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Abstract. We solve a bitangential interpolation problem for contractive mul-
tipliers on the Arveson space with an arbitrary interpolating set in the closed
unit ball B

d of C
d. The solvability criterion is established in terms of positive

kernels. The set of all solutions is parametrized by a Redheffer transform.
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1. Introduction

In this paper we study the bitangential interpolation problem for a class of con-
tractive valued functions on the unit ball of C

d. To introduce this class we first
recall some definitions.

Let Ω be a domain in C
d, let E be a separable Hilbert space and let L(E)

stand for the set of all bounded linear operators on E . A L(E)–valued function
K(z, w) defined on Ω × Ω is called a positive kernel if

n∑

j,�=1

c∗jK(z(j), z(�))c� ≥ 0

for every choice of an integer n, of vectors c1, . . . , cn ∈ E and of points z(1), . . .,
z(n) ∈ Ω. This property will be denoted by K(z, w) � 0. In what follows we
shall write Kw(z) rather than K(z, w) if the last function will be considered as a
function of z with a fixed point w ∈ Ω.

For example, the kernel

kd(z, w) =
1

1 − 〈z, w〉
Cd

(1.1)
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is positive on the unit ball B
d =

{
z = (z1, . . . , zd) ∈ C

d : |z1|2 + . . . + |zd|2 < 1
}

of C
d. Points in C

d will be denoted by z = (z1, . . . , zd), where zj ∈ C. Throughout
the paper

〈z, w〉 = 〈z, w〉Cd =
d∑

j=1

zjw̄j (z, w ∈ C
d)

stands for the standard inner product in C
d.

Let H(kd) be the reproducing kernel Hilbert space with reproducing kernel
kd. This space exists and is unique by the result of Aronszajn [7]. For a Hilbert
space E we consider the tensor product Hilbert space H(kd) ⊗ E , which can be
viewed as the space of E-valued functions in H(kd). By Sd(E , E∗) we denote the
Schur class of the unit ball, which consists of all L(E , E∗)-valued analytic functions
S on B

d such that the multiplication operator

MS(f(z)) = S(z)f(z),

maps contractively H(kd) ⊗ E into H(kd) ⊗ E∗. The latter condition means that
the following kernel is positive on B

d:

KS(z, w) =
IE∗ − S(z)S(w)∗

1 − 〈z, w〉 � 0 (z, w ∈ B
d).

The following alternative characterizations of the class Sd(E , E∗) in terms of iso-
metric d–variable colligations is given in [16]. In what fallows, the symbol L(H,G)
stands for the set of all bounded operators acting from H into G.

Theorem 1.1. Let S be a L(E , E∗)–valued function analytic in B
d. The following

are equivalent:

1. S belongs to Sd(E , E∗).
2. There is an auxiliary Hilbert space H and an analytic L(H, E∗)-valued

function H(z) on B
d so that

I − S(z)S(w)∗

1 − 〈z, w〉 = H(z)H(w)∗. (1.2)

3. There are analytic L(E ,H)-valued functions G1, . . . , Gd on Bd such that

I − S(z)∗S(w) = G(z)∗ (I − Z(z)∗Z(w)) G(w), (1.3)

where

G(z) =

 G1(z)
...

Gd(z)

 and Z(z) =
[
z1IH . . . zdIH

]
. (1.4)

4. There is a unitary operator

U =
[

A B
C D

]
:
[

H
E

]
→
[

⊕d
1H
E∗

]
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such that

S(z) = D + C (IH − Z(z)A)−1
Z(z)B. (1.5)

For S of the form (1.5) relations (1.2) and (1.3) hold with

H(z) = C (IH − Z(z)A)−1 and G(z) =
(
I⊕d

1H − AZ(z)
)−1

B (1.6)

and moreover,

S(z) − S(w) = H(z) (Z(z) − Z(w)) G(w)

= C (IH − Z(z)A)−1 (Z(z) − Z(w))
(
I⊕d

1H − AZ(w)
)−1

B.(1.7)

The representation (1.5) is called a unitary realization of S ∈ Sd(E , E∗).

Let ΩR, ΩL and Ωb ⊂ ΩL be three sets. The data set for the interpolation
problem is as follows. We are given a one-to-one function

τ = (τ1, . . . , τd) : ΩR → B
d,

and a one-to-one function

σ = (σ1, . . . , σd) : ΩL → B
d

which maps ΩL\Ωb and Ωb into the unit ball B
d and into the unit sphere S

d =
∂(Bd), respectively. We are also given auxiliary Hilbert spaces EL and ER and
functions

a : ΩL → L(EL, E∗), b : ΩR → L(ER, E),
c : ΩL → L(EL, E), d : ΩR → L(ER, E∗).

Finally we are given d kernels

Λj(ξ, µ) : (ΩL\Ωb) × ΩR → L(ER, EL) (j = 1, . . . , d),

d2 kernels
Φj,�(ξ, µ) : ΩR × ΩR → L(ER, ER) (j, � = 1, . . . , d)

and a function Ψ(ξ) on Ωb, whose values are positive bounded operators on EL:

Ψ(ξ) : Ωb → L(EL), Ψ(ξ) ≥ 0.

Problem 1.2. Find all functions S ∈ Sd(E , E∗) such that S satisfies the following
interpolation conditions:

lim
r→1

S(rσ(ξ))∗a(ξ) = c(ξ) (ξ ∈ ΩL), S(τ(µ))b(µ) = d(µ) (µ ∈ ΩR), (1.8)

where the limit is meant in the strong sense, and for some choice of associated
functions H(z) and G1(z), . . . , Gd(z) in the representations (1.2), (1.3), it holds
that

b(ξ)∗Gj(τ(ξ))∗G�(τ(µ))b(µ) = Φj�(ξ, µ) (ξ, µ ∈ ΩR; j, � = 1, . . . , d), (1.9)

a(ξ)∗H(σ(ξ))Gj(τ(µ))b(µ) = Λj(ξ, µ) (ξ ∈ ΩL\Ωb, µ ∈ ΩR; j = 1, . . . , d),
(1.10)
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and finally,

lim
r→1

a(ξ)∗
IE∗ − S(rσ(ξ))S(rσ(ξ))∗

1 − r2
a(ξ) ≤ Ψ(ξ) (ξ ∈ Ωb), (1.11)

where the limit in (1.11) is assumed to exist in the weak sense.

Note that for ξ ∈ Ωb, the first condition in (1.8) fixes the directional value of
the radial boundary limit of the interpolant S at the point σ(ξ) ∈ S

d, whereas for
ξ ∈ ΩL\Ωb, it reduces to an ordinary left sided condition

S(σ(ξ))∗a(ξ) = c(ξ) (ξ ∈ ΩL\Ωb).

Note also that we are given only the left sided interpolation boundary condition in
(1.8); however, the “boundary part” of the problem is also bitangential: it follows
by an analogue of Carathéodory–Julia theorem for functions S ∈ Sd(E , E∗) (see
Lemma 2.2 below) that conditions (1.8) and (1.11) imply that

‖a(ξ)‖ = ‖c(ξ)‖ (ξ ∈ Ωb) (1.12)

and the right sided interpolation condition

lim
r→1

S(rσ(ξ))c(ξ) = a(ξ)

is satisfied for every ξ ∈ Ωb.

Note two opposite particular cases of Problem 1.2: the nonboundary bitan-
gential problem (when Ωb is the empty set) and the tangential boundary problem
(when ΩL\Ωb is the empty set):

Problem 1.3. Given one-to-one functions σ : ΩL → B
d and τ : ΩR → B

d, find all
functions S ∈ Sd(E , E∗) such that S satisfies interpolation conditions

S(σ(ξ))∗a(ξ) = c(ξ) (ξ ∈ ΩL), S(τ(µ))b(µ) = d(µ) (µ ∈ ΩR),

and, for some choice of associated functions H(z) and G1(z), . . . , Gd(z) in the
representations (1.2), (1.3), it holds that

a(ξ)∗H(σ(ξ))Gj(τ(µ))b(µ) = Λj(ξ, µ) (ξ ∈ ΩL, µ ∈ ΩR; j = 1, . . . , d),
b(ξ)∗Gj(τ(ξ))∗G�(τ(µ))b(µ) = Φj�(ξ, µ) (ξ, µ ∈ ΩR; j, � = 1, . . . , d).

Problem 1.4. Given a function σ : Ωb → S
d, find all functions S ∈ Sd(E , E∗) such

that
lim
r→1

S(rσ(ξ))∗a(ξ) = c(ξ),

and

lim
r→1

a(ξ)∗
IE∗ − S(rσ(ξ))S(rσ(ξ))∗

1 − r2
a(ξ) ≤ Ψ(ξ).

The following remark shows that Problem 1.2 is in fact more general than
one might expect at first sight.



Vol. 46 (2003) Bitangential Interpolation 129

Remark 1.5. The interpolation problem with n left interpolation conditions

S(σ(j)(ξ))∗aj(ξ) = cj(ξ) (j = 1, . . . , n)

where
aj : Ωj → L(EL, E∗), cj : Ωj → L(EL, E)

and Ω1, . . . ,Ωn are disjoint sets in C
d, also can be included in the framework of

Problem 1.2 upon setting

Ω =
n⋃

j=1

Ωj , a|Ωj
= aj and c|Ωj

= cj .

Several right sided and two sided conditions can be considered in much the same
way.

In this paper we obtain a definitive solution of Problem 1.2. The existence
criterion (see Theorem 3.2) is in terms of the positivity of a certain operator-valued
Pick kernel P(ξ, µ) (defined on (ΩL ∪ ΩR)× (ΩL ∪ ΩR) completely in terms of the
problem data) which must also satisfy a certain Stein identity (3.10). Following
the method of [16] and [12] (see also [25] and [27] for a more abstract version of
the method for one-variable problems), we show that solutions of the interpolation
problem correspond to unitary colligation extensions of a partially defined isomet-
ric colligation constructed explicitly from the interpolation data. In addition we
obtain a linear fractional parametrization for the set of all solutions (see Theorem
5.1) by a simple adaptation of the method of Arov and Grossman (see [8, 9]) for
the univariate case. This canonical form of the solution is really the motivation
behind the seemingly mysterious form of the interpolation conditions (1.9) and
(1.10).

We mention that various special cases of Problem 1.2 have been considered
before in the literature. The special case Problem 1.3 (with ΩL and ΩR taken to
be finite sets) was considered in [16] and [12]; the formulation of the interpola-
tion conditions via an operator argument actually makes the problem considered
in [12] more general than Problem 1.3 in that interpolation conditions involving
arbitrarily high order derivatives are incorporated as well. The existence criterion
for Problem 1.2 was obtained by use of a lifting theorem for a noncommutative
Cuntz-Toeplitz operator algebra setup in the work of [6, 22, 31]. The special case of
Problem 1.3 (with finite Ωb and finite dimensional E and E∗) was solved (including
with the linear fractional parametrization for the set of all solutions) in [5] via (1)
a recursive multivariable adaptation of the Schur algorithm, and (2) an adaptation
of reproducing kernel Hilbert space methods. The paper [17] solved the problem
by a multivariable adaptation of Potapov’s method [33]. The contribution of this
paper is to extend the method of [16] to handle Problem 1.2 in full generality (with
simultaneous interior and boundary interpolation conditions).

