 2.3 it follows that the observability operator

Oca: fr CU - Z()A)~'f

is an isometry from M into HZ%{ (F4). As observed for the general case in part (1) of
Theorem 2.8, we have the intertwining condition

(S*Oca = OcaShy )"
Taking adjoints then gives

(Oca) St =S5,/ (Oca). (2.62)
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Let us set R
0 =10 (OcA)*: HE(Fg) — H3(Fa),

where :: M — H%, (Fy) is the inclusion map. From hypothesis (a) that [|¢|| < 1, we see
that |®| < 1. From the intertwining relation (2.62) (together with hypothesis (b)) it
follows that

oSk =ste

and it follows (see, e.g., Popescu (1995)) that © is a multiplication operator, i.e.,
there is a contractive multiplier 6 € Sy 4U,Y) so that ® = My. From the fact that
(5c,A: M — H%,(]—'d) is an isometry, it follows that Ran(@c,A)* = M and also that
M=0- HZ%{ (Fq) with M-norm given by (2.60). This completes the proof of necessity
in statement (1) of Theorem 2.14 for the general case.

We now consider statement (2). In case M is isometrically included in H %, (Fa), for

any f € lel(]-'d) we have
1©@cA)"Sf v = IS @A) F iz, 7y = 1A Ml 7,

forj=1,...,d, since SR is isometric on H%, (F4). Since, as was observed above, (/D\C’A
is isometric, it follows that

1Pran G4 SifIl = I forall f € RanOca

and hence Ran 6@ A isinvariant under S]R forj=1,...,d. AsRan 6c, A is also invariant
under (S]R)* for each j by (2.62), we conclude that Ran (/D\C’A is reducing for S. Since

Ran C is dense in U by construction, we are now able to conclude that Ran 5c,A is all
of H}(Fy) and hence Oca: M — H}(Fy) is actually unitary. It then follows finally
that ® =10 (Oc,A)* is isometric and hence 6 is inner as asserted. This completes the
proof of Theorem 2.14. O

A second application of these ideas is to operator model theory. For this applica-
tion we are given only an operator-tuple T = (771,...,Ty) € L£(H)4 which is a row
contraction,so [ — T T} —--- — T¢T}; > 0. Set

Dy =~ T\Tf —-- = TyTHY? and Y :=RanDr-. (2.63)

We apply the ideas of the previous sections concerning the general pair (C,A) to a
pair of the special form (Dt+, T*). For simplicity we assume in addition that T* is
strongly stable, i.e.,

li V12 — .
Jim > ITx|>=0 forall xeH
veFy: v|=N
Then we have the following dilation result.
Theorem 2.15 SupposethatT = (Ty,...,Ty) is a row contraction with T* strongly sta-

ble as above and define the defect operator Dy« and the coefficient space Y as in (2.63).
Then there is a subspace M C H’ %, (Fq) invariant for the backward shift operator-tuple

SR on H%,(]—'d) so that T is unitarily equivalent to PSR\ aq. In particular, T has a
row-shift dilation unitarily equivalent to S¥ on H%, (Fa)-
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Proof By the same arguments as in the proof of Theorem 2.14, we see that
Opype1+: H — H3(Fa)
is isometric and satisfies the intertwining relations

By Oppear = Oppa T forj=1,....d.

If we then set
M = Ran Opg. T+,

then 6DT* T implements the unitary equivalence between T and P (S| as wanted.
O

Remark 2.16 In the classical case d = 1, the procedure for constructing the unitary
dilation of a contraction operator via the observability operator as in the proof of
Theorem 2.15 corresponds to the construction of Douglas (1974) (see also Sz.-Nagy
& Foias, 1970, Section 1.10.1) which is an alternative to the more popular Schéffer-
matrix construction of the unitary dilation (see Sz.-Nagy & Foias, 1970,Section L.5).
Popescu (1989a, b) used an analogue of the Schiffer-matrix construction to construct
the row-unitary dilation of a row-contraction operator-tuple. From the existence of
this dilation, he went on to verify a von Neumann inequality (Popescu, 1991):

Ilp(T1,.... TN < Ip(St,- .., Sl

for any polynomial p € C(z) in the noncommuting variable z = (z1,...,z4). He
returned to this topic in Popescu (1999) to give another proof of the von Neumann
inequality (actually a more general version involving nonanalytic polynomials) based
on the Poisson transform: for T a strict row-contraction (one can reduce the gen-
eral case of a row-contraction to the case of a strict row-contraction via a limiting
procedure), one defines the Poisson transform P(T): L(H%, (Fa), H) = L(H) by

P(M[X] = (Opp.19)*XOpy 1+ (2.64)

It is argued in Popescu (1999) (as well as in Chalendar (2003) in the context of the
classical case) that this is an elementary (i.e., dilation-free) proof of the von Neumann
inequality. Indeed, as argued in Chalendar (2003), this proof of the von Neumann
inequality goes back to the paper of Heinz (1952). However, we would argue that the
dilation is very near the surface in this proof as well, since the Poisson kernel, i.e., the
observability operator 6DT* 1+, provides the factorization of the Poisson transform
(2.64) and is also the operator embedding the state space ‘H into the dilation space
H%, (Fp) in the Douglas approach to dilation theory.

3 The commutative-variable Arveson-space setting

3.1 Output stability and Stein equations: the commutative-variable case

To introduce the commutative multidimensional counterpart of the Hardy space
H?(D), we recall standard multivariable notations: for a multi-integer

n=(nq,...,ng) € Zi
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and a point A = (A1,...,Aq) € C weset |n| =ny +ny +---+ng,n! =ny'ny!...ng!
and
n n n
AR = AT (3.1)

The space can be derived from the full Fock space by “letting the variables commute.”
For this purpose we introduce the abelianization map a: F; — Zi given by

a(iy---i1) = (m,...,ng), where np=#{(: iy =k} for k=1,...,d.
A key combinatorial fact is that

m]!

#a '(n) = o (32)

We then consider the symmetric Fock space 6%, (SF4) equal to the subspace of Z%, (Fa)
spanned by the elements xny (n € Zi and y € ) where yxp is given by

Z Xvs

v:a(v)=n
where x, is defined as just below (2.2). Note that
2 _ ml!
bl iy = 20 1=
veF,: a(v)=n

and hence, if B is an orthonormal basis for )/, then an orthonormal basis for Z%,(S}'d)
is the set

It is then natural to identify £ (S}'d) with the weighted sequence space 22 y(Z )
consisting of all Y-valued Z’fr-lndexed sequences {fu}, ezt for which the norm given by

2 n!
1Unhnezt e oty = 2 wIfal’, - where w(n) = o0,
neZi
is finite. We abbreviate z%v,((: (Zi) to Z%V(Zfb and observe that
252l =22z e y. (3.3)

The commutative d-variable Z-transform

(adpezt = Q) = D fad®

nezd
maps va(Zi) unitarily onto the Arveson space
n!
Hka) = {fQ) = D fak™: [IfI* = i fal?
neZi neZd
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with inner product given by

|
8 nkn = D angn
neZﬂ '

if
fAO) =D fad™ and g)= D gad™

d d
nezy nezy

Then it follows that the set { '2—!!1“: nc Zi} is an orthonormal basis for Z%,(Zi). By

general principles concerning reproducing kernel Hilbert spaces we see that H(ky) is
a reproducing kernel Hilbert space of functions analytic on the unit ball

d
BY = 1A= (... € D P <1

k=1
with reproducing kernel k4(X, ¢) given by
m! on <, — " 1
ka\,8) = Z F)» ¢ ZZ(MCl‘f‘“"f‘Ad@ 10

neZi ' n=0

(see, e.g., Arveson, (1998)). This justifies the notation H (k) for the space. In analogy
to (3.3), we will use notation Hy (k) := H(ks) ® Y for the tensor product Hilbert
space that is characterized by

n!
Hy(ka) = 1 f0) = D fak™IIfIP = D> i Ifall3 < o0
neZi neZ‘i '
If we define the map IT by
I {folver, — z fo 34)
v:a(v)=n neZi

then each basis vector x, € ¢>(F;) (v € F;) is mapped via IT to its abelianization
xn € £2,(24) and then I is extended to the whole space ¢2(F,) via linearity. The norm
on K%V(Zi) is arranged so as to make IT a coisometry from 6%, (F4) onto E%V,y (Zi) with
initial space equal to Z%,(Sfd) and with kernel equal to the subspace Z%,(S]—"d)L of
Z%,(]-'d) given by