For the single-variable case (d = 1), boundary interpolation on the unit
disk for scalar-valued functions appears already in the work of Nevanlinna [34] as
well as in [3]. The paper [38] obtains necessary and sufficient conditions for the
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interpolation problem to be solved with the inequality condition (1.11) replaced
by equality. In general it is known that choosing a strictly contractive Schur-class
free parameter (which is always possible except in cases where the solution is
unique) leads to a solution with equality holding in condition (1.11); although we
do not prove this point here, this phenomenon also holds in our setting—as is
illustrated by the example which we give in Section 7 below. It is also known that
choosing the free parameter to be zero leads to an interpolant with interesting
special properties (the so-called “central solution”) and that choosing the free
parameter to be a contractive constant leads to a rational solution with McMillan
degree equal to at most the number of interpolation nodes (for the scalar case).
Recent work of Byrnes, Lindquist and collaborators (see [20] for a recent survey)
obtains a complete parametrization of such low degree interpolants—analogues
of this result for the matrix-valued case and for our multivariable setting remain
interesting open problems. We refer to the papers [11, 15, 18, 14] and the books
[13, 23] for operator-theoretic treatments of boundary interpolation problems for
the matrix-valued Schur-class for the d = 1 case.

The paper is organized as follows. Section 2 presents preliminaries on the
tangential analogue of the Julia-Carathéodory theorem implicit in the formulation
of the boundary interpolation conditions in Problem 1.2. Section 3 formulates the
existence criterion and proves the necessity part of the existence theorem. Section 4
establishes the correspondence between solutions of the interpolation problem and
characteristic functions of unitary colligations which extend a particular isometric
colligation constructed explicitly from the interpolation data. Section 5 introduces
the so-called universal unitary colligation and its characteristic function which
gives the linear fractional map which parametrizes the set of all solutions of the
interpolation problem in terms of a free Schur-class parameter. Section 6 presents
various applications of the main results, namely (1) a version of the Leech’s the-
orem for this setting, and (2) a tangential interpolation problem for contractive
multipliers from the space of constants to the Arveson space. The final Section 7
illustrates the theory for a simple sample problem with two interpolation nodes.

2. Preliminaries

In this section we present some preliminary results which are probably of indepen-
dent interest.

Lemma 2.1. Let A be a contraction on a Hilbert space H. Then the following limits
exist in the weak sense

R := lim
r→1

(1 − r) (IH − rA)−1
, (2.1)

Q := lim
r→1

(IH − rA)−1 (IH − A) , (2.2)

and
lim
r→1

(1 − r)2 (IH − rA∗)−1 (IH − A∗A) (IH − rA)−1 = 0. (2.3)
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Moreover, R and Q are in fact orthogonal projections onto Ker(IH − A) and
Ran(IH − A∗), respectively.

Proof: Since ‖ (IH − rA)−1 ‖ ≤ 1
1−r , it follows that

sup
0≤r<1

‖(1 − r) (IH − rA)−1 ‖ ≤ 1.

Therefore,
lim
r→1

(1 − r)2 (IH − rA)−1 = 0 (2.4)

and

lim
r→1

(1 − r) (IH − rA)−1 (IH − A) = lim
r→1

(1 − r)
(
IH − (1 − r) (IH − rA)−1

A
)

= 0. (2.5)

On the other hand, the L(H)–valued function

Φ(z) = (IH − zA)−1 (IH + zA)

is analytic and has a nonnegative real part in the unit disk: indeed,
Φ(z) + Φ(z)∗

2
= (IH − zA)−1 (IH − |z|2AA∗) (IH − z̄A∗)−1 ≥ 0. (2.6)

Therefore, it admits the Riesz–Herglotz representation

Φ(z) =
∫ 2π

0

eit + z

eit − z
dσ(t)

for a nonnegative L(H)–valued measure dσ(t), such that
∫ 2π

0

dσ(t) = Φ(0) = IH.

Moreover, it follows by the principle of dominated convergence, that

lim
r→1

(1 − r)Φ(r) = 2σ({0}), (2.7)

where σ({0}) on the right hand side denotes the operator assigned to the point
t = 0 by the measure σ and where the limit on the left hand side is meant in the
weak sense (for the proof see [23, Lemma 8.1]). Rewrite the last equality as

lim
r→1

(1 − r) (IH − rA)−1 (IH + rA) = 2σ({0}) (2.8)

and take the average of (2.5) and (2.8):

lim
r→1

(1 − r) (IH − rA)−1 (IH − (1 − r)A) = σ({0}),

which on account of (2.4), is equivalent to

lim
r→1

(1 − r) (IH − rA)−1 = σ({0}).

Thus, the weak limit in (2.1) exists and defines a positive semidefinite operator
R = σ({0}). For every vector x ∈ K = Ker(I − A) (i.e., such that Ax = x), it
holds that (1 − r) (IH − rA)−1

x = x and therefore,

Rx = x, x ∈ K. (2.9)
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Furthermore, it follows from (2.1) that A and R commute and moreover,

AR = RA = lim
r→1

(1 − r) (IH − rA)−1
A = lim

r→1

1 − r

r

(
(IH − rA)−1 − IH

)
= lim

r→1

1 − r

r
(IH − rA)−1 = R.(2.10)

Since R is selfadjoint, we conclude that R(IH − A∗) = 0 and thus,

Rx = 0, x ∈ Ran(IH − A∗) = K⊥,

which together with (2.9) imply that R is the the orthogonal projection onto K.

Let Υ stand for the limit on the left hand side in (2.3). To show that Υ = 0
we start with the following evident equality

Υ = lim
r→1

(1 − r)2 (IH − rA∗)−1 (IH − r2A∗A) (IH − rA)−1

− lim
r→1

(1 − r)2(1 − r2) (IH − rA∗)−1
A∗A (IH − rA)−1

. (2.11)

By (2.7),

lim
r→1

(1 − r)2(Φ(r) + Φ(r)∗) = 0,

which in view of (2.6), can be written as

lim
r→1

(1 − r)2 (IH − rA)−1 (IH − r2AA∗) (IH − rA∗)−1 = 0

and thus, the first term on the right hand side of (2.11) is equal to zero. Using the
estimate ‖(IH − rA)−1‖ ≤ (1 − r)−1 we see that the second term is equal to zero
as well. Thus, Υ = 0.

Finally, by (2.10),

lim
r→1

(IH − rA)−1 (IH − A) = IH − lim
r→1

(1 − r) (IH − rA)−1
A

= IH − RA = IH − R.

Thus, Q = IH − R and (2.2) follows from (2.1). �

Remark 2.2. Note that in fact, the limits in (2.1)–(2.3) exist in the strong sense.
Although we do not use this fact in our consideration, below we outline the sketch
of the proof, omitting details.

Let dΣ(t) be the spectral measure of a unitary dilation U ∈ L(Ĥ) of A
(t ∈ T ). It follows (from the proof of Lemma 2.1) that

(1 − r)(I − rU)−1 =
∫

T

1 − r

1 − rt
dΣ(t) → Σ({1}) (r → 1) (2.12)
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weakly (as r → 1), where Σ({1}) is the projection onto the space of fixed vectors
of U . Fix a vector g ∈ Ĥ. Since {Σ(t)} is a family of orthogonal projections,∥∥∥∥∫

T

1 − r

1 − rt
dΣ(t)g

∥∥∥∥2

Ĥ
=

〈∫
T

1 − r

1 − rt
dΣ(t)g,

∫
T

1 − r

1 − rτ
dΣ(τ)g

〉
Ĥ

=
〈∫

T

(1 − r)2

|1 − rt|2 dΣ(t)g, g

〉
Ĥ

=
∫

T

(1 − r)2

|1 − rt|2 〈dΣ(t)g, g〉Ĥ.

By the standard arguments applied to the scalar measure 〈dΣ(t)g, g〉 we get

lim
r→1

‖(1 − r)(I − rU)−1g‖2
Ĥ = 〈Σ({1})g, g〉Ĥ = ‖Σ({1})g‖2

Ĥ,

which together with weak convergence in (2.12) implies the strong convergence.
Since U is a unitary dilation of A, it follows that (I − rA)−1 = P (I − rU)−1|H,
where P is the projection of Ĥ onto H, and thus, the limit R in (2.1) exists in the
strong sense. Now the strong convergence in (2.2) and (2.3) is clear.

The next lemma contains a tangential multivariable analogue of the Julia–
Carathéodory theorem. The classical (scalar single-variable) case is due G. Julia
[24] and [21] (see [37] for historic comments and also for an elegant proof involving
Hilbert space arguments), matrix single–variable generalizations were obtained in
[13, Chapter 21], [23, Section 8] and [29].

Lemma 2.3. Let S ∈ Sd(E , E∗), β ∈ S
d, x ∈ E∗ and let H be a L(H, E∗)–valued

function from the representation (1.2). Then:
I. The following three statements are equivalent:

1. S is subject to L := sup
0≤r<1

x∗ IE∗ − S(rβ)S(rβ)∗

1 − r2
x < ∞.

2. The radial limit L := lim
r→1

x∗ IE∗ − S(rβ)S(rβ)∗

1 − r2
x exists.

3. The radial limit

lim
r→1

S(rβ)∗x = y (2.13)

exists in the strong sense and serves to define the vector y ∈ E. Further-
more,

lim
r→1

S(rβ)y = x, ‖y‖ = ‖x‖, (2.14)

(the limit is understood in the strong sense) and the radial limit

L̃ = lim
r→1

y∗y − x∗S(rβ)y
1 − r

(2.15)

exists.



134 Ball and Bolotnikov IEOT

II. Any two of the three equalities in (2.13) and (2.14) imply the third.

III. If any of the three statements in part I holds true, then the radial limit

T0 = lim
r→1

H(rβ)∗x (2.16)

exists in the strong sense and

T ∗
0 T0 = L = L̃ ≤ L. (2.17)

Proof: First we prove all the statements for the single-variable case (d = 1).
The proofs of the two first statements and of the two last relations in (2.17) (in
other words, all the assertions that are not related to T0) for the single-variable
case are contained in [23, Lemma 8.3, Lemma 8.4 and Theorem 8.5]. In fact, the
proofs in [23] are given for the case when the spaces E and E∗ are finite dimen-
sional; however, the same arguments go through for the infinite dimensional case,
if the limits in (2.13) and (2.14) are understood in the weak sense. Furthermore,
estimates

‖S(rβ)∗x − y‖2 ≤ 2(1 − r)L and ‖S(rβ)y − x‖2 ≤ 2|�〈S(rβ)∗x − y, y〉|

(established in the proof of [23, Lemma 8.3]) imply that the limits in (2.13) and
(2.14) exist in the strong sense.

Due to the second equality in (2.14) and since |β| = 1, the rule

V :
[ √

L
y

]
→
[

β
√

L
x

]
defines a rank one isometry from

span
{[ √

L
y

]}
⊂
[

C

E

]
onto span

{[
β
√

L
x

]}
⊂
[

C

E∗

]
.