E%,(‘S‘]-'d)l =1 {flver,: Z fy =0 foreach n e Z‘fr

veFy: a(v)=n
If we introduce the Z-transformed version I1: H?2 (Fq) = H(ky) via

o: vaz"r—> Z z fu | A"

veFy neZﬁ veF,: a(v)=n
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then similarly Misa coisometry from HZ2(F,) onto H(k,) with initial space equal to
the subspace

HXSFg) =1 > famz’s D Ifal* <0

veFy nleJir

with kernel equal to

H*(SFH* = Z f,2" € HX(Fy): Z f» =0 foreach ne Zi

veF, v:a(v)=n

This gives the natural link between the Fock-space norm on formal power series and
the Arveson-space norm on analytic functions on the unit ball and is the basis for
the application of noncommutative results to prove commutative results in Arias and
Popescu (2000), Davidson and Pitts (1998), and Popescu (1998).

By a commutative d-dimensional linear system we mean a linear system with evolu-
tion along the integer lattice Zi rather than along the free semigroup F,. A particular
type of such a system is a system of the Fornasini-Marchesini form given by (1.18). If
we specify an initial condition x(0) = x° € X along with an input sequence {1 ()}, ezt
and impose the boundary conditions that x(n) = 0 whenever n is outside the positive
orthant Zi, then the system equations uniquely determine a full system trajectory
{u(m),x(m), y(m)} consistent with x(0) = xY and u(n) = u®(n) forn € Zi.

If T is the projection map introduced in (3.4) formally extended to be defined on
all 74-indexed sequences to generate a Zi-indexed sequence

M AuMher, > | D, u®) :

v:a(v)=n neZi
I xWher, > | D, x(O) ,

v:a(v)=n neZi
I AyWMher, = D, yO)

v:a(v)=n neZ{f_

then one can check the claim: {(ITu)(n), (ITx)(n), (Hy)(n)}nezi satisfies the system

equations (1.18) whenever {u(v),x(v),y(V)}ver, satisfies the system equations (1.13).
Indeed the first system equation in (1.13) can be rewritten in the form

d d
x(v) = ZAkx(kflv) + ZBku(k’lv).
k=1 k=1

Here we use the convention that
/ s /
v, ifv==~k,
kly = .
undefined, otherwise
@ Springer



Multidim Syst Sign Process (2007) 18:191-248 221

for vawordin F; and k € {1,...,d} aletter and that x(k~1v) is interpreted to be 0 if
k~1v is undefined. Summing over v € F; with a(v) = n then gives

d d
(Mom =>" A > xk'W+> B > uk'v.

k=1 v:a(v)=n k=1 v:a(v)=n
Now observe that
(k"Wraw)=n}={V € Fy:a() =n — ¢}

and arrive at

d d
(Mx)(m) = >~ Ap(Tx)(m — ex) + > Br(Tw) (n — ep).

k=1 k=1

We see that {(ITu)(m), (ITx)(n), (ITy)(n)} satisfies the first of the system equations
(1.18). That {(ITu) (n), (Ilx)(n), (ITy)(n)} satisfies the second system equation in (1.18)
is a simple consequence of linearity. Conversely, given a trajectory
{u(n),x(n),y(n)}nezd+ of (1.18), let {u¢(v)}ver, be any U-valued Fy-indexed sequence
such that IMTu, = u and set x¢(¥) = x(0). Then the noncommutative system equations
(1.13) recursively uniquely determine a full system trajectory {ue(v), xe(v), ye(W}ver,
of (1.13) with this pre-assigned input string and initial condition. By the claim verified
above, it follows that (ITug, I1x,, I1y,) is again a system trajectory. By the unique-
ness of solution of the initial-value problem for the system (1.18), it follows that
{(ITu, Ix, ITy)} = {(u, x, y)}. Thus, any trajectory {u(n),x(n),y(n)}nezi can be lifted to
a trajectory {u¢(v),x¢(v),ye(W}lver, of (1.13), i.e., {te(v),x¢(v),ye (W }hver, is a trajec-
tory of (1.13) such that
{Mae, Txe, Mye} = {u, x, y}.

In this way, we view the Fornasini-Marchesini commutative system (1.18) as the
abelianization of the noncommutative Fornasini-Marchesini system (1.13).

Since the commutative Fornasini-Marchesini system (1.18) is just the abelianiza-
tion of the noncommutative Fornasini-Marchesini system (1.13) and we have al-
ready derived the formula (2.6) for the solution of the noncommutative initial-value
problem, we see that the solution of the initial-value problem for the commutative
Fornasini-Marchesini system (1.18) is simply the abelianization of the corresponding
formula for the noncommutative case:

(MHA) = CU — ZMWA) " x(0) + T ) - MDA, (35)

where the transfer function Ts (L) for the commutative Fornasini-Marchesini system
is given by
Ts(\) =D+ CUI — ZWA) ' Z(\)B.

This gives a derivation of the transfer function relationship (3.5) (via the connection

with noncommutative systems) which is an alternative to the usual direct approach via

commutative multivariable Z-transform (see, e.g., Ball, Sadosky, & Vinnikov, 2005).
The zero input string simplifies the system to

x(m) = Ajx(n—ep) + -+ + Agx(n — ey),

y(m) = Cx(n). (3.6)
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Given a pair (C, A), we have the option of considering (C, A) as coming from a non-
commutative or acommutative system. If we consider the associated noncommutative
system, the output string associated with initial state x(%¥) = x (and zero input string)
is the Y-valued function on F, given by

Ocax = {CA’x}er,

and (C, A) is considered output stable if this output string is in E%,(]—"d) for all x € H.
We say that the commutative system (3.6) is output stable (and in this case we will
say that the pair (C, A) is a-output stable) if TI(Oc ax) € (ifv’y(Zi) for all x € H, or
equivalently, if ﬁ@c’ AX is in the Arveson space Hy (ky) for all choices of initial state
x € X. We note that ﬁ@q AX can be computed explicitly as

(MOcAx)(X) = CUI — ZM)A) k.
Thus another equivalent formulation of a-output stability is:

Definition 3.1 A pair (C, A) is a-output stable means that the function C(I—Z MNA)
belongs to Hy (kg) for every x € H, or equivalently (by the closed graph theorem),
the operator OF. , from X to Hy (k) defined by

Oty =M0caix>CU—ZMAx= > [ > cAx|a" (37
nezd \vea~!(m)
is bounded.

The inverse Z-transform sends the function

VM =CU-ZMA) 'x= > [ D CAx|a"

nezd \vea~!(m)

to the string {y(m)}, ezt with

y(n) = Z CA’x, ne Zi (3.8)
vea—l(n)
and y* belongs to Hy(ky) if and only if {Y(“)}nezi € Zi’y(Zi). Thus, the operator

6“’C A introduced in (3.7) is the Z-transformed version of the observability operator

Ot Al X > Z CA"x (3.9)
vea—1(n) nerf_

and a pair (C, A) is a-output stable if and only if OF. , is bounded as an operator from

X into Eﬁ) y(Zﬂ{). In this case it makes sense to introduce the observability gramian

gaC,A = (OaC,A)*OaC,A = (6aC,A)*6aC,A
and its representation in terms of strongly converging series
a n! >!<VT k u
Gea= >, > A CCA (3.10)

[m|!
neZ‘fr vauea=!(n)
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follows immediately by definitions (3.9), (3.7) and the formulas for the inner products
in £2,3,(24) and Hy (kq).

Definition 3.2 We say that the pair (C, A) is a-observable if G , is positive-definite
and exactly a-observable if G2 , is strictly positive definite.