It was shown in [27] (see also [26] and [19]) that every Schur function S satisfying
interpolation boundary conditions (2.13) and

lim
r→1

x∗ IE∗ − S(rβ)S(rβ)∗

1 − r2
x ≤ L,

admits a unitary realization

S(z) = D + zC(IH − zA)−1B (2.18)

with an operator U =
[

A B
C D

]
:

[
H
E

]
→
[

H
E∗

]
, which is a unitary

extension of the isometry V , that is,[
A B
C D

] [ √
Le
y

]
=
[

β
√

Le
x

]
, (2.19)
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where C is identified with span{e} for an appropriate choice of a unit vector e ∈ H.
Since U is unitary, [

A∗ C∗

B∗ D∗

] [
β
√

Le
x

]
=
[ √

Le
y

]
,

which reduces to

C∗x =
√

L (IH − βA∗) e and D∗x = y − β
√

LB∗e. (2.20)

Making use of (1.6) (for d = 1 and z = rβ and of the first relation in (2.20) we get

H(rβ)∗x =
(
I − rβ̄A∗)−1

C∗x =
(
I − rβ̄A∗)−1 (

I − β̄A∗)√Le.

Taking limits in the last identity as r tends to one and applying Lemma 2.1 (with
A replaced by β̄A∗), we get

T0 := lim
r→1

H(rβ)∗x = P
Ran(IH−βA)

√
Le, (2.21)

where the limit understood in the weak sense. Furthermore, by (2.18) and (2.20),

S(rβ)∗x = D∗x + rβ̄B∗ (I − rβ̄A∗)−1
C∗x

= y − β̄B∗√Le + rβ̄B∗ (I − rβ̄A∗)−1 (
I − β̄A∗)√Le

= y − (1 − r)β̄B∗ (I − rβ̄A∗)−1 √
Le.

Therefore,
y∗y − y∗S(rβ)∗x

1 − r
= β̄y∗B∗ (I − rβ̄A∗)−1 √

Le. (2.22)

It follows from (2.19) that

A
√

Le + By = β̄
√

Le

and therefore,
y∗B∗ =

√
Le∗(βIH − A∗).

Substituting the latter equality into (2.22) and taking into account that β ∈ T, we
get

y∗y − y∗S(rβ)∗x
1 − r

= Le∗(I − β̄A∗)
(
I − rβ̄A∗)−1

e.

Taking limits in the last identity as r tends to one and applying Lemma 2.1 (with
A replaced by β̄A∗), we get, on account of (2.15) and (2.21), that

L̃ = Le∗PRan(IH−βA)e = T ∗
0 T0.

Since L = L̃, we get also L = T ∗
0 T0. It follows from (1.2) that

x∗ IE∗ − S(rβ)S(rβ)∗

1 − r2
x = x∗H(rβ)H(rβ)∗x

and thus,
L := lim

r→1
‖H(rβ)∗x‖2 = ‖T0‖2.
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The last equality together with the weak convergence of H(rβ)∗ξ to T0 as r → 1
implies (by the standard fact from functional analysis) that convergence in (2.21)
is in fact, strong. This completes the proof of lemma in the case d = 1.

For the case d ≥ 2, let us introduce the slice-functions

Sβ(ζ) := S(ζβ) and Hβ(ζ) := H(ζβ) (ζ ∈ D),

the first of which clearly belongs to the classical Schur class S1(E , E∗). Since β ∈ S
d,

it follows that Z(ζβ)Z(ωβ)∗ = ζω̄IH for every pair of ζ, ω ∈ C and thus, by (1.2),

IE∗ − Sβ(ζ)Sβ(ω)∗ = (1 − ζω̄)Hβ(ζ)Hβ(ω)∗.

Applying one-variable results to slice-functions Sβ and Hβ and then returning to
the original functions S and H, we come to all of the desired assertions. �

Note that multivariable analogues of Julia–Carathéodory theorem in the set-
ting of holomorphic maps from B

d1 into B
d2 (and more generally, for holomorphic

maps between strongly pseudoconvex domains in unit balls) can be found in [36,
Section 8.5] and [1].

3. The solvability criterion

In this section we establish the solvability criterion of Problem 1.2. First we note
that if S meets the first interpolation condition (1.8) and the limit in (1.11) exists,
then condition (1.12) holds true and therefore, it is a necessary condition for
Problem 1.2 to have a solution.

Lemma 3.1. Let S ∈ Sd(E , E∗) satisfy (1.11) and the first interpolation condition
in (1.8). Then the L(EL)-valued kernel

Λ(ξ, µ) =

 Ψ(ξ) ξ = µ ∈ Ωb

a(ξ)∗a(µ) − c(ξ)∗c(µ)
1 − 〈σ(ξ), σ(µ)〉 otherwise (3.1)

is positive on ΩL and satisfies

Λ(ξ, µ) −
d∑

j=1

σj(ξ)σj(µ)Λ(ξ, µ) = a(ξ)∗a(µ) − c(ξ)∗c(µ) (ξ, µ ∈ ΩL). (3.2)

Proof: Since S belongs to Sd(E , E∗), the identity (1.2) holds for some L(H, E∗)-
valued function H which is analytic on B

d. Let T0(ξ) stand for the following strong
limit

T0(ξ) := lim
r→1

H(rσ(ξ))∗a(ξ) (ξ ∈ ΩL), (3.3)

which exists at every point ξ ∈ Ωb by Lemma 2.3 and at every ξ ∈ ΩL\Ωb by
analyticity of H. Setting z = rσ(ξ) and w = rσ(µ) in (1.2) and multiplying the
resulting equality by a(ξ)∗ on the left and by a(µ) on the right, we get

a(ξ)∗
IE∗ − S(rσ(ξ))S(rσ(µ))∗

1 − r2〈σ(ξ), σ(µ)〉 a(µ) = a(ξ)∗H(rσ(ξ))H(rσ(µ))∗a(µ).
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Assuming that ξ �= µ or ξ �∈ Ωb or µ �∈ Ωb we let r → 1 in the last identity. In view
of (1.8) and (3.3), we get

a(ξ)∗a(µ) − c(ξ)∗c(µ)
1 − 〈σ(ξ), σ(µ)〉 = T0(ξ)∗T0(µ). (3.4)

The case when ξ = µ ∈ Ωb, is handled by (1.11). Comparing (3.4) and (1.11) with
(3.1) we conclude that

Λ(ξ, µ) = T0(ξ)∗T0(µ) + γ(ξ)∗γ(µ) (ξ, µ ∈ ΩL), (3.5)

where γ(ξ) is a function on Ω whose values are bounded operators from EL to an
auxiliary Hilbert space C which satisfies

γ(ξ)∗γ(µ) =
{

δ(ξ) ≥ 0 if ξ = µ ∈ Ωb

0 otherwise. (3.6)

In particular, γ(ξ) = 0 for every ξ ∈ ΩL\Ωb.
It follows from (3.5) that the kernel Λ is positive on ΩL. Identity (3.2) holds

true for ξ = µ ∈ Ωb due to (1.12) (in this case expressions on the left and right
hand sides of (3.2) both equal zero). For all other choices of ξ and µ in ΩL, (3.2)
follows from (3.4) and (3.5). �
Theorem 3.2. Let Λ(ξ, µ) be given by (3.1) and let

E1 =


IER

0
...
0

 , E2 =


0

IER

...
0

 , . . . , Ed =


0
...
0

IER

 . (3.7)

Then Problem 1.2 has a solution if and only if the kernel P : (ΩL ∪ ΩR) ×
(ΩL ∪ ΩR) → L(EL ⊕ (⊕d

1ER)) given by

P(ξ, µ) =



Λ(ξ, µ) if ξ, µ ∈ ΩL,[
Λ1(ξ, µ) . . . Λd(ξ, µ)

]
if ξ ∈ ΩL, µ ∈ ΩR,[

Λ1(µ, ξ) . . . Λd(µ, ξ)
]∗ if ξ ∈ ΩR, µ ∈ ΩL,Φ11(ξ, µ) . . . Φ1d(ξ, µ)

...
...

Φd1(ξ, µ) . . . Φdd(ξ, µ)

 if ξ, µ ∈ ΩR.

(3.8)

is positive on ΩL ∪ ΩR,

P(ξ, µ) � 0 (ξ, µ ∈ ΩL ∪ ΩR), (3.9)

and satisfies the Stein identity

N(ξ)∗P(ξ, µ)N(µ) −
d∑

j=1

Nj(ξ)∗P(ξ, µ)Nj(µ) = X(ξ)∗X(µ) − Y (ξ)∗Y (µ), (3.10)
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for every ξ, µ ∈ ΩL ∪ ΩR, where

N(ξ) =



IEL
if ξ ∈ ΩL,τ1(ξ)IER

...
τd(ξ)IER

 if ξ ∈ ΩR,
Nj(ξ) =

 σj(ξ)IEL
if ξ ∈ ΩL,

Ej if ξ ∈ ΩR

(3.11)
and

X(ξ) =


a(ξ) if ξ ∈ ΩL,

d(ξ) if ξ ∈ ΩR,
Y (ξ) =


c(ξ) if ξ ∈ ΩL,

b(ξ) if ξ ∈ ΩR.
(3.12)

Proof: Here we check the necessity of conditions (3.9), (3.10). The proof of
the sufficiency part is postponed until Section 4 where it will be obtained as a
consequence of stronger results. Let S be a solution of Problem 1.2, that is, let
relations (1.2), (1.3) and (1.7)–(1.11) be in force. By Lemma 2.3, the strong limit
in (3.3) exists for every ξ ∈ ΩL and defines the function T0 on ΩL. Then from
(1.10) we have

Λj(ξ, µ) = T0(ξ)∗Gj(τ(µ))b(µ) (ξ ∈ ΩL, µ ∈ ΩR; j = 1, . . . , d). (3.13)

Let for short
Tj(ξ) = Gj(τ(ξ))b(ξ) (ξ ∈ ΩR; j = 1, . . . , d) (3.14)

and

T (ξ) =


T0(ξ) if ξ ∈ ΩL,[

T1(ξ) . . . Td(ξ)
]

if ξ ∈ ΩR.
(3.15)

It follows from (3.1), (3.5), (3.13) and interpolation conditions (1.9) that

P(ξ, µ) = T (ξ)∗T (µ) + γ(ξ)∗γ(µ), (3.16)

where γ(µ) is defined as in (3.6) for µ ∈ ΩL and is defined to be equal to 0 for
µ ∈ ΩR. Note that (3.9) now follows immediately from (3.16).

From the definitions we see that the generalized Stein equation (3.10) breaks
out into three distinct cases, depending on whether ξ, µ ∈ ΩL, ξ ∈ ΩL with µ ∈ ΩR,
or ξ, µ ∈ ΩR. The first case is equivalent to (3.1) and holds by definition of Λ. The
other two are:

d∑
j=1

(σj(ξ) − τj(µ))Λj(ξ, µ) = c(ξ)∗b(µ) − a(ξ)∗d(µ) (ξ ∈ ΩL, µ ∈ ΩR) (3.17)

and
d∑

j=1

Φjj(ξ, µ) −
d∑

j=1

d∑
�=1

τj(ξ)Φj�(ξ, µ)τ�(µ) = b(ξ)∗b(µ) − d(ξ)∗d(µ) (ξ, µ ∈ ΩR).

(3.18)
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The verification of the two last equalities is similar to the proof of Lemma 3.1. We
multiply (1.7) by a(ξ)∗ on the left and by b(µ) on the right and set z = rσ(ξ) and
w = τ(µ) (where ξ ∈ ΩL and µ ∈ ΩR) in the resulting identity:

a(ξ)∗ (S(rσ(ξ)) − S(τ(µ)))b(µ)
= a(ξ)∗H(rσ(ξ)) (Z(rσ(ξ)) − Z(τ(µ))) G(τ(µ))b(µ)

= a(ξ)∗H(rσ(ξ))
d∑

j=1

(rσj(ξ) − τj(µ))Gj(τ(µ))b(µ).

Making use of interpolation conditions (1.8), we get

lim
r→1

a(ξ)∗ (S(rσ(ξ)) − S(τ(µ)))b(µ) = c(ξ)∗b(µ) − a(ξ)∗d(µ),

whereas conditions (3.13) leads to

lim
r→1

d∑
j=1

(rσj(ξ)− τj(µ))a(ξ)∗H(rσ(ξ))Gj(τ(µ)))b(µ) =
d∑

j=1

(σj(ξ)− τj(µ))Λj(ξ, µ).

The three last equalities imply (3.17). Furthermore, for the case ξ and µ in ΩR,
the identity

b(ξ)∗b(µ) − b(ξ)∗S(τ(ξ))∗S(τ(µ))b(µ)
= b(ξ)∗G(τ(ξ))∗ (I − Z(τ(ξ))∗Z(τ(µ))) G(τ(µ))b(µ)

follows from (1.3). By the second condition in (1.8),

b(ξ)∗b(µ) − b(ξ)∗S(τ(ξ))∗S(τ(µ))b(µ) = b(ξ)∗b(µ) − d(ξ)∗d(µ),

and by (1.9),

b(ξ)∗G(τ(ξ))∗ (I − Z(τ(ξ))∗Z(τ(µ))) G(τ(µ))b(µ)

=
d∑

j=1

b(ξ)∗Gj(τ(ξ))∗Gj(τ(µ))b(µ)

−b(ξ)∗

 d∑
j=1

τj(ξ)Gj(τ(ξ))∗

 d∑
j=1

τj(µ)Gj(τ(µ))

b(µ)

=
d∑

j=1

Φjj(ξ, µ) −
d∑

j=1

d∑
�=1

τj(ξ)Φj�(ξ, µ)τ�(µ)

and the three last equalities imply (3.18). �

It follows from the last theorem that necessary and sufficient conditions for
Problems 1.3 and 1.4 to have a solution are that the kernel P and the kernel Λ are
positive on ΩL ∪ ΩR and ΩL, respectively.
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4. Solutions to the interpolation problem and unitary extensions

We recall that a d–variable colligation is defined as a quadruple

Q = {H, F , G, U} (4.1)

consisting of three Hilbert spaces H (the state space), F (the input space) and G
(the output space), together with a connecting operator

U =
[

A B
C D

]
:
[

H
F

]
→
[

⊕d
1H
G

]
.

The colligation is said to be unitary if the connecting operator U is unitary. A
colligation

Q̃ = {H̃, F , G, Ũ}
is said to be unitarily equivalent to the colligation Q if there is a unitary operator
M : H → H̃ such that [

M 0
0 IG

]
U = Ũ

[
M 0
0 IF

]
,

where

M =

 M
. . .

M

 : ⊕d
1H → ⊕d

1H. (4.2)

The characteristic function of the colligation Q is defined as

SQ(z) = D + C (IH − Z(z)A)−1
Z(z)B, (4.3)

where Z(z) is defined as in (1.4). Thus, Theorem 1.1 asserts that a L(E , E∗)–
valued function S analytic in B

d belongs to the class Sd(E , E∗) if and only if it
is the characteristic function of some d–variable unitary colligation Q of the form
(4.1).

Remark 4.1. Unitarily equivalent colligations have the same characteristic func-
tion.

In this section we associate a certain unitary colligation to Problem 1.2. It
turns out that the characteristic function of this colligation is the transfer func-
tion of the Redheffer transform describing the set of all solutions of Problem 1.2.
Assuming that necessary conditions (3.9) and (3.10) for Problem 1.2 to have a
solution are in force, let P, N , Nj , X and Y be the functions defined in (3.8),
(3.11) and (3.12).

Let HL and HR be linear spaces of EL-valued functions defined on ΩL and
ER-valued functions defined on ΩR, respectively, and taking nonzero values at at
most finitely many points. Let us set for short

H0 = HL ⊕ (⊕d
1HR), H1 = HL ⊕HR. (4.4)
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Thus, elements of H0 can be viewed as functions f of finite support on ΩL ∪ ΩR

such that f(ξ) ∈ EL for ξ ∈ ΩL and f(ξ) ∈ ⊕d
1H for ξ ∈ ΩR, and similarly for H1.

Let X ∈ L(H1, E∗) and Y ∈ L(H1, E) be operators defined by

Xf =
∑

ξ

X(ξ)f(ξ), Y f =
∑

ξ

Y (ξ)f(ξ) (4.5)

and let D(h, g) be the quadratic form on H0 ×H0 defined as

D(h, g) =
∑
ξi,ξj

〈P(ξi, ξj)h(ξj), g(ξi)〉E0 . (4.6)

Then it follows from (3.10) that

D(Nh, Ng) −
d∑

j=1

D(Njh, Njg) = 〈Xh, Xg〉E∗ − 〈Y h, Y g〉E . (4.7)

We say that h1 ∼ h2 if and only if D(h1 −h2, y) = 0 for all y ∈ H0 and denote [h]
the equivalence class of h with respect to the above equivalence. The linear space
of equivalence classes endowed with the inner product

〈[h], [y]〉 = D(h, y) (4.8)

is a prehilbert space, whose completion we denote by Ĥ. Rewriting (4.7) as

〈[Nf ], [Nf ]〉Ĥ + 〈Y f, Y f〉E =
d∑

j=1

〈[Njf ], [Njf ]〉Ĥ + 〈Xf, Xf〉E∗

we conclude that the linear map

V :
[

[Nf ]
Y f

]
→


[N1f ]

...
[Ndf ]
Xf

 (4.9)

is an isometry from

DV = Clos
{[

[Nf ]
Y f

]
, f ∈ H1

}
⊂
[

Ĥ
E

]
(4.10)

onto

RV = Clos




[N1f ]
...

[Ndf ]
Xf

 , f ∈ H1

 ⊂
[

⊕d
1Ĥ
E∗

]
. (4.11)

Theorems 4.2 and 4.3 below establish a correspondence between solutions S
to Problem 1.2 and unitary extensions of the partially defined isometry V given
in (4.6).
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Theorem 4.2. Any solution S of Problem 1.2 is the characteristic function of a
unitary colligation

Ũ =

[
Ã B̃

C̃ D̃

]
:
[

Ĥ ⊕ H̃
E

]
→
[

⊕d
1(Ĥ ⊕ H̃)

E∗

]
, (4.12)

which is an extension of the isometry V defined from the data of Problem 1.2 as
in (4.9).

Proof: Let S be a solution to Problem 1.2. In particular, S belongs to
Sd(E , E∗) and by Theorem 1.1, it is the characteristic function of some unitary
colligation Q of the form (4.1). In other words, S admits a unitary realization
(1.5) with the state space H and equalities (1.2), (1.3) hold for functions H and
G defined via (1.6). The functions H and G are analytic and take respectively
L(H, E∗) and L(E ,⊕d

1H)–valued in B
d. We shall use representations

S(z) = D + H(z)Z(z)B = D + CZ(z)G(z), (4.13)

of S (where H and G are defined in (1.6)), each of which is equivalent to (1.5).

The interpolation conditions (1.8)–(1.11) satisfied by S by assumption lead
to certain restrictions on the connecting operator U =

[
A B
C D

]
. Substituting

(4.13) into (1.8) we get (strongly)

lim
r→1

(D∗ + B∗Z(rσ(ξ))∗H(rσ(ξ))∗)a(ξ) = c(ξ) (ξ ∈ ΩL),

(D + CZ(τ(ξ))G(τ(ξ)))b(ξ) = d(ξ) (ξ ∈ ΩR). (4.14)

Making use of functions T0, . . . , Td introduced in (3.3) and (3.14), one can rewrite
the two last relations as

D∗a(ξ) + B∗Z(σ(ξ))∗T0(ξ) = c(ξ) (ξ ∈ ΩL) (4.15)

and

Db(ξ) + C
d∑

j=1

τj(ξ)Tj(ξ) = d(ξ) (ξ ∈ ΩR). (4.16)

It also follows from (1.6) that

C + H(z)Z(z)A = H(z), B + AZ(z)G(z) = G(z)

and therefore, that

C∗a(ξ) + lim
r→1

A∗Z(rσ(ξ))∗H(rσ(ξ))∗a(ξ) = lim
r→1

H(rσ(ξ))∗a(ξ) (ξ ∈ ΩL)

and
Bb(ξ) + AZ(τ(ξ))G(τ(ξ))b(ξ) = G(τ(ξ))b(ξ) (ξ ∈ ΩR).

The two last equalities can be written in terms of functions T0, . . . , Td as

C∗a(ξ) + A∗Z(σ(ξ))∗T0(ξ) = T0(ξ) (ξ ∈ ΩL) (4.17)
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and

Bb(ξ) + A

d∑
j=1

τj(ξ)Tj(ξ) =

 T1(ξ)
...

Td(ξ)

 (ξ ∈ ΩR). (4.18)

The equalities (4.15) and (4.17) can be written in matrix form as[
A∗ C∗

B∗ D∗

] [
Z(σ(ξ))∗T0(ξ)

a(ξ)

]
=
[
T0(ξ)
c(ξ)

]
(ξ ∈ ΩL), (4.19)

whereas the equalities (4.16) and (4.18) are equivalent to

[
A B
C D

]
d∑

j=1

τj(ξ)Tj(ξ)

b(ξ)

 =


T1(ξ)

...
Td(ξ)
d(ξ)

 (ξ ∈ ΩR).

Since the operator
[

A B
C D

]
is unitary, we conclude from (4.19) that

[
A B
C D

] [
T0(ξ)
c(ξ)

]
=


σ1(ξ)∗T0(ξ)

...
σd(ξ)∗T0(ξ)

a(ξ)

 (ξ ∈ ΩL).

The two last relations can be combined into the single equation

[
A B
C D

] [
T (ξ)N(ξ)

Y (ξ)

]
f(ξ) =


T (ξ)N1(ξ)

...
T (ξ)Nd(ξ)

X(ξ)

 f(ξ) (ξ ∈ ΩL ∪ ΩR), (4.20)

for f ∈ H1, where T is given in (3.15). The interpolation conditions (1.9)–(1.11)
guarantee (see the proof of Theorem 3.2) the representation (3.16) of the kernel
P(ξ, µ) with a L(EL, C)–valued function γ(ξ) on ΩL satisfying (3.6). Setting

T̂0(ξ) =
[
T0(ξ)
γ(ξ)

]
(ξ ∈ ΩL) and T̂j(ξ) =

[
Tj(ξ)

0

]
(ξ ∈ ΩR; j = 1, . . . , d)

and

T̂ (ξ) =


T̂0(ξ) if ξ ∈ ΩL,[

T̂1(ξ) . . . T̂d(ξ)
]

if ξ ∈ ΩR,

we get from (3.16) the following factorization:

P(ξ, µ) = T̂ (ξ)∗T̂ (µ). (4.21)
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Let �2
C
(ΩL) be the Hilbert space of C–valued functions g on ΩL such that

g(ξ)∗g(µ) = 0 for ξ �= µ, with the norm ‖g‖2
�2

C
(ΩL)

=
∑

ξ∈ΩL
‖g(ξ)‖2

C
. Let HL

denote the set of all EL–valued functions on ΩL taking nonzero values at at most
finitely many points. Then the set

G = {h(ξ) = γ(ξ)y(ξ) for some y ∈ HL}

is a subspace of �2
C
(ΩL). Furthermore, the operator

A =

A11

...
Ad1

 : γ(ξ)y(ξ) →

σ1(ξ)∗
...