By Theorem 2.2 (2) we know that the observability gramian G¢ a satisfies the Stein
equation (2.15). It turns out that the abelianized observability gramian G¢. 5 satisfies
a reverse Stein inequality (the reverse of (2.14)).

Proposition 3.3 Let (C,A) be an a-output-stable pair and let Qgﬁ A be the abelianized
observability gramian (3.10). Then G, , satisfies the reverse Stein inequality

Goa —ATGEAAL — - — AjGE aAa = C°C. (3.11)
Moreover, the following are equivalent:

(1) Equality holds in (3.11).
(2) A is C-abelian in the sense that

CAY = CA", whenever v,u € Fyand a(v) = a(u). (3.12)
(3) The observability gramian and the abelianized observability gramian are identical:
gg’,A = gC,A-

Proof 1t suffices to show that the operator Q given by

d
Q:=C"C—Gd s+ D AIGEAA; (3.13)
j=1

is positive semidefinite. To this end, plug (3.10) into (3.13) to get

o
Q= 0, (3.14)

N=1

where Qy is given by
d 1 T
Oy = A > s X AV A | 4
j=1 meZd : m|=N-1 vuea~!(m)

- Y m s> AYCFCAX (3.15)

neZ‘i: =N  vuea~l(n)
We introduce the notation

Wm = > A mezi) (3.16)

uea~!(n)
and extend the notation to the all of Z? by

Wm) =0ifnez’\ 7%, (3.17)
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With these definitions we have the equality

Wm) = Z Wmn —e)A; for everyn = (ny,...,n4) € 74, (3.18)
i=1

where eq,...,eq € Zi are defined in (1.19). Write formula (3.15) in terms of (3.16) as

d
On =D A > (N Ny Cr W | 4,
i meZi:\m|=N 1
- > ]l:[—!‘-W(n)*C*CW(n). (3.19)
neZi:\nl:N '

Upon rearranging the terms in the first series in (3.19) and substituting formula (3.18)
into the second series, we arrive at

On= >, z 1)'14 Wn —e)*C*CW(n — ¢)A;

nezd: nj=N j=1
d n!
- > (X pawe-arccwm-eaa). (20
neZ‘_{_:lnl:N ij=1"""

We now consider the terms in (3.20) that correspond to a fixed n = (nq,...,ny) € Z’j_
(with |n| = N). Denoting the sum of these terms by S, we have

(n —e)! y
Sn = ,Z;(N 1)'A Wn —e)*C*CW(n — ¢))A;

|
—% Z AXW(n — )" C*CW(n — ¢) A;
Tij=1

& (n—e)! . .
=> N N =AW — )" C*CW(n — ¢ A,
j=1 '

|
LS AWa— e CCWm - Ay (321)

!
Cijell,d): i

Note that by convention (3.17), the indices i and j in the latter summations vary on
the set
n={e{l,...,d}: ng> 0}

rather than {1,...,d}. Furthermore, since
N—nj=In|—n; = Z n;
i€y i#]

and
m—e)!=m—e —e)ln; (@#))
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one can rewrite the first sum on the right hand side in (3.21) as

Z o)
Z (m N'e]). niA]’-"W(n —€)*C*"CW(n — ¢))A;
ijeTn: i#f :

n—e —e;)!
- > (n—¢ —et 2” ) n2ATW(n — ¢)*C*CW(n — ¢)A.
ij€Tn: i#] '

Plugging this into the right hand side in (3.21) leads us to

— e —e:)!
Sn = z M I:I’ZIZA;(W(II - e]-)*C*CW(n — ej)Aj

N!
i jeTn it
—ninfAfWm — ;)" C*CW(n — ¢j) Aj]
1(m—ej—e)!
= Z E 7]&‘ R:,i,jRn,i,j, (3~22)
ij€Tn:i#] '
where
Ryij=C [niW(n —e)A;j —nWn— el-)Ai] . (3.23)

Representation (3.22) implies that Sy, is positive semidefinite and therefore Qn > 0
for every N € N. By (3.14), the operator Q defined in (3.13) is positive semidefinite
which completes the proof of (3.11).

We now show the equivalence of (1), (2) and (3) in the second part of Proposition
3.3.

Proof of (1) = (2) Assume condition (1), i.e., that the reverse Stein inequality (3.11)
is satisfied with equality. Then representation (3.22) implies that Ry;; = 0 for all
n € Z4. By (3.23), this means that

nCWm —epA;j = n,CWm —e)A;  meZzZl). (3.24)

Now we shall prove (3.12) by induction (on the length of words v,u € F;). The
basis of induction ( |v| = |u| = 0) is trivial. Assume that (3.12) holds true, whenever
|[v| = |u| < N. Then in particular, we have for every m € Zi with jm| < N:

!
CW(m) = Z CA" = %CAW0 for every wo € a~'(m). (3.25)
wea—1(m)
Now take two words v, u € F; of the length N and let
a(v) =a(u) =n= (ny,...,ny). (3.26)
If v="viand u = ui for some v,uu € Fyand i € {1,...,d}, then we have CA" = CA"
by the induction hypothesis and therefore,
CA” = CAA; = CA*A; = CA".

Let v =viand u = uj for some i,j € {1,...,d} and i # j. By (3.26), a(v) = n — ¢; and
a(u) = n —¢;. By (3.25), we have

L WN-D

CWn—e) = = ot CA”, (3.27)
W=D,

CWn—e) = = S CA". (3.28)
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Multiplying (3.27) and (3.28) on the right by n;A; and n;A;, respectively, we get

_1 Y . — 1
nCWm—e)A; = nii(N ! CA'A; = nii(N bt CAY = n,-n-i(N bt CAY
7)A] ! ] | ] !
(n—¢))! (n —¢)! n!
and
N —-1)! N —-1)! . N —1)!
niCWm —e)A; = nl‘inie;’CAvAi = njﬁCAm = njni%YAu.
—€j). —€j). .

By (3.24), the left hand side expressions in the two latter equalities are equal. Upon
comparing the right hand side expressions we get CA” = CA" ,i.e., A is C-abelian as
wanted.

Proof of (2) = (3) Assume now that A is C-abelian, i.e., that (3.12) holds. Then the
identify G2 , = Gc,a is animmediate consequence of the series representations (3.10)
and (2.10) for G2 , and G¢ A respectively.

Proof of (3) = (I) We know from Theorem 2.8 (2) that Gc A satisfies the Stein
equation, i.e., Gc A satisfies the Stein inequality (3.11) with equality. Hence trivially
Gt 4 satisfies (3.11) with equality whenever G , = Gc . This completes the proof of
Proposition 3.3. O

Example 3.4 If (C, A) is an output-stable pair, then by Theorem 2.2 (2) G¢ A satisfies
the Stein equation (2.15) and hence in particular

GeA —ATGeAAL — - — AjGcaAq = 0.

‘We now show that, for the abelianized case, the inequality in the reverse Stein inequal-
ity satisfied by the abelianized observability gramian G2 , can be strict in the strong
sense that the quantity G¢. , — ATGE xA1 — -+ — A7G¢ A Aq Is not even positive semi-
definite. As an example, let

01lo 004
C=[100], A;=| 0 00|, Ay= %oo
-1o00 000

A straightforward calculation shows that

Gea —ATGEAAL = — AYGE AAd =

o0l ool o0l
Bl= O oo
[N

which is not positive semidefinite.

Condition (3.12) is worth a formal definition.

Definition 3.5 Let C € L(X,)). A d-tuple A = (A4, ...,Aq) of bounded operators on
X will be called C-abelian if (3.12) holds.

One obvious way for a given operator d-tuple A to be C-abelian is for A itself to
be commutative, i.e., for A;A; = AjA; forall 1 <i,j < d. We next show that, under an
observability assumption, this is the only way.