σd(ξ)∗

 γ(ξ)y(ξ) = Z(σ(ξ))∗γ(ξ)y(ξ) (y ∈ HL)

(4.22)
is an isometry from G into ⊕d

1G. LetA12

...
Ad2

 : Ĝ → ⊕d
1Ĝ

be a unitary extension of A, where Ĝ is a Hilbert space containing G. Thus,

Aj2(γ(ξ)y(ξ)) = σj(ξ)∗γ(ξ)y(ξ) (y ∈ HL; j = 1, . . . , d). (4.23)

Let

A =

A1

...
Ad

 and B =

B1

...
Bd


be the block decompositions of operators A and B from the unitary realization
(1.5) of S. Let

Â =

Â1

...
Âd

 , B̂ =

B̂1

...
B̂d

 and Ĉ =
[
C 0

]
, (4.24)

where

Âj =
[
Aj 0
0 Aj2

]
:
[
H
Ĝ

]
→
[
H
Ĝ

]
and B̂j =

[
Bj

0

]
: E →

[
H
Ĝ

]
. (4.25)
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It is readily seen that the operator

Û =

[
Â B̂

Ĉ D

]
:
[
H⊕ Ĝ

E

]
→
[
⊕d

1(H⊕ Ĝ)
E∗

]
is a unitary extension of U and that the unitary colligation

Q̂ = {H ⊕ Ĝ, E , E∗, Û}
has the same characteristic function as Q, that is, S(z). We show that

[
Â B̂

Ĉ D

] [
T̂ (ξ)N(ξ)

Y (ξ)

]
f(ξ) =


T̂ (ξ)N1(ξ)

...
T̂ (ξ)Nd(ξ)

X(ξ)

 f(ξ), (4.26)

or, equivalently, that

[
Â B̂

Ĉ D

] [
T̂0(ξ)
c(ξ)

]
f(ξ) =


σ1(ξ)∗T̂0(ξ)

...
σd(ξ)∗T̂0(ξ)

a(ξ)

 f(ξ) (ξ ∈ ΩL),

[
Â B̂

Ĉ D

] [∑d
j=1 τj(ξ)T̂j(ξ)

b(ξ)

]
f(ξ) =


T̂1(ξ)

...
T̂d(ξ)
d(ξ)

 f(ξ) (ξ ∈ ΩR) (4.27)

for every f ∈ H1. Indeed, due to (4.20) and (4.22)–(4.25), for ξ ∈ ΩL we have

Âj T̂0(ξ)f(ξ) + B̂jc(ξ)f(ξ) =
[
(AjT0(ξ) + Bjc(ξ))f(ξ)

Aj2γ(ξ)f(ξ)

]
=

[
σj(ξ)∗T0(ξ)
σj(ξ)∗γ(ξ)

]
f(ξ)

= σj(ξ)∗T̂0(ξ)f(ξ),

while for ξ ∈ ΩR we have

Âj

 d∑
j=1

τj(ξ)T̂j(ξ)f(ξ)

+ B̂jb(ξ)f(ξ) =
[
Aj(
∑d

j=1 τj(ξ)Tj(ξ)) + Bjb(ξ)
0

]
f(ξ)

=
[
Tj(ξ)

0

]
f(ξ)

= T̂j(ξ)f(ξ),

ĈT̂j(ξ)f(ξ) = CTj(ξ)f(ξ) (j = 1, . . . , d)

and (4.27) easily follows from the three last relations.
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Let T : H0 → H⊕ G be the operator given by

(Th)(ξ) =
∑

ξ

(T (ξ)h(ξ) + γ(ξ)h(ξ)) . (4.28)

Upon making subsequent use of (4.8), (4.6), (3.16) and (4.28), we have

〈[h], [y]〉Ĥ = D(h, y)

=
∑
ξi,ξj

〈P(ξi, ξj)h(ξj), y(ξi)〉E0

=
∑
ξi,ξj

〈T̂ (ξj)h(ξj), T̂ (ξi)y(ξi)〉H⊕C

=
∑
ξi,ξj

(〈T (ξj)h(ξj), T (ξi)y(ξi)〉H + 〈γ(ξj)h0(ξj), γ(ξi)y0(ξi)〉C)

=

〈∑
ξj

T (ξj)h(ξj),
∑
ξi

T (ξi)y(ξi)

〉
H

+ 〈γ(·)h(·), γ(·)y0(·)〉G

= 〈Th, Ty〉H⊕G .

Therefore, the linear transformation U : RanT → Ĥ defined by the rule

U : Tf → [f ] (f ∈ H0) (4.29)

can be extended to the unitary map (which still is denoted by U) from RanT onto
Ĥ. Setting

N := (H⊕ G) � RanT and H̃ := Ĥ ⊕ N ,

let us define the unitary map M : H⊕ G → H̃ by the rule

Mg =
{

Ug if g ∈ RanT
g if g ∈ N .

(4.30)

and let M be the block diagonal operator defined as in (4.2). Introducing the
operators

Ã = MÂM∗, B̃ = MB̂, C̃ = ĈM∗, D̃ = D (4.31)

we construct the colligation

Q̃ =
{
H̃, E , E∗,

[
Ã B̃

C̃ D̃

]}
.
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By definition, Q̃ is unitarily equivalent to the initial colligation Q defined in (4.1).
By Remark 4.1, Q̃ has the same characteristic function as Q, that is, S(z). It
remains to check that the connecting operator of Q̃ is an extension of V, that is

[
Ã B̃

C̃ D̃

] [
[Nf ]
Y f

]
→


[N1f ]

...
[Ndf ]
Xf

 , f ∈ H1. (4.32)

To this end, note that by (4.28)–(4.30) and block partitionings (3.11) and (4.2) of
N , Nj and M,

M∗[Nf ] = T(Nf) =
∑

ξ

T (ξ)N(ξ)f(ξ) + γ(ξ)f(ξ)

=
∑

ξ∈ΩL

[
T0(ξ)
γ(ξ)

]
f(ξ) +

∑
ξ∈ΩR

[∑d
j=1 τj(ξ)Tj(ξ)

0

]
f(ξ)

=
∑

ξ∈ΩL

T̂0(ξ)f(ξ) +
∑

ξ∈ΩR

 d∑
j=1

τj(ξ)T̂j(ξ)

 f(ξ)

=
∑

ξ

T̂ (ξ)N(ξ)f(ξ) (4.33)

and

M

∑
ξ

T̂ (ξ)Nj(ξ)

 = M

∑
ξ∈ΩL

σj(ξ)T̂0(ξ)f(ξ) +
∑

ξ∈ΩR

T̂j(ξ)f(ξ)


= MT(Njf) = [Njf ]

for every function f ∈ H1 and j = 1, . . . , d. Taking into account the diagonal
structure (3.8), (4.2) of Ej and M, we now get from the last equality that

M

∑
ξ

 T̂ (ξ)N1(ξ)
...

T̂ (ξ)Nd(ξ)

 f(ξ)

 =

 [N1f ]
...

[Ndf ]

 . (4.34)
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Thus, upon making the subsequent use of (4.31), (4.33), (4.26) and (4.34), we get[
Ã B̃

C̃ D̃

] [
[Nf ]
Y f

]
=

[
M 0
0 I

] [
Â B̂

Ĉ D

] [
M∗ 0
0 I

] [
[Nf ]
Y f

]
f

=
[

M 0
0 I

] [
Â B̂

Ĉ D

]∑
ξ

[
T̂ (ξ)N(ξ)

Y (ξ)

]
f(ξ)


=

[
M 0
0 I

]∑
ξ

[
Â B̂

Ĉ D

] [
T̂ (ξ)N(ξ)

Y (ξ)

]
f(ξ)



=
[

M 0
0 I

]∑
ξ


T̂ (ξ)N1(ξ)

...
T̂ (ξ)Nd(ξ)

X(ξ)

 f(ξ)



=


[N1f ]

...
[Ndf ]
Xf

 , (4.35)

which proves (4.32) and completes the proof of the lemma. �

Theorem 4.3. Let Ũ of the form (4.12) be a unitary extension of the isometry V
given in (4.9). Then the characteristic function S of the colligation Q̃ = {Ĥ ⊕
H̃, E , E∗, Ũ},

S(z) = D̃ + C̃
(
IĤ⊕H̃ − Z(z)Ã

)−1

Z(z)B̃,

is a solution to Problem 1.2.

Proof: We fix a factorization

P(ξ, µ) = T (ξ)∗T (µ), (4.36)

where T (ξ) is partitioned into blocks as in (3.15) and define the operator T :
H0 → H by

Th =
∑

ξ

T (ξ)h(ξ). (4.37)

Due to (4.36), the linear transformation U : RanT → Ĥ defined in (4.29) can be
extended to the unitary map (which still is denoted by U) from RanT onto Ĥ.
Setting

N := (H) � RanT and H̃ := RanT ⊕N ,
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we define the unitary map M : H → H̃ as in (4.30) and let M be the block
diagonal operator defined as in (4.2). Then relations

M∗[Nf ] =
∑

ξ

T (ξ)N(ξ) and M

∑
ξ

 T (ξ)N1(ξ)
...

T (ξ)Nd(ξ)

 f(ξ)

 =

 [N1f ]
...

[Ndf ]


hold by construction. Therefore, the operator

U =
[

A B
C D

]
=
[

M∗ 0
0 I

] [
Ã B̃

C̃ D̃

] [
M 0
0 I

]
satisfies (4.20) (or equivalently, (4.15)–(4.18)), which can be easily seen from (4.35).
By Remark 4.1, the colligations U and Ũ have the same characteristic functions
and thus, S can be taken in the form (1.5). Then the functions H and G from repre-
sentations (1.2) and (1.3) can be taken as in (1.6). We shall use the representations
(4.13) of S(z) which are equivalent to (1.5).

Since τ(ξ) ∈ B
d for every ξ ∈ ΩR, the operator I − Z(τ(ξ))A is boundedly

invertible for every ξ ∈ ΩR. Rewriting (4.18) as

Bb(ξ) + AZ(τj(ξ))

 T1(ξ)
...

Td(ξ)

 =

 T1(ξ)
...

Td(ξ)


and making use of (1.6), we get T1(ξ)

...
Td(ξ)

 = (I − AZ(τ(ξ)))−1Bb(ξ) =

 G1(τ(ξ))
...