Proposition 3.6 Suppose that the output-stable pair (C, A) is observable and that A is
C-abelian. Then the d-tuple A is commutative.
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Proof Since A is C-abelian, relations (3.12) hold. Fix i,j € {1,...,d} and note that by
(3.12), ) )
CAYAA;j = CA" = CA"" = CAYAjA; foreveryv e Fy,

since a(vij) = a(vji). Thus,
CAY(A;Aj — AjADx =0
for every v € F; and x € X. Since the pair (C, A) is observable, we have by (2.13)
(AjA; — AjAPx =0
holding for every x € X, which proves the commutativity relations
AiAj = AjA; for i,j=1,....,d
and completes the proof. O

Corollary 3.7 Suppose that (C,A) is an observable output-stable pair. Then the abeli-
anized observability gramian coincides with the observability gramian

gé,A = gC,A

if and only if the operator d-tuple A is commutative.

Proof Combine (2) <= (3) in Proposition 3.3 with Proposition 3.6. |

We next show that the observability gramian always dominates the abelianized
observability gramian.

Proposition 3.8 Let (C, A) be an output-stable pair. Then:
1) (C,A) is also a-output-stable with
Gta <9cA- (3.29)
(2) Equality occurs in (3.29) if and only if A is C-abelian:
CAY = CAY, whenever u,v € F4 with a(u) = a(v).

Proof Note that the second statement in Proposition 3.8 is just a restatement of
(2) <= (3) in Proposition 3.3. Thus it suffices only to prove the first statement.

By definition, output-stability of (C, A) simply means that G¢ A is bounded, while
a-output stability means that gc A is bounded. The fact that a-output stability fol-
lows from output-stability therefore follows immediately from the general inequality
(3.29). Thus it suffices to prove (3.29). For this purpose, recall that

(Geax,x) = ||OCAx||32 Fp = = > ICA"x[3,
veFy

while
2

2 n!
a _ a _ - %
Geaxx) = [0, =D | X cA%x
@D o [m|!
nesiy

vea—l(n) v
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By the Cauchy-Schwarz inequality we have

2 2
> [m!
> CAx| = X ICA%Iy | = D ICAMNS -
vea—l(m) Y vea—l(n) vea—l(n)
Therefore,
2
ot P DN
X = —_— X
CAle @) “ In! -
’ nezq vea™ () y
=2 2 llcAs
nezd vea~!(m)
= > ICAx[3 = [Ocax|?
veF,
and (3.29) follows as wanted. O

Example 3.9 The converse of Proposition 3.8 part (1) can fail, i.e., there exists an
output pair (C, A) which is a-output-stable but not output-stable. For example take

020 002
C=[100], A;=| 000, A =[100
-100 000

Then C(I — M A1 — 22A2)~! = [1 244 2A2]. Hence
6%,& x = CU — MA; — A2 x

maps X = C3 into H(k,) and thus (C, A) is a-output stable. To show that (C, A) is not
output stable, note that
270 0
(A1A))"'=]100 0
002"
and therefore, C(A1A2)" = [2" 0 0], so that forx = [1 0 O]T,
D ICAX|E = D> 2" =00
veF, n>0

and therefore, the pair (C, A) is not output-stable. We conclude that a-output-stability
has no obvious characterization in terms of positive semidefiniteness of some solution
of a Stein inequality as in the noncommutative case (see Theorem 2.2 (2)).

As a corollary of the gramian inequality (3.29) in Proposition 3.8, we have the
following.

Corollary 3.10 Let (C, A) be an output-stable pair. Then:

(1) KerGeca C Ker gg’ A Hence, if (C,A) is a-observable (respectively, exactly
a-observable), then (C, A) is also observable (respectively, exactly observable).

(2) The subspace Ker Gca = Ker Oc A is invariant under the operator A; for each
i=1,...,d
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(3) The subspace Ker gg,A is invariant under A;j for each j = 1,...,d if and only if
Ker ggA =KerGca.

Proof Statement (1) is an immediate consequence of the inequality (3.29). Statement
(2) is easily checked from the definition of Oc a. Sufficiency in statement (3) is then
a consequence of statement (2). It remains only to verify necessity in statement (3).

Assume therefore that Ker QC A is invariant under A; for eachj = 1,...,d. Let x
be a vector in Ker G¢. 5. Then by the assumed invariance, A"x € Ker gc A for every
u € F4. Then we have

Ker z CAYx =0 forevery u e Fy.

vea—l(n)

Then letting n = 0 we get CA"x = 0 for every u € F, and therefore, x € KerGc a.
Thus, Ker QC A C KerGc a and since the reverse inclusion holds by the first statement,
equality follows. O

Example 3.11 We observed in part (1) of Corollary 3.10 that a-observability for an
output-stable pair (C,A) implies observability. We now give an example to show
that the converse can fail, i.e., there exists an output-stable observable pair which is
not a-observable. For this purpose, letd =2, ¥ = C* ¥ = C,C =[0001] and
A = (A1,A)), where

L 1 0 0 L 0 0 1

16 16

_116 1 1 1 1 1 _ 1 _ 1

— 6 16 ~16 16 — T 1 1 1
e I L SR R L
1 1 61 16 16 116

0 0 —% 16 TS 0 0 —16

Then the pair (C, A) is output stable. Now we show that (C, A) is observable but not
a-observable. Indeed, straightforward verifications give

1 1
CAlzﬁ[OO—ll], CA2=_E[1001]’

and

CAjAy = ——[2-110].

1
256
Now it is clear that Ker C N Ker CA| N Ker CA; N Ker CA1 A = 0 which implies that
Nye 7 Ker CAY = 0. Therefore, the pair (C, A) is observable. To show that (C,A) is
not a-observable we first compute

Mo M _M A
14}:16 ! Alé A A OA A16A
il_i_iZ 1_4_*_*2 il_l_iZ _4+J
I_)LlAl_)\ZA2= 1 )\16 lfz 16 116 )\16 1)\2 16
_)\E 16 _)\T AE/\
A2 AL _ A A2
i 0 b 1~ Tt

A straightforward calculation gives

d(d,Ap) :=det (I — M A1 — 2A))
Mo MA AMa A3 aAd oA 23

16 ' 128 2048 64 | 2048 16384 ' 16384°
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Note that
[y1 2 y3 y4] :== CU — 1Ay — A2A2) !

is the bottom row of the matrix (I — LA + *2A45)~ ! and we use the standard adjoint
formula for the inverse of a matrix to get

1 16}t2 1 }»% " 0
y2 = - —_ == 1 — 32 | =
d()"l 5 )‘2) )\.%6 10 711

Then it follows that the nonzero vector x = [0 1 0 0]T satisfies
C — 1A —MA) Ix=0
and therefore, the pair (C, A) is not a-observable.

3.2 Observability-operator range spaces and reproducing kernel Hilbert spaces:
the commutative-variable case

We seek the analogue of Theorem 1.2 for the commuting multivariable case. We
extend multivariable power notation (3.1) to any d-tuple A = (Ay,...,A,) of com-
muting operators on a space X:
A1 g2 nq

A= ATTAY AL (3.30)
Note the connection between the commutative powers A™ (with n € Z‘fr) and the
noncommutative powers AV (with v € F;) in case A is a commutative operator
d-tuple:

_an B T B N!  in n
AV = A", where n=a(v), > A XA = EA* XA
veFy: [v|=N nEZiZ In|]=N

for any operator X on X. In case (C, A) is an output stable pair with A a commuta-

~,

tive operator d-tuple, the formulas (3.7), (2.10), and (3.10) for O%. ,, Gc.a, and G2 ,
collapse (in view of (3.2)) to

Ot pr x> CU-ZMA) 'x= > ':# (CA™x) A" (3.31)
neZi '
and \
Gea=0ta= D, %A*“C*CA". (3.32)

d
nezy

We next observe that a natural commutative counterpart of operators S§; intro-
duced in (2.25) are the operators M;; of multiplication by the coordinate functions
of ¢ for j=1,...,d acting as contractions on the Arveson space Hy (ks). We will
call the commuting d-tuple My, := (M,,,...,M,,) the shift of 1y, (k,), whereas the
commuting d-tuple My := (Mj1 yenn ,M’A"d) consisting of the adjoints of Mj,’s (in the
metric of Hy (ky)) will be referred to as to the backward shift. Recall that monomials
A" form an orthogonal basis for H(k;). As we have seen,
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n!
A A = =™ (3.33)
0, otherwise.
A simple calculation based on (3.33) gives
m; —e;
M;jl“‘ = mx"‘ % (mj>=1) and Mﬁj_lm =0 (m;j =0), (3.34)
wherem = (my,...,my) and e; € Z‘jlr is defined in (1.19). More generally,
m!m—n|! A . .
(Mi)n Am 7|m|!(m—n)!k ,itmj>n; forj=1,....,d, (335)
0, otherwise,

where according to (3.30)

ny nq
vg)" = ()" (v (m1z,) ™
The following proposition includes the analogue of Proposition 2.9 for the present

commutative setting.