Gd(τ(ξ))

b(ξ), (4.38)

which being substituted into (4.14), leads to

Db(ξ) + CZ(τ(ξ))(I − AZ(τ(ξ)))−1Bb(ξ) = d(ξ) (ξ ∈ ΩR),

which in turn, coincides with the second condition in (1.8). Moreover, by (3.8),
(4.36) and (4.38)

Φj�(ξ, µ) = Tj(ξ)∗T�(µ)
= b(ξ)∗Gj(τ(ξ))∗G�(τ(µ))b(µ) (ξ, µ ∈ ΩR; j, � = 1, . . . , d),

which coincides with (1.9).
For ξ ∈ ΩL, by (2.3) (with A replaced by A∗Z(σ(ξ))∗, it follows that

lim
r→1

(1 − r)2 (I − rZ(σ(ξ))A)−1 (I − Z(σ(ξ))AA∗Z(σ(ξ))∗) (I − rA∗Z(σ(ξ))∗)−1

= 0,

which is equivalent, since AA∗ + BB∗ = I and Z(σ(ξ))Z(σ(ξ))∗ = I, to

lim
r→1

(1 − r)2 (I − rZ(σ(ξ))A)−1
Z(σ(ξ))BB∗Z(σ(ξ))∗ (I − rA∗Z(σ(ξ))∗)−1 = 0.
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Therefore,

lim
r→1

(1 − r)B∗Z(σ(ξ))∗ (I − rA∗Z(σ(ξ))∗)−1
x = 0 (for every x ∈ H). (4.39)

Using expressions for D∗a(ξ) and C∗a(ξ) derived from (4.15) and (4.17), respec-
tively, we get

S(rσ(ξ))∗a(ξ) = D∗a(ξ) + rB∗Z(σ(ξ))∗ (I − rA∗Z(σ(ξ))∗)−1
C∗a(ξ)

= c(ξ) − B∗Z(σ(ξ))∗T0(ξ)

+rB∗Z(σ(ξ))∗ (I − rA∗Z(σ(ξ))∗)−1 (I − A∗Z(σ(ξ))∗) T0(ξ)

= c(ξ) − (1 − r)B∗Z(σ(ξ))∗ (I − rA∗Z(σ(ξ))∗)−1
T0(ξ). (4.40)

Taking limits in the last identity as r tends to one and taking into account (4.39),
we come to the first interpolation condition in (1.8).

Making use of (1.6) and of the expression for C∗a(ξ) derived from (4.17) we
get

H(rσ(ξ))∗a(ξ) = (I − A∗Z(rσ(ξ))∗)−1
C∗a(ξ)

= (I − rA∗Z(σ(ξ))∗)−1 (I − A∗Z(σ(ξ))∗) T0(ξ). (4.41)

Taking limits in the last identity as r tends to one and applying Lemma 2.1 (with
A replaced by A∗Z(σ(ξ))∗, we get

T̃0(ξ) := lim
r→1

H(rσ(ξ))∗a(ξ) = P
Ran(IH−Z(σ(ξ))A)

T0(ξ) (ξ ∈ ΩL), (4.42)

where the convergence is understood (so far) in the weak sense. By (4.40),

c(ξ)∗c(ξ) − c(ξ)∗S(rσ(ξ))∗a(ξ)
1 − r

= c(ξ)∗B∗Z(σ(ξ))∗ (I − rA∗Z(σ(ξ))∗)−1
T0(ξ).

(4.43)
It follows from (4.20) that

AT0(ξ) + Bc(ξ) = Z(σ(ξ))∗T0(ξ)

and therefore,
c(ξ)∗B∗ = T0(ξ)∗(Z(σ(ξ) − A∗).

Substituting the latter equality into (4.43) and taking into account that

Z(σ(ξ))Z(σ(ξ))∗ = I,

we get

c(ξ)∗c(ξ) − c(ξ)∗S(rσ(ξ))∗a(ξ)
1 − r

= T0(ξ)∗(I − A∗Z(σ(ξ)∗) (I − rA∗Z(σ(ξ))∗)−1
T0(ξ).

Taking (weak) limits in the last identity as r tends to one and applying Lemma
2.1 (with A replaced by A∗Z(σ(ξ))∗, we get

lim
r→1

c(ξ)∗c(ξ) − c(ξ)∗S(rσ(ξ))∗a(ξ)
1 − r

= T0(ξ)∗PRan(IH−Z(σ(ξ))A)
T0(ξ) (ξ ∈ ΩL).



Vol. 46 (2003) Bitangential Interpolation 151

Existence of the last limit together with (1.12) and the first equality in (1.8) imply,
by Lemma 2.3, the existence of the weak limit

lim
r→1

a(ξ)∗
IE∗ − S(rσ(ξ))S(rσ(ξ))∗

1 − r2
a(ξ),

the strong convergence in (4.42), and the equality

lim
r→1

a(ξ)∗
IE∗ − S(rσ(ξ))S(rσ(ξ))∗

1 − r2
a(ξ) = T̃0(ξ)∗T̃0(ξ) (ξ ∈ ΩL).

By (4.36), (4.42), (3.8) and (3.1), it follows that for every ξ ∈ Ω0,

lim
r→1

a(ξ)∗
IE∗ − S(rσ(ξ))S(rσ(ξ))∗

1 − r2
a(ξ) = T̃0(ξ)∗T̃0(ξ)

= T0(ξ)∗PRan(IH−Z(σ(ξ))A)
T0(ξ)

≤ T0(ξ)∗T0(ξ) = Λ(ξ, ξ) = Ψ(ξ),

which proves (1.11). Finally, if ξ ∈ Ω\Ω0, then Z(σ(ξ))A is strictly contractive
and it follows from (4.42) that T̃0 = H(σ(ξ))∗a(ξ) = T0(ξ). By (4.36), (3.8) and
(4.38), we have for ξ ∈ ΩL\Ωb and µ ∈ ΩR,

a(ξ)∗H(σ(ξ))Gj(τ(µ))b(µ) = T0(ξ)∗Tj(µ) = Λj(ξ, µ)

which proves (1.10) and completes the proof of theorem. �

5. The universal unitary colligation associated with the
interpolation problem

A general result of Arov and Grossman (see [8], [9]) describes how to parametrize
the set of all unitary extensions of a given partially defined isometry V. Their
result has been extended to the multivariable case in [16] and can be applied to
the present setting.

Let V : DV → RV be the isometry given in (4.9) with DV and RV given in
(4.10) and (4.11). Introducing the defect spaces

∆ =
[

Ĥ
E

]
�DV and ∆∗ =

[
⊕d

1Ĥ
E∗

]
�RV

and let ∆̃ be another copy of ∆ and ∆̃∗ be another copy of ∆∗ with unitary
identification maps

i : ∆ → ∆̃ and i∗ : ∆∗ → ∆̃∗.

Define a unitary operator U0 from DV ⊕ ∆ ⊕ ∆̃∗ onto RV ⊕ ∆∗ ⊕ ∆̃ by the rule

U0x =


Vx, if x ∈ DV

i(x) if x ∈ ∆,

i−1
∗ (x) if x ∈ ∆̃∗.

(5.1)
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Identifying
[
DV

∆

]
with

[
Ĥ
E

]
and

[
RV

∆∗

]
with

[
⊕d

1Ĥ
E∗

]
, we decompose U0 defined by

(5.1) according to

U0 =

 U11 U12 U13

U21 U22 U23

U31 U32 0

 :

 Ĥ
E

∆̃∗

→

 ⊕d
1Ĥ
E∗
∆̃

 .

The “33” block in this decomposition is zero, since (by definition (5.1)), for every

x ∈ ∆̃∗, the vector U0x belongs to ∆, which is a subspace of
[

⊕d
1Ĥ

E∗

]
and

therefore, is orthogonal to ∆̃ (in other words P∆̃U0|∆̃∗
= 0, where P∆̃ stands for

the orthogonal projection of RV ⊕ ∆∗ ⊕ ∆̃ onto ∆̃).

The unitary operator U0 is the connecting operator of the unitary colligation

Q0 =
{
Ĥ,

[
E

∆̃∗

]
,

[
E∗
∆̃

]
, U0

}
, (5.2)

which is called the universal unitary colligation associated with the interpolation
problem. According to (4.3), the characteristic function of this colligation is given
by

Σ(z) =
[

Σ11(z) Σ12(z)
Σ21(z) Σ22(z)

]
=
[

U22 U23

U32 0

]
+
[

U21

U31

]
(In − Z(z)U11)

−1
Z(z)

[
U12 U13

] (5.3)

and belongs to the class Sd(E ⊕ ∆̃∗, E∗ ⊕ ∆̃), by Theorem 1.1.

Theorem 5.1. Let V be the isometry defined in (4.9), let Σ be the function con-
structed as above and let S be a L(E , E∗)-valued function. Then the following are
equivalent:

1. S is a characteristic function of a colligation

Ω = {C
n ⊕H, E , E∗,

[
A B
C D

]
}

with the connecting operator being a unitary extension of V.
2. S is of the form

S(z) = Σ11(z) + Σ12(z)T (z)
(
IE∗⊕∆̃ − Σ22(z)T (z)

)−1

Σ21(z) (5.4)

where T is a function from the class Sd(E ⊕ ∆̃∗, E∗ ⊕ ∆̃).

This result (which has been proved in [16] for a more general setting) together
with Theorems 4.2 and 4.3 leads to a description of all solutions of Problem 1.2.
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As a corollary we obtain the sufficiency part of Theorem 3.2: under assump-
tions (3.9) and (3.10) the set of all functions parametrized by formula (5.4) is
nonempty.

Remark 5.2. Formula (5.4) with appropriately chosen coefficients Σij parametrizes
the set of all solutions of Problem 1.3 and 1.4.

6. Applications

6.1. Leech’s Theorem

In conclusion we present some more corollaries. The functions A, B, C and D are
assumed to be defined on B

d.

Theorem 6.1. There is a function S ∈ Sd(E , E∗) such that

A(z)S(z) ≡ C(z) (6.1)

if and only if the kernel

Λ(z, w) =
A(z)A(w)∗ − C(z)C(w)∗

1 − 〈z, w〉 (6.2)

is positive on B
d.

For the proof it is enough to apply Theorem 3.2 for

ΩL = B
d, ΩR = ∅ σ(z) = τ(z) ≡ z

and b = d = 0, a(z) = A(z)∗, c(z) = C(z)∗, Λj = 0, Φ�,j = 0.
Several remarks are in order. First we note that in the last theorem the

functions A and B are not assumed to be analytic. Under the assumption that
these functions are analytic and matrix–valued, the result appears in [4], where it
is obtained as a direct consequence of the fact that the kernel 1

1−zw̄ is a complete
Nevanlinna–Pick kernel (for this independently interesting topic we refer to [2],
[16], [30], [32]). Note also that in the one variable formulation, Theorem 6.1 was
obtained in [28]. Under the assumption that A and B are analytic, the one-variable
result is known as Leech’s theorem and becomes an easy but elegant consequence
of the commutant lifting theorem [35, p.107].

The preceding analysis allows us to move further and to solve the following

Problem 6.2. Given functions A and C on B
d such that the kernel (6.2) is positive

on B
d, find all functions S ∈ Sd(E , E∗) giving factorization (6.1).

Indeed, the above setting includes Problem 6.2 in the general scheme of Prob-
lem 1.2 and thus, the set of all solutions is parametrized in terms of a Redheffer
transform as in Theorem 5.1.