Proposition 3.12 Let My be the d-tuple of backward shifts on Hy(ky) and let
G: Hy(kg) — Y be the operator of evaluation at 0 € B?

G: f(A) — f(0). (3.36)
Then:
(1) Forevery f € Hy(kg) and every A € B we have
d
f) = f(0) = ZA,(M;J_ HQA). (3.37)
j=1

(2) The pair (G,My) is isometric:
I—M,MM;1 —---—MMML:G*G. (3.38)

(3) The abelianized observability operator associated with the pair (G,My) is the iden-
tity operator:
OE,M? = Ipty(ky)- (3.39)

(4) The d-tuple M is strongly stable, that is,

N!

. 2 . 2

Jim o M) Wy, = Jim D MDY Iy, =0
veFy: [vI=N neZi: n|=N

(3.40)
forevery f € Hy(ky).

Proof of (I) One can easily verify the identity (3.37) on monomials y-A™ (withy € Y
andm € Z‘fr) using (3.34). Then the result follows for all f € H%,(kd) by linearity and
continuity.

Proof of (2) Note that G*: Y — Hy(ky) is the identification of a vector y € Y with
the constant function y € Hy(ky). We then see that (3.38) is simply the operator
expression of (3.37).
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Proof of (3) From (3.35) and (3.36) we see that

n! .
G(M;)"f = mfn if fO) =D fwA™ and nez{
meZi
and therefore, according to definition (3.31),
Aa ) ! n
Ol = 2~ (GM)"f) A" = 3~ fud® =F (1),
nEZ{iF neZi

Since the latter equality holds for every f € Hy (kq), (3.39) follows as asserted.

Proof of (4) This can be derived directly from (3.35) or via Proposition 2.7 since

O’& w: = 1 and therefore, the pair (G, M) is exactly observable. O
By

Remark 3.13 Note that in contrast to the noncommutative case (Proposition 2.9), the
operator
M T

R = T Hy(kg) > (Hy (kd))d ey

is not unitary (just isometric). A simple calculation shows that

« _[PO]. [(Hyka)? (Hy (ka))?
I—RR_|:00_. [ Y :|—>[ v s

where P is the orthogonal projection of (Hy (k4))? onto the subspace
h d
h=|:|eMyka)’s D 1hit) =0
hg j=1
Ifapair (C, A) isa-output stable, then the observability operator 6"C AL XA—=>Hy(kg)
is bounded and its range
Ran O% 4 = {C(I — ZMWA) 'x: x € X) (3.41)

is a linear manifold in Hy (k4). We have the following partial analogues of part (3) of
Theorem 2.8.

Theorem 3.14 Let (C, A) be an a-output stable pair. Then:
(1) Ran (/9\“C’A with the lifted norm

|ca - zaya iy =10 (3.42)

’H(K%’A

where Q" is the orthogonal projection of X onto (Ker G& A)L, is isometrically
equal to the reproducing kernel Hilbert space H(K%’ A) with reproducing kernel
K2 \ (A, %) given by

K2 A0 =CU—ZMWA) I —A*Z@©))7'Cr (g eBY).
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(2) Ran O? C.A With norm inherited from Hy(kq) is a reproducing kernel Hilbert space
H(KE A) With reproducing kernel Kz’ A (A, Q) given by

K*~ (0 =CI - ZMA) (Gt ) U - A*Z@))'C* (¢ eBY).

We next discuss separately the case where A is C-abelian and then the general
case.

3.2.1 H(K% ) for the case where A is C-abelian

In case (C, A) is an a-output-stable pair with A C-abelian, then we have the following
commutative analogue of Theorem 2.10.

Theorem 3.15 Let (C,A) be a contractive a-output-stable pair such that operator d-
tuple A is C-abelian. Then:

(1) The intertwining relations
M}\ CA_O%,AA] fOI‘ j:1,...,d (3.43)

hold, and hence the linear submanifold Ran 6“ A Of Hy(kq) is M -invariant.

(2) The operator (9 c.A maps X contractively into Hy (kq). This mapping is isometric
if and only if (C, A) is isometric and A is strongly stable.

() If M := Ran O¢. 5 is given the lifted norm (3.42) (so M is isometrically equal to
H(KCA) by Theorem 3.14 (1)), then the difference-quotient inequality

d
2 2 2
DM W o < W Ryke, ) — PO

j=1
holds for every f € H(KaC’ A)- Moreover, the difference-quotient identity
d
DMk o = gk ) = IFOI
j=1

holds for every f € H(KaC’A) if and only if the subspace (Ker Ge A)™* is A-invariant

and the restriction (C°, A% (defined in (2.53)) of (C, A) to the subspace (Ker Gea)®
is isometric.

Proof By (3.31) and (3.34), we have for every x € X,
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In|!
(M,)* O qx = (My)" | D _FCAMx A"

neZi
n|! n;
— Z | | iCAnx.xn—Cj
n! |n|
neZJr
n
=> =6l cpng . AU Ax
 (n—ep!
nezs

> - IEcamn | ajx
neZd n!
Z:CD%#&-44JX
and (3.43) follows. This completes the proof of statement (1) in the theorem.
Since the pair (C, A) is contractive and A is C-abelian, we have

Gea=0cAa<0=0"<1I

Therefore,

1
”OCAx”Hy(kd) = (Geax: Xy = 10" x|lx = 1% AXlrxe ) = Xl (344)

Now the arguments used in the proof of Theorem 2.10 can be used to prove the
remaining statements in the theorem. O

For the converse direction we have the following result.

Theorem 3.16 Let M be a Hilbert space of Y-valued functions included into Hy (kg)
and let us assume that M is My -invariant.

(1) Ifthe inequality

d
DML fI3u < IF I — IF O3, (3.45)

j=1

holds forevery f € M, then M = Ran O ¢.a foracontractive and exactly observable
(with respect to M) pair (C,A) with the commutative d-tuple A = (Aq,...,Ay).
In particular, M is contractively included in Hy (kg).

(2) Ifthe equality

Z 1M f130 = If 130 = IFO5 (3.46)

j=1

holds for every f € M, then M = Ran (DC A foranisometric and exactly observable
(with respect to M) pair (C, A) with the commutative d-tuple A. By part (1), M is
contractively included in Hy (kg). Moreover, it is isometrically included in Hy (kg)
if and only if the restriction of the backward shift My to M is strongly stable, i.e.,

. N! 2
A}gnoo Z n—!||(M’{)nf||M =0 forevery fe M. (3.47)
neZi: In|=N
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Proof Define operators C: M — Y and Ay,...,Ag M — Mby
C=G|m: f— f(0) and A]-:iju/t G=1,...,4d). (3.48)

Thus, the d-tuple A is the restriction of the backward-shift tuple My to M. By part
(3) of Proposition 3.12, it follows that o2 ¢.A = Ir and thus, the pair (C A) is exactly
observable (with respect to M) and the range of the associated observability operator
O A coincides (algebraically) with M. Now we write (3.45) in terms of operators
(3.48) as

d
DMAFIR = If 15— ICFIS (F e M)

j=1

and conclude that the pair (C, A) is contractive. Similarly, assumption (3.46) means
that the chosen pair (C, A) is isometric. Furthermore, if M is included in Hy (k) iso-
metrically, relation (3.47) holds since Mj is strongly stable (see part (4) of Proposition
3.12). Conversely, if (3.47) holds, that is, if the commutative d-tuple A = (Ay,...,Ay)
is strongly stable on M, the Stein equation (2.15) has a unique positive semidefinite
solution. Since the pair (C, A) is isometric (recall that we are proving isometrical
inclusion under assumption (3.46)), this unique solution is the identity operator. On
the other hand the observability gramian Q%’ A = GcA defined by the convergent
series (3.32) satisfies the same Stein equation (as observed in part (2) of Theorem
2.2). Thus, gg’A = Gca = I. Note that the inequality (2.18) holds with H = Gc o =1,
ie.,
> oA A <I- > AYAN
veFy: [v|<N veFy: [v|=N+1
Taking strong limits as N — oo and noting that / = Gc A = > ¢ 7 A*' C*CA then
gives
[<I-slimy.cc > A" AY
veFy: [vI=N

from which the strong-stability of A follows. Then M = Ran @“C A 1s isometrically
included in Hy (k,) by statement (2) in Theorem 3.15. ]

We have the following analogue of Theorem 2.13 for the present commutative
situation.

Theorem 3.17 Sugpose that (C,A) and (E’, 1;) are two observable output-stable pairs
with both A and A commutative such that K%’A(X, L) = %g(k, ¢) forall A, ¢ € B

Then there is a unitary operator U: X — X such that
C=CU and A;j=U'A;U for j=1,....d. (3.49)

Proof Suppose that (C,A) and (C,A) are as in the hypothesis of the theorem. The
identity of the kernels K%, c.a and K 1mplles equality of the respective coefficients

of A"¢™ for each n,m € Z¢:

I 0! s _ [0
n! m! n! m!
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If we define a mapping U by
U: A™C*y > A*"C*y, (3.50)
it follows that U extends by linearity to an isometry from
= span{A*™™C*y: m € Zi and y € YV}

onto o
R := span{A*™™C*y: m € Z’i and y € )}

Since both (~C, A) and (6, 11) are observable, we see that D is dense i£1 X and that R
is dense in X. Hence U extends to a unitary operator from X onto X by continuity.
From the defining equations (3.50) for U we see that

UC*=C* and UA} = Z;U.

By taking adjoints and using that U is unitary, we arrive at the intertwining equations
(3.49) as wanted. O

Theorem 3.17 can be adapted to give the following result concerning contain-
ment between two backward-shift-invariant subspaces rather than equality; the finite-
dimensional case appears as Proposition 1.2 in Bolotnikov and Rodman (2002).

Theorem 3.18 Let M and M be two backward-shift-invariant subspaces of the Arve-
son space Hy (k) with realizations

M =RanOca and M =Ran (")\a;, (3.51)

where the d-tuples A = (A1,...,Ay) € x4 and 11~:£;11, e ,;1,1) € X4 are commuta-
tive and strongly stable and the pairs (C, A) alzd (C,A) are isometric. Then M C M if
and only if there exists an isometry V: X — X such that

C=VC and VA=AV (j=1,...,d). (3.52)

Proof The necessity part is clear. For the sufficiency part, assume that M < M. By
Theorem 3.15, there exist unitary operators U: M — X and U: M — X such that

U*AjUZMi”M, U*A]‘UZMI]JM G=1,...,d
and -
CU=0G|m, CU=Glm,

where the operator G : Hy — Vis defined in (3.36). Let Z: M — M be the inclusion
operator. Clearly 7 is isometric. Then the operator V = U*Z U: X — X is isometric
and satisfies (3.52). O

3.2.2 H(K% ,): The general case

In case the a-output-stable pair (C, A) is such that A is not C-abelian, it can hap-
pen that the associated reproducing kernel Hilbert space is not invariant under the
backward-shift tuple M5, as the following example shows.
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Example 3.19 Let

By 00 01l
_ |2 — Y2
C |:0 “égi|7 Al |:2 0j|» AZ |:0 0j|

Then a straightforward calculation gives
K2 A0 =CU—ZMA) ' - A*Z@)H ' C*
3]
G—ra)@ =05 LM 2 116 2 |

Thus, KE A (A, w) is positive definite on B? x B2 and the space H(K‘a A) is spanned by
the two rational functions

4

. 2 . 4 %)
ht) = 4— 2 [)‘1] and folb) = 4— 2 [ 2 ]

Furthermore, since

M () = Amlm
A A7) = m + PR
and since
0 ]+1A]
4- xlxz _Z

j=0

it holds that
4)»1 ]+1 )»1)»2
M* .
() -z ()

The latter function is rational if and only if the single-variable function F(z) =
Z]"OO 2];11 7/ is rational. By the well-known Kronecker theorem, F in turn is ratio-
nal if and only if the associated infinite Hankel matrix

k+1
2k+1

H= [si+j]3]§’:0, where s =

has finite rank. However one can check that the finite Hankel matrices H,, = [sl-ﬂ];lj:()
have full rank for all » = 0,1,2,... and hence F(z) is not rational. Therefore, M;l fi
does not belong to H(K?% ,) and hence H(KaC’A) is not invariant under Mfl.

For the general case, there is a simple replacement for My |y (ka ). Specifically,

given an a-output-stable pair (C, A), we define an operator-tuple T = (T71,...,T4) on
Ran O¢. 4 by

TjO% yx = O AAjx for x € (KerG® )" and j=1,....d. (3.53)
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‘We then have

f) —f0) = Cd — ZMA) I — Cx
=CU - Z(MA) ' Z(W)Ax
d
= > ,CU - ZMA)Ajx
j=1

d
=D 2 (OE A AD M)

d d
=D 1 (Tj0E A0 = D 4 (THQ). (3.54)
j=1 j=1
We next give the following analogue of Theorem 3.15 for the general case.
Theorem 320 Let (C,A) be a contractive pair with C € L(X,)) and
= (A1,...,Ay) € LX) Then:

(1) The Z-transformed observability operator O C.A I8 acontraction of X into the repro-
ducing kernel Hilbert space H(K?, A)- It is an isometry if and only if the the pair
(C,A) is a-observable.

(2) The space H(K%’ A) is contractively included in the Arveson space Hy(ky); it is

isometrically included in Hy (kg) if and only if ("3% A (as an operator from X into
Hy(kq)) is a partial isometry.
(3) For every function f € H(K“C’ A) it holds that

d
FQ) =fO) =D M(THA) (A eBY (3.55)
j=1

and

d
2T ke ) = W Wca ) = IF OIS, (3.56)

where Ty, ..., Ty € L(H(KE ,)) are the operators defined in (3.53).

(4) Equality holds in (3.56) for every f € H(KE o) if and only if the subspace
(Ker Gea)* is A-invariant and the restriction (C°, A) (defined in (2.53)) of (C, A)
to the subspace (Ker gC,A)L is isometric.

5) If H(K*'C,A) is isometrically included in Hy(kq), then T; = M;j\H(K“C,A) for
j=1,...,d and therefore, Hy (ky) is M -invariant.