Note also that [28] presents a two-sided one-variable version of the Theorem
6.1, which is not so nice for the multivariable case. Nevertheless, below we give a
right-sided and a two-sided multivariable versions of Theorem 6.1 (see Theorems
6.3 and 6.5 below), which are also consequences of Theorem 3.2.
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Theorem 6.3. There is a function S ∈ Sd(E , E∗) such that

S(z)B(z) ≡ D(z) (6.3)

if and only if there exists a positive kernel

Φ(z, w) = [Φj�(z, w)]dj,�=1 (6.4)

on B
d, such that

d∑
j,�=1

zjw̄�Φj�(z, w) −
d∑

j=1

Φjj(z, w) = D(z)D(w)∗ − B(z)B(w)∗. (6.5)

Note that Theorem 5.1 parametrizes the set of all solutions of the following

Problem 6.4. Given functions B and D on B
d and given a positive kernel Φ(z, w)

of the form (6.4) subject to (6.5), find all functions ∈ Sd(E , E∗) giving factorization
(6.3).

Theorem 6.5. There is a function S ∈ Sd(E , E∗) subject to (6.1) and (6.3) if and
only if there exist a positive kernel Φ(z, w) of the form (6.4) subject to (6.5) and
kernels Λ1, . . . ,Λd subject to

d∑
j=1

(zj − w̄j)Λj(z, w) = C(z)B(w)∗ − A(z)D(w)∗,

such that the kernel

P(z, w) =


Λ(z, w) Λ1(z, w) · · · Λd(z, w)

Λ1(z, w)∗ Φ11(z, w) · · · Φ1d(z, w)
...

...
...

Λd(z, w)∗ Φd1(z, w) · · · Φdd(z, w)


is positive on B

d (Λ is the kernel given by (6.2)).

6.2. Tangential interpolation on the Arveson space

Let kd be the kernel given by (1.1), let H(kd) be the corresponding reproduc-
ing kernel Hilbert space. In this section we apply the preceding analysis to the
operator-valued H(kd)-functions. To be more precise, let E and E∗ be two Hilbert
spaces and let H(kd, E , E∗) denote the space of L(E , E∗)-valued functions F (z)
such that the function z → 〈F (z)x, y〉E∗ belongs to H(kd)(= H(kd, C, C)) for
every choice of x ∈ E and y ∈ E∗. The space H(kd, E , E∗) can (and will) be iden-
tified with the tensor product Hilbert space H(kd) ⊗ L(E , E∗). For multiindicies
n = (n1, . . . , nd) ∈ N

d we shall use the standard notations

n1 + n2 + . . . + nd = |n|, n1!n2! . . . nd! = n!, zn1
1 zn2

2 . . . znd

d = zn.



Vol. 46 (2003) Bitangential Interpolation 155

It can be shown (see, e.g., [10, Lemma 3.8]) that in the metric of H(kd),

〈zn, zm〉H(kd) =


n!
|n|! if n = m

0 otherwise
(6.6)

which enables us to characterize H(kd, E , E∗) as

H(kd, E , E∗) =

F (z) =
∑
n∈Nd

Fnzn : Fn ∈ L(E , E∗) and
∑
n∈Nd

n!
|n|!F

∗
nFn ∈ L(E)

.

The next step is to introduce the operator–valued sesquilinear form

[X, Y ]H(kd) =
∑
n∈Nd

n!
|n|! Y ∗

n Xn, (6.7)

which makes sense and is L(E1, E2)-valued for every choice of

Y (z) =
∑
n∈Nd

Ynzn ∈ H(kd, E1, E) and X(z) =
∑
n∈Nd

Xnzn ∈ H(kd, E2, E).

Similarly to classical H2 functions of the unit disk, the functions F ∈ H(kd, E , E∗)
can be characterized as functions for which the multiplication operator MF : E →
H(kd, C, E∗) defined by the rule

MF x = F (z)x (x ∈ E) (6.8)

is bounded. Let us denote by Bd(E , E∗) the set of all contractive multipliers be-
tween E and H(kd, C, E∗), i.e., the set of all functions F ∈ H(kd, E , E∗) for which
the corresponding multiplication operator MF is a contraction. This set is char-
acterized in terms of the form (6.7) as

Bd(E , E∗) =
{
F ∈ H(kd, E , E∗) : [F, F ]H(kd) ≤ IE∗

}
(6.9)

We consider the following tangential interpolation problem in the class Bd(E , E∗):

Problem 6.6. Given a set Ω and a function σ = (σ1, . . . , σd) : Ω → B
d, given

functions h and g, which are respectively, L(EL, E∗) and L(EL, E)-valued, find all
functions F ∈ Bd(E , E∗) such that

F (σ(ξ))∗h(ξ) = g(ξ). (6.10)

The next two lemmas will allow us to reduce Problem 6.6 to a tangential
problem for Schur functions.

Lemma 6.7. The following are equivalent:
1. F belongs to Bd(E , E∗).
2. The kernel KF defined below is positive on B

d:

KF (z, w) =
IE∗

1 − 〈z, w〉 − F (z)F (w)∗ � 0 (z, w ∈ B
d). (6.11)
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3. F admits a representation

F (z) = S0(z) (IE − Z(z)S1(z))−1 (6.12)

for some Schur function S ∈ Sd(E , E∗ ⊕ (⊕d
1E)):

S(z) =
[
S0(z)
S1(z)

]
: E →

[
E∗

⊕d
1E

]
, Z(z) =

[
z1IE . . . zdIE

]
. (6.13)

Proof: The equivalence (1 ⇔ 2) follows from a more general fact that F is a
contractive multiplier between two reproducing kernel Hilbert spaces H(K1) and
H(K2) of functions analytic on a set Ω if and only if the kernel

K2(z, w) − F (z)K1(z, w)F (w)∗

is positive on Ω. To show that (2 ⇔ 3), we represent KF as

KF (z, w) =
IE − F (z)F (w)∗ + F (z)Z(z)Z(w)∗F (w)∗

1 − 〈z, w〉 ,

or, equivalently, as

KF (z, w) =
A(z)A(w)∗ − B(z)B(w)∗

1 − 〈z, w〉 ,

where
A(z) =

[
IE F (z)Z(z)

]
and B(z) = F (z).

By Theorem 6.1, KF is positive on B
d if and only if there is a Schur function S as

in (6.13), so that

F (z) = B(z) = A(z)S(z) =
[
IE F (z)Z(z)

] [S0(z)
S1(z)

]
= S0(z) + F (z)Z(z)S1(z).

(6.14)
It remains to note that for z ∈ B

d,

‖Z(z)S1(z)‖ < ‖S1(z)‖ ≤ 1

and therefore, the operator IE − Z(z)S1(z) is boundedly invertible at every point
z ∈ B

d. Therefore, the representation (6.12) is equivalent to (6.14). �
Lemma 6.8. Let F be in Bd(E , E∗) and admit a representation (6.12) for some
Schur function S of the form (6.13). Then F satisfies the interpolation condition
(6.10) if and only if S is subject to

S(σ(ξ))∗
[

h(ξ)
Z(σ(ξ))∗g(ξ)

]
= g(ξ). (6.15)

Proof: Let F be of the form (6.13). Then (6.10) takes the form

(IE − S1(σ(ξ))∗Z(σ(ξ))∗)−1S0(σ(ξ))∗h(ξ) = g(ξ),

which is equivalent to

S0(σ(ξ))∗h(ξ) = (IE − S1(σ(ξ))∗Z(σ(ξ))∗)g(ξ),
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that is, to [
S0(σ(ξ))∗ S1(σ(ξ))∗

] [ h(ξ)
Z(σ(ξ))∗g(ξ)

]
= g(ξ).

The last equality coincides with (6.15), in view of (6.13). �

The next theorem parametrizes the set of all solutions of Problem 6.6 in
terms of a Redheffer transform. In contrast to Problem 1.2, the transfer function
of this transformation is not a Schur function anymore, but nevertheless, it has
some special properties.

Theorem 6.9. The set of all solutions F of Problem 6.6 is parametrized by the
linear fractional transformation

F (z) = Θ11(z) + Θ12(z) (I − T (z)Θ22(z))−1 T (z)Θ21(z) (6.16)

with the transfer function

Θ(z) =
[

Θ11(z) Θ12(z)
Θ21(z) Θ22(z)

]
:
[

E
E∗ ⊕ (⊕d

1E) ⊕ ∆̃

]
→
[

E∗
E ⊕ ∆̃∗

]
(6.17)

and the parameter T from the class Sd(E⊕∆̃∗, E∗⊕(⊕d
1E)⊕∆̃) for some auxiliary

Hilbert spaces ∆̃ and ∆̃∗. Moreover,[
Θ11(z)
Θ21(z)

]
∈ Bd(E ,

[
E∗

E ⊕ ∆̃∗

]
) and

[
Θ12(z)
Θ22(z)

]
∈ Sd(E∗ ⊕ (⊕d

1E) ⊕ ∆̃,

[
E∗

E ⊕ ∆̃∗

]
).

(6.18)

Proof: By Theorem 5.1 the set of all Schur functions S of the form (6.13)
satisfying the interpolation condition (6.15) is parametrized by the linear fractional
transformation

S(z) =
[
S0(z)
S1(z)

]
=
[
Σ0

11(z)
Σ1

11(z)

]
+
[
Σ0

12(z)
Σ1

12(z)

]
(I − T (z)Σ22(z))−1 T (z)Σ21(z) (6.19)

with the transfer function

Σ(z) =

 Σ0
11(z) Σ0

12(z)
Σ1

11(z) Σ1
12(z)

Σ21(z) Σ22(z)

 :
[

E
E∗ ⊕ (⊕d

1E) ⊕ ∆̃

]
→

 E∗
⊕d

1E
E ⊕ ∆̃∗

 (6.20)

in the Schur class Sd(E ⊕E∗⊕ (⊕d
1E)⊕ ∆̃, E∗⊕ (⊕d

1E)⊕E ⊕ ∆̃∗) and the parameter
T from the class Sd(E ⊕ ∆̃∗, E∗ ⊕ (⊕d

1E) ⊕ ∆̃), where ∆̃ and ∆̃∗ are auxiliary
Hilbert spaces isomorphic to the defect spaces of the isometry V associated to the
interpolation problem (6.15).

Parametrization (6.19) splits into

S�(z) = Σ�
11(z) + Σ�

12(z) (I − T (z)Σ22(z))−1 T (z)Σ21(z) (� = 0, 1)
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which, being substituted into representation (6.12), leads to

F =
[
Σ0

11 + Σ0
12 (I − T Σ22)

−1 T Σ21

] [
I − Z(Σ1

11 + Σ1
12 (I − T Σ22)

−1 T Σ21)
]−1

.

(6.21)
By Lemma 6.8, the last formula describes all the solutions FF of Problem 6.6. It
remains to show that (6.21) can be rewritten in the form (6.16).