Proof Since the pair (C, A) is contractive, the identity operator H = Iy solves the

Stein inequality (2.14). Then G¢ , < Gca = Ix (by part (1) of Proposition 3.8 and

part (2) of Theorem 2.2). Thus,

g%’A =< Qa <lIx,

where Q% is the orthogonal projection of X onto (Ker G¢. A)l. Therefore it holds for
every x € X that

-~ 1
102 Aty ey = (G %, 1) < 102 = 108 axllpaiis ) < Il (3.57)
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We have the equality instead of the first inequality in (3.57) if and only if G2 , = O,
that is, if and only if 6“C A 1s a partial isometry. Furthermore, the second inequality in
(3.57) can be replaced by equality if and only if O* = Iy, i.e., if and only if the pair
(C,A) is a-observable. This completes the proof of the two first assertions in the the-
orem. The multivariable difference-quotient relation (3.55) follows by the calculation
(3.54). Furthermore, for every x € (Ker G2 D

102 axllrxa ) = 1012 = llxllx

and thus, (/9\% A maps unitarily (Ker QE A)J- onto H(Kac’ A)- Therefore, by (3.53), T; is
unitarily equivalent to the compression of A; to (Ker G2, A)L and hence

ITjll < 14l forj=1,....d

In particular, 7} € E(H(KEA)). For an element f = (/’)\EAx € H(K%’A), we have

ZnT,an(Ka )—ZHTOCAan(Ka R

j=1 j=1
d

2
= 2 10E aAX gk,
=1
d

= z |Q Ax”H(Kﬂ N

j=1
d
2
Z 1A%
j=

< el = 1CxI3 = Il yka. ) = IF O3,

where the first inequality holds since Q* < I and the second since (C,A) is a con-
tractive pair. This proves inequality (3.56) and it is readily seen that equalities hold
throughout in the last calculation for every x € (Ker G A)l if and only the subspace

(Ker gg A)J- is A-invariant and the restriction (C?, A%) (defined in (2.53)) of (C,A) to

the subspace (Ker QC A)l is isometric.
Finally, suppose that / (K2, A) isincluded isometrically in Hy (k4). Then the assump-
tion (3.56) becomes

d

DT Wy =< 1 Wk — IFO for every f e HKE. ). (3.58)
j=1

Then we take the inner product of both parts in equality (3.54) with f:
(f = F O, Nrykp = I 5k = IFOIS

and
d d

z (M)»] Ef? f)Hy(kd) = E (Y}fv Mz-f)')'{y(kd)'
j=1 j=1
@ Springer



240 Multidim Syst Sign Process (2007) 18:191-248

Thus,
d

15y kpy = WO = D (Tif s M5 gk (3.59)

j=1

For any f in Hy (k,), applying the identity (3.38) to f and then taking the inner product
with f gives us

d d
W30y, 0 = IF OIS = D (MM, Priykn = D IME 15wy (3:60)
j=1 j=1

Now we conclude from (3.60), (3.59) and (3.58) that

d
1 By by = IFOUS = D IM; 1, 1,

j=1
d d
2
= D (ATifs M5 Py = DT gy
j=1 j=1
from which we get
d d
2
0=> M5 [l 00 — D ATH s ME D7yt
j=1 j=1
d d
2
0= = D UTifs M5 Priyken + DN T Wiy,
j=1 j=1
d
Adding these inequalities and using that Z(ij, ijf) is real then gives
j=1

0>

Ma.

(M5 £12 = (Tif, M) = (M F, Tf) + I T 1P)

1

~.
Il

I
M=~

2
WM = Tif 13k
1

~.
Il

Therefore, Mj/_f = Tjf forj =1,...,d and for every f € H(K¢ ,) as asserted. This
completes the proof of Theorem 3.20. O

3.3 The Gleason problem: a uniqueness result

Let M be a Hilbert space of Y-valued functions. A tuple T = (77, ..., Ty) of operators
T; € M is called a solution of the Gleason problem (Gleason, 1964; Henkin, 1971) if
relation (3.55) holds for every f € M. Let us say that T is a contractive solution of the
Gleason problem if in addition

d
DT 5w < If 154 — IF O3 forevery fe M (3.61)
j=1
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or, equivalently, if the pair (T, G) is contractive where G : M — Y is defined by
G: f(,) — f(0). (3.62)

We have the following analogue of Theorem 3.16 characterizing contractively included
subspaces M of Hy(k;) of the form M = H(Kac’ A); for the general case where M
is not Mj -invariant, one simply replaces My with some contractive solution T of the
Gleason problem on M.

Theorem 3.21 Let M be a Hilbert space of Y-valued functions and let us assume
that there exists a contractive solution T = (Ty,...,Ty) of the Gleason problem (i.e.,
T; € L(M) such that (3.55) and (3.61) hold for every f € M). Then M is isometrically
equal to a reproducing kernel Hilbert space H(K%’ A) for a contractive pair (C,A).
Therefore, M is contractively included in the Arveson space Hy (k).

Proof Take C = G| where G is given by (3.62), A = T on M. Then (3.61) says that
(C, A) is contractive. Iteration of (3.55) says that, for each f € M,

d d d
FO) =2 [ (THO) + D" a, [ TR TN O) + D Ay [(T5 T3, T, f(0)+

J1=1 J2=1 j3=1

d
"'+Z)‘jk[(Tjk"'7}27}1f)(0)+"']"‘]
Jk=1

This unravels to the tautology
f) =Cd - ZMA)'f

so we recover M as M = Ran 0% , with [CU — Z()A)fllwis ) = Ifllm, ie.,
M = H(K% A) isometrically. From the fact that (C, A) is contractive, we have seen
that g“CA < GcA <In.Then

2 _ —1gp2 o 2
1158 = 1CU = ZOD T FIa ) = GEAFoF) a1 < IF I
and we also have the contractive inclusion property. O

Combining Theorems 3.20 and 3.21 gives the following uniqueness result for con-
tractive solutions of the Gleason problem on a subspace M contained in Hy (ky)
isometrically.

Theorem 3.22 Suppose that M is a subspace of Y-valued functions contained in
Hy (kq) isometrically and that' T = (T, ..., T,) is a contractive solution of the Gleason
problem on M. Then M is My -invariant and T = M.

Proof By Theorem 3.21, there is a contractive pair (C, A) so that M = H(KE A)
isometrically. As M is contained in Hy (k;) isometrically, we conclude that H(K%’ A)
is contained in Hy(k;) isometrically. Part (5) in Theorem 3.20 then asserts that the
subspace M = H(K%’A) is M} -invariant and that 7; = MI/, forj=1,...,d. O

We note that the proof of Theorem 2.13 is like the proof of the State-Space-
Isomorphism Theorem for structured noncommutative multidimensional linear sys-
tems in Ball et al. (2006). It is known that the State-Space-Isomorphism Theorem
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(and related Kalman reduction procedure) fails in general for commutative multi-
dimensional linear systems—see, e.g., Galkowski (2005) for a recent account of the
situation. The fact that uniqueness does hold in the special commutative situation in
Theorem 3.17 shows that the technique in the proof of the State-Space-Isomorphism
Theorem is salvageable in special commutative situations.

A uniqueness result for solutions of the Gleason problem somewhat different from
that in Theorem 3.22 was obtained in Alpay and Dubi (2005); rather than assuming
that T is a contractive solution of the Gleason problem on M = H(K¢ ) contained
isometrically in Hy(ky) as in Theorem 3.22, Alpay and Dubi (2005) assume instead
that T is a commutative solution of the Gleason problem and are then able to conclude
thatnecessarily T = Mj | r¢. This latter result can be seen as animmediate consequence
of our Theorem 3.17 above since, by the construction in the proof of Theorem 3.21,
solutions (C, A) of K%’ A = K are in one-to-one correspondence with solutions T of
the Gleason problem. We illustrate the preceding analysis by two examples.

Example 3.23 Consider the subspace M = span{l,i1,A2} C H(k2) and define the
operators 7T, 1 and 7,5 on M by

To1: fBraaky, Tup: fry—aak (3.63)

where f(A) = o+ BA1+y Xy is the generic element in M and where a is a fixed complex
number. It is readily checked that

fQ) =) = Br1 +yra = M(Ta 1 HQ) + A2 (Ta2f) (M)

so the tuple (T, 1, T,p) solves the Gleason problem on M. Let A, and A, be the
matrices of 7,1 and T,, with respect to the basis {1,11,12} of M and let C be the
matrix of the operator G : M — Y defined in (3.62):

010 001
C=[100], A, ={000|, Ap=|-a00]. (3.64)
a0 000

A straightforward calculation shows that
CU —mAg —2Ad2) " = [1 41 2],

which realizes M as the range of the observability operator of a pair (C, A,). Different
choices of a in (3.64) lead to nonequivalent realizations of M. Note that A, 1 and A,>
do not commute unless a = 0, in which case the operators T ; and Ty, are equal to
backward shifts Mjl and Miz, respectively; in other words, the matrices

010 001
C=[100], Ap1=|000|, Ap2=[000 (3.65)
000 000

provide a commutative realization of M which is unique (up to unitary equivalence)
by Theorem 3.17. Note also that the tuple (7,1, T,2) defined in (3.63) is never a
contractive solution of the Gleason problem unless a = 0.