Since the block Σ1
11 is a Schur function, the operator I−Z(z)Σ1

11(z) is bound-
edly invertible at every point z ∈ B

d, which allows us to introduce functions[
Θ11(z)
Θ21(z)

]
=

[
Σ0

11(z)
Σ21(z)

] (
I − Z(z)Σ1

11(z)
)−1

, (6.22)[
Θ12(z)
Θ22(z)

]
=

[
Σ0

12(z)
Σ22(z)

]
+
[
Σ0

11(z)
Σ21(z)

] (
I − Z(z)Σ1

11(z)
)−1

Z(z)Σ1
12(z). (6.23)

It is easily verified by a straightforward computation that[
I − ZΣ1

11 − ZΣ1
12 (I − T Σ22)

−1 T Σ21

]−1

= (I − ZΣ1
11)

−1
(
I + ZΣ1

12 (I − T Θ22)
−1 T Θ21

)
(6.24)

and that

(I − T Σ22)
−1 T Σ21(I − ZΣ1

11)
−1ZΣ1

12 (I − T Θ22)
−1

= (I − T Θ22)
−1 − (I − T Σ22)

−1
. (6.25)

Substituting (6.24) into (6.21), making use of (6.25) and taking into account (6.22)
and (6.23), we get

F =
[
Σ0

11 + Σ0
12 (I − T Σ22)

−1 T Σ21

]
(I − ZΣ1

11)
−1

+Σ0
11(I − ZΣ1

11)
−1ZΣ1

12 (I − T Θ22)
−1 T Θ21

+Σ0
12

[
(I − T Θ22)

−1 − (I − T Σ22)
−1
]
T Θ21

= Σ0
11(I − ZΣ1

11)
−1 + Σ0

11(I − ZΣ1
11)

−1ZΣ1
12 (I − T Θ22)

−1 T Θ21

+Σ0
12 (I − T Θ22)

−1 T Θ21

= Θ11 + Θ12 (I − T Θ22)
−1 T Θ21,

which coincides with (6.16). Furthermore, it follows from the block decomposition

(6.20) of Σ that the function

Σ0
11(z)

Σ21(z)
Σ1

11(z)

 is a Schur function. Applying the assertion

(3 ⇒ 1) in Lemma 6.7 to the functions S0 =
[
Σ0

11

Σ21

]
and S1 = Σ1

11 we conclude

then that the function on the right hand side of (6.21) belongs to Bd(E ,

[
E∗

E ⊕ ∆̃∗

]
).

Finally, the function on the right hand side of (6.22) can be considered as the
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Redheffer transform of the Schur function Z(z). It belongs to the Schur class,
since the transfer function of this transform,Σ0

12(z) Σ0
11(z)

Σ22(z) Σ21(z)
Σ1

12(z) Σ1
11(z)


belongs to the Schur class, which follows immediately from (6.20). �

7. Appendix: a numerical example

In conclusion we illustrate the general construction done in Sections 4 and 5 by
a simple numerical example. Let us consider the following boundary interpolation
problem: Given to points β1 = (1, 0) and β2 = (0, 1) on the unit sphere, find all
scalar functions S ∈ S2(C, C) such that

lim
r→1

S(rβ1) = 1, lim
r→1

S(rβ2) = −1 (7.1)

and

lim
r→1

1 − |S(rβ1)|2
1 − r2

≤ 1, lim
r→1

1 − |S(rβ1)|2
1 − r2

≤ 5. (7.2)

Thus d = 2, Ωb = {β1, β2}, a(β1) = a(β2) = 1, c(β1) = 1, c(β2) = −1, Ψ(β1) = 1
and Ψ(β2) = 5. Furthermore,

P =

 Ψ(β1)
a(β1)a(β2) − c(β1)c(β2)

1 − 〈β1, β2〉
a(β2)a(β1) − c(β2)c(β1)

1 − 〈β2, β1〉
Ψ(β2)

 =
[

1 2
2 5

]
,

N1 =
[

1 0
0 0

]
, N2 =

[
0 0
0 1

]
, X =

[
1 1

]
and Y =

[
1 −1

]
.

In the present setting, the isometry V defined in (4.9) takes the form

V :
[

P
1
2 f

Y f

]
→

 P
1
2 N1f

P
1
2 N2f
Xf

 , f ∈ C
2.

Note that

P
1
2 =

1√
2

[
1 1
1 3

]
, P

1
2 N1 =

1√
2

[
1 0
1 0

]
, P

1
2 N2 =

1√
2

[
0 1
0 3

]
.

Thus the matrix of the operator V with respect to standard bases in C
3 and C

5

(which still is denoted by V) satisfies

V

 1 1
1 3√
2 −

√
2

 =


1 0
1 0
0 1
0 3√
2

√
2

 .
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A routine calculation shows that

V =
1
22


5 3 7

√
2

5 3 7
√

2
1 5 −3

√
2

3 15 −9
√

2
6
√

2 8
√

2 8
√

2

 .

The next step is construct the universal unitary colligation U0 defined in (5.1). In
the present context U0 is the 6×6 unitary matrix whose upper left 5×3 submatrix
coincides with V. Omitting calculations, we present U0 explicitly:

U0 =



5
22

3
22

7
√

2
22 − 1√

2
0 −

√
5√
22

5
22

3
22

7
√

2
22

1√
2

0 −
√

5√
22

1
22

5
22 − 3

√
2

22 0 − 3√
10

− 1√
110

3
22

15
22 − 9

√
2

22 0 1√
10

− 3√
110

3
√

2
11

4
√

2
11

4
11 0 0

√
5√
11

− 2
√

2√
11

√
2√
11

1√
11

0 0 0


By (5.3), the characteristic function Σ of the unitary colligation
Q0 =

{
C

2, C
2, C

2, U0

}
takes the form

Σ(z) =
[

Σ11(z) Σ12(z)
Σ21(z) Σ22(z)

]
=

[
4
11 0 0

√
5√
11

1√
11

0 0 0

]

+

[
3
√

2
11

4
√

2
11

− 2
√

2√
11

√
2√
11

](
I2 − z1

[
5
22

3
22

5
22

3
22

]
− z2

[
1
22

5
22

3
22

15
22

])−1

×
(

z1

[
7
√

2
22 − 1√

2
0 −

√
5√
22

7
√

2
22

1√
2

0 −
√

5√
22

]
+ z2

[
− 3

√
2

22 0 − 3√
10

− 1√
110

− 9
√

2
22 0 1√

10
− 3√

110

])

Setting for short

d(z1, z2) = z1z2 − 4z1 − 8z2 + 11

and taking into account that

(
I2 − z1

[
5
22

3
22

5
22

3
22

]
− z2

[
1
22

5
22

3
22

15
22

])−1

=

[
22 − 3z1 − 15z2 3z1 + 5z2

5z1 + 3z2 22 − 5z1 − z2

]
2d(z1, z2)

,
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we get

Σ11(z) =
4
11

+

[
3 4

] [ 22 − 3z1 − 15z2 3z1 + 5z2

5z1 + 3z2 22 − 5z1 − z2

] [
7z1 − 3z2

7z1 − 9z2

]
242d(z1, z2)

=
3z1 − 7z2 + 4

z1z2 − 4z1 − 8z2 + 11
(7.3)

and quite similarly,

Σ12(z) =
[

z1(1 − z1 + 2z2)
d(z1, z2)

z2(5z2 − 2z1 − 5)√
5 d(z1, z2)

√
11(5 − 5z1 − 5z2 + z1z2)√

5 d(z1, z2)

]
,

Σ21(z) =
√

11(1 − z1)(1 − z2)
d(z1, z2)

,

Σ22(z) =
[ √

11z1(3 − z1 − 2z2)
d(z1, z2)

√
11z2(7 − 2z1 − 5z2)√

5 d(z1, z2)
5z1 − z2 − 4z1z2√

5 d(z1, z2)

]
.

By Theorem 5.1, all functions S ∈ S2(C, C) satisfying interpolation conditions
(7.1), (7.2) are parametrized by formula (5.4) with the parameter T varying over
the class S2(C, C3). Choosing T to be a constant vector in C

3 of the norm ‖T ‖ ≤ 1,
we get via (5.4) a family of rational solutions of the problem of McMillan degree
not greater than four. The choice T = 0 leads to the function S(z) = Σ11(z). This
function is analytic at β1 and β2 and it is readily seen that

Σ11(β1) = Σ11((1, 0)) = 1 and Σ11(β2) = Σ11((0, 1)) = −1.

Furthermore,

lim
r→1

1 − |Σ11(rβ1)|2
1 − r2

= lim
r→1

1 −
(

3r+4
11−4r

)2

1 − r2
= 1

and

lim
r→1

1 − |Σ11(rβ2)|2
1 − r2

= lim
r→1

1 −
(

4−7r
11−8r

)2

1 − r2
= 5.

Another choice of

T =

 2
√

11
7
0√
5

7


leads via (5.4) to

S(z)=
3z1 − 7z2 + 4

z1z2−4z1−8z2+11
+

(1 − z1)(1 − z2)
z1z2−4z1−8z2+11

· 5 + 5z1z2 − 2z2
1 − 3z1 − 5z2

5z1z2 − 9z1 − 5z2 + 2z2
1 + 7

.

A simple computation shows that

S(rβ1) =
2r + 3
7 − 2r

, S(rβ2) =
3 − 5r

7 − 5r
.
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Thus S satisfies conditions (7.1) and

lim
r→1

1 − |S(rβ1)|2
1 − r2

=
4
5
≤ 1, lim

r→1

1 − |S(rβ2)|2
1 − r2

= 5.
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kernel Hilbert spaces in the ball, Linear Algebra Appl. 342 (2002), 163–186.

[5] D. Alpay and C. Dubi, Boundary interpolation in the ball, in Linear Algebra Appl.,
to appear.

[6] A. Arias and G. Popescu, Noncommutative interpolation and Poisson transforms,
Israel J. Math. 115 (2000), 205–234.

[7] N. Aronszajn, Theory of reproducing kernels, Trans. Amer. Math. Soc., 68 (1950),
337–404.

[8] D.Z. Arov and L.Z. Grossman, Scattering matrices in the theory of unitary extensions
of isometric operators, Soviet Math. Dokl., 270 (1983), 17–20.

[9] D.Z. Arov and L.Z. Grossman, Scattering matrices in the theory of unitary extensions
of isometric operators, Math. Nachr., 157 (1992), 105–123.

[10] W. Arveson, Subalgebras of C∗-algebras. III. Multivariable operator theory, Acta
Math. 181 (1998), no. 2, 159–228.

[11] J.A. Ball, Interpolation problems of Pick-Nevanlinna and Loewner type for meromor-
phic matrix functions, Integral Equations and Operator Theory, 6 (1983), 804-840.

[12] J. A. Ball and V. Bolotnikov, On a bitangential interpolation problem for contractive
valued functions on the unit ball, Linear Algebra Appl., to appear.

[13] J.A. Ball, I. Gohberg and L. Rodman, Interpolation of Rational Matrix Functions,
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[34] R. Nevanlinna, Über beschränkte Funktionen, Ann. Acad. Sci. Fenn. Ser. A 32 (1939),
no. 7.



164 Ball and Bolotnikov IEOT

[35] M. Rosenblum and J. Rovnyak, Hardy classes and operator theory, Oxford University
Press, 1985.

[36] W. Rudin, Function theory in the unit ball of Cn, Springer-Verlag, New York, 1980.

[37] D. Sarason, Sub-Hardy Hilbert Spaces in the Unit Disk, University of Arkansas Lec-
ture Notes in the Matehmatical Sciences, Wiley, 1994.

[38] D. Sarason, Nevanlinna-Pick interpolation with boundary data, Integral Equations
and Operator Theory 30(2) (1998), 231-250.

Joseph A. Ball
Department of Mathematics
Virginia Polytechnic Institute
Blacksburg, VA 24061-0123, USA

E-mail: ball@calvin.math.vt.edu

Vladimir Bolotnikov
Department of Mathematics
The College of William and Mary
Williamsburg, VA 23187-8795, USA

E-mail: vladi@math.wm.edu

Submitted: February 2, 2002

To access this journal online:
http://www.birkhauser.ch