Example 3.24 Consider the subspace

M A2
4 —2r 4= 4 — A

M = span [ ] C H(kp)
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and define the operators 7,1 and 7, on M by

B + aak; y + (1 —a)ar

Top: fro D282 g
ati I g et I T T,

E

where a s a fixed complex number and where

da + BA + Y A2

o) = =55

is the generic element in M. Thus, f(0) = « and it is readily checked that

a)»lkz + ﬂ)»l + )/)»2

f0) =0 = ==

=M (T 1HA) + 22(Ta2f) (V)

so the tuple (7,1, T, 2) solves the Gleason problem on M. Asin the previous example,
take the matrices

050 0 0%
C=[100], A =[000|, Aw2=[1-a00]|,
a00 0 00

where A, and A,» are the matrices of 7,; and 7,» with respect to the basis

{4_;11)‘2, 4_111/\2, 4_’}3)\2} of M and C is the matrix of the operator G : M — Y

defined in (3.62). For every choice of a,

-1 _ 4 A %)
CU = MA —22Aa2)” = [47,\1)\2 =k 441,\2] >

which realizes M as the range of the observability operator of a pair (C, A,). Different
choices of a in (3.64) lead to nonequivalent realizations of M. Note that A,; and A,
never commute which is not surprising since M is not backward-shift invariant as has
been established in Example 3.19.

3.4 Applications of observability operators: the commutative setting

In this subsection we discuss applications of observability operators for the commu-
tative setting. This subsection parallels Subsection 2.3.

For subspaces of Hy (k;) invariant under the forward shift operator-tuple M), we
have the following analogue of the Beurling-Lax—Halmos—de Branges theorem due
originally to Arveson (1998) and McCullough and Trent (2000) (for the case of iso-
metric inclusion); in fact, one can check that our proof, namely, the commutative
adaptation of the proof of Theorem 2.14, follows that of Arveson (2000) if one makes
the substitution L = (5}‘)T* 1+)" (where L is the key operator appearing in Arveson,
2000). In general, an operator © between two Arveson spaces Hy (ky) and Hy (kg) is
said to be multiplier if ® intertwines the respective coordinate-function multipliers:

OM,,f = M;,0f forall f e Hy(ka).
It is straightforward to see that a multiplier ® necessarily has the form
© = My: f(z) > 0(2) - f(2),
where 0(z) = znezi Onz™ is a bounded, holomorphic £(i4, Y)-valued function on B9,

but not all bounded, holomorphic, operator-valued functions on B? are multipliers
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(see, e.g., Agler & McCarthy, 2002). In case the multiplication operator has operator
norm at most 1, we say that 0 is a contractive multiplier and belongs to the (commu-
tative) multivariable Schur-class Sy (U, V). Unlike the convention in the classical case,
such a multiplier 6 is said to be inner if in addition My is a partial isometry.

Theorem 3.25

(1) A Hilbert space M is such that
(a) M is contractively contained in Hy (ky),
(b) M is invariant under the Arveson-shift d-tuple M,
(c) the d-tuple

M, = (MM,M,--"MM,M)’ where MM,)\]. = MAj|M forj=1,...,d
is a row contraction:

Mg, Mp)" 4o+ Mgy, (Mpagp)* < I,

and
(d) (Maq)* is strongly stable, i.e.,

!
Z g ”MM,X)*nf”iA — Oasn— oo forallf € M
n!
neZ{f_: In|=N
if and only if there is a coefficient Hilbert space U and a contractive multiplier
0 € SqU,Y) so that M = 0 - Hy(ky) with lifted norm

16 - fllave = 19 1k

where Q is the orthogonal projection onto (Ker Mg)* C Hy (k).
(2) The subspace M in part (1) above is isometrically contained in Hy (kg) if and only
if the corresponding contractive multiplier 6 € Sy(U,)) can be taken to be inner.

Proof The proof is a straightforward commutative adaptation of the proof of Theo-
rem 2.14 and hence will be left to the reader. We remark that, for the case where M is
contained isometrically in Hy (k;), we are unable to obtain a representer 6 for which
My is isometric but rather only a representer with My partially isometric. Indeed, one
can check that the argument in the proof of Theorem 2.14 breaks down because, for
the case here, M, ; is only contractive rather than isometric. O

Remark 3.26 As observed in Arveson (2002), from the function-theory point of view
Theorem 3.25 is not a true analogue of the classical Beurling-Lax theorem since the
characterization of 6 is purely operator-theoretic with no information on the bound-
ary behavior of the associated multiplier 6(z). This deficiency has now been remedied
in the paper of Greene, Richter, and Sundberg (2002).

The following is the analogue of Theorem 2.15; we omit the proof as it exactly
parallels the proof of Theorem 2.15. The result goes back to Drury (1978).

Theorem 3.27 Suppose that T = (T4,...,Ty) is a commutative row-contractive oper-
ator-tuple with T* strongly stable and define the defect operator D1+ and the coefficient
space Y as in (2.63). Then there is a subspace M C Hy (ky) invariant for the backward
shift operator-tuple My on Hy(kq) so that T is unitarily equivalent to P M| am. In
particular, T has a Arveson-shift dilation unitarily equivalent to My on Hy (kg).
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As a corollary of this result one can arrive at the von Neumann inequality

Ip(Ty, ... Tl < Ip(Ms,y, ..., M)l

of Drury (1978) and Arveson (1998) (see Remark 2.16 for the noncommutative case).

Remark 3.28 The result in Theorem 3.27 is tied to the unit ball with associated

multivariable resolvent operator (I — AT} — -+ — Ay T:;)_l, associated defect oper-
ator D+ = (I — Ty Tf — = TdT;;)l/ 2 associated observability operator of the
form 5“DT* =D = MT] — - — AdT;)*l and associated ambient kernel func-
tion kA, ¢) = 1/(1 — A8 — -+ — Xglq). We mention that there has been a lot

of work centering around other types of kernels and giving a model theory for
other classes of operator-tuples by using appropriately modified observability-like
operators. Specifically, Miiller and Vasilescu (1993) for the commutative ball case
with kA, ¢) = 1/(1 — A& — -+ — AgZy)™, Curto and Vasilescu (1993, 1995) for
the commutative polydisk case with k(X,Z) = (1/(1 — A1¢1)--- (1 — AgZy))™, and
Pott (1999) and Bhattacharyya and Sarkar (2006) for the commutative case with
kA, &) =1/ — P(A 4, ..., qtq)) with P equal to a “positively regular polynomial”.
The most general form of results along this line is due to Ambrozie, Engli§, and Miil-
ler (2002) and Arazy and Engli§ (2003): given a positive-definite kernel k(X,¢) on a
domain D C C¢ and a d-tuple of operators T = (T4, ..., T;) with Taylor spectrum
contained in D for which one can make sense of the defect operator D+ := %(T, T)
and of the observability operator

ODpe T X > Dr«k(A,T)

(for example, if k(A, ¢) has no zeros in D x D and T has Taylor spectrum contained
in D), then, under the assumption that Dy« > 0 and that an additional stability condi-
tion on T* holds, Op,, 1+ implements a unitary equivalence between T and P (M| m,
where

M =Ran Op,. 1+ C H(k) ® Y with Y := RanDr~,

where My = (M,,,...,M,,) is the operator-tuple of multiplication by the coordinate
functions on H(k) ® )V, and where M is invariant under each of M*l, .. ,de. The
noncommutative case is not as well developed at this writing, but there is the paper
of Popescu (1999) which handles the case of a Cartesian product of noncommutative
balls (and therefore including a noncommutative polydisk). We expect that many of
the ideas of the present paper, including the interplay between the noncommuta-
tive and commutative settings and the connections with system theory, have some
parallels, in these other situations.
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