VALIDATED CONTINUATION FOR EQUILIBRIA OF PDES

SARAH DAY!, JEAN-PHI LIP PE LESSARD , AND KONSTANTIN MISCHAIK Ow?

Abstract. One of the most elci ent methods for determi ning the equilibri a of a continuous
parameterized family of di"eren tial equations is to use predict or-corrector contin uati on techniques.
In the case of parti al di"eren ti al equations this procedure must be applied to some bnite dimensional
approximati on which of course raises the question of the validit y of the output. We introduce a
new technique that combinesth e informati on obtain ed from the predictor-corrector steps with ideas
from rigorous computatio ns and veribes that the numerically produced equilibriu m for the Pnite
dimensional system can be used to explicitly debne a set which contain's a unique equilibri um for
the inbnite dimensional partial di" erential equation. Using the Cahn-Hilliard and Swift-Hoh enberg
equations as models we demonstrat e that the cost of this new validated contin uation is less than
twice the cost of the standard contin uation method alone.

1. Introduction. The brst step in understanding the dynamics of a nonlinear
sydgem of dile rential equations

ug = f(u,!) (1.1)

on a Hilbert spaceis to identify the set of equilibria £ := {(u,!) | f(u,!) = 0}. For
many applications this can only be done using numerical methods. In particular,
cortinuation providesan e" ciernt technique for determining elements on branches of
£. Recall, that this method involvesa predictor and corrector step: given, within a
presaibed tolerance an equilibrium ugy at parameter value ! (, the predictor step pro-
ducesan approximate equilibrium &; at nearby parameter value! ;, and the corrector
step, often based on a Newton-like operator, takest; asits input and produces once
again within the presaibed tolerance, an equilibrium u; at !;.

Wit h any numerical method there is the question of validity of the output as
compared with the cost of computation. The goal of this paper is to argue that
for a large and important class of partial dile rential equations the cost of validating
the existence and uniquenes of equilibria is small when compared to the cost of
identifying potential equilibria by means of a continuation method. Our interes
in this quedion was motivated by the increasing developmert of computer-assiged
proofs in the dynamics of inPnite dimensioral sygems (see [3], [10] and references
therein). As mathematicians we are willing to argue forcefully for the importance
of rigorous veribcation and thus marginalize the cost. Howevwer, in reality for many
applications, researders are often interested in invegigating a variety of model partial
di! erertial equations at a multitude of parameter valuesto gain scientibc insight
rather than an answer to a particul ar quegion. This placesa premium on minimizin g
computati onal cost, often leading to acceptance of the validity of numerical results
simply based upon the reproducibility of the result at dile rent levels of rePnemert.
As we shall argue, the results of this paper suggest that this dichotomy need not
exist and we provide examples wherein it is demonstr ated that by judicious use of the
computati onsinvolved in the contin uation method it is cheaper to validate the reaults
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than to re-perform the contin uation computation. We refer to the method we propose
as wvalidated continuation. As is made clear towards the end of the introduction,
validated cortinuation is slightly weaker and computati onally cheaper than rigorous
cortin uation.

To the best of our knowledgethis is the brst attempt to integrate the techniques
of rigorous computation s with a cortinuation method, thus we focus on a clear pre-
sentation of the ideasasopposeal to presenting the resultsin the mos generalpossble
sdti ng. We make useof spedr al methods asthey provide us with considerable cortrol
on truncation errors. To be more precise assime that (1.1) takesthe form

d
U= L(u!)+ > cp(h)uP (1.2)

p=0

where L(-,!) is a linear operator at parameter value ! and d is the degree of the
polynomial nonlinearity. Typically, c;(! ) = 0 since linear terms are grouped under
L(-,!). Expanding (1.2) using an orthogonal basis chosen appropriately in terms
of the eigenfunctions of the linear operator L(-,!), the particular domain and the
boundary conditi ons, results in a courtable sygem of dile rential equations on the
coe'cie nts of the expanded solution.

To simplify the expodtion, let us asaime the expansion takesthe form

d
e = Fi(U,1) = el D> Y (CagUn, +-Un, k=012, (1.3)
pZOZni:k

where px = pk(!) are the parameter dependent eigenvaluesof L(-,!) and {u,} and
{(co)n} are the coe"c ients of the corresponding exparsions of the functions u and
Co(!) respectively with u, = u_, and (cy)n = (Gp)—_n for all n. In order to simplify
the notation, for a Pxedparameter ! , we usef (u) to denotef (u,!). The contin uation
method is applied to the m-dimensional sysem of ODEs of the form

d
e = e+ Y > (CagUn, --Un, k=0,1,...,m—1 (1.4)

p=0 S n;=k
[n;l<m

obtained by performing a Galerkin projection on (1.3). It is this tru ncation that intro-
ducesthe most substantial concern for the validity of the resaults of the corntinuation
method. In Section 3 we presert estimates that provide us with bounds on the errors.
We obtain thesebounds under the assumption of power decay ratesin the coe" cients
{un }. Of course sud decay rates are directly related to the spatial smoothness of the
equilibria which in turn is governed, at leag in part, by the linear operator L(-,!).
The theoretical justibcation for our proof of existence and uniqueness of equi-
libria is based on a componert-wise version of the Banach bxed point theorem (see
Theorem 2.1) which itself represents a minor modibcation of a result of Yamamoto
[9, Theorem 2.1]. A similar formulation can also be found in [4]. Reaall that to apply
the Banach bxed point theorem one must have a corntraction mapping T : X — X.
Wit h this in mind, we can state that it is appropriate to view our approach as a
method by which the Newton-like iteration of the corrector step in the continuation
processis usedto construct asda X and the above estimates are used to verify that an
appropriate generalization of the Newton-like operator is in fact a contraction. More
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precisdy, let w be a numerical zero obtained from (1.4). In the orthogonal basisused
to obtain (1.3) consider the s& X = @+ W (r) of @ where W(r) is of the form

m-—1 [e%e) A A
w(r)= J]=r.rx ] {kj kss] .

k=0 k=m
Observe that s indicates the decay rate of the coe'c ients and r is referred to asthe
validation radius. Our strategy which is desaibed in detail in Section 3 is to produce
a set of radii polynomials, {Px(r)}k=o,1,..., Whosecoe'c ients are given explicitly in
terms of the constarts Ag, s, and (1.3). Theorem 3.4 guaranteesthat if there exists
a validation radius r > 0 such that P (r) < 0 for all k, then there exists a unique
equilibrium solution to (1.2) in the set X = @+ W(r) built around the numerical
equilibrium @ produced by th e conti nuation procedure. It isimportant to remark that
the conditions of Theorem 3.4 can be checked with a Pnite number of calculations.

As is indicated above the focus of this paper is on the computational €'cac y of
validated continuation, and hence the following organization of the material. Sec-
tion 2 containsthe statement and proof of the aforementioned componert-wise version
of the Banach bxed point theorem, Theorem 2.1, without any indication of how this
result canbe usedin practice. Section3 providesthe opposte extreme, an explicit se
of formulas and steps and the asrtion that their succesful implementation leads,
via Theorem 3.4, to the existence of a unique equilibrium in a specibed s¢. The
justibcation of this assrtion and the relationship between Theorems 2.1 and 3.4 is
presented in Sedion 6. However, preseiting the formulae in this fashion has two
advantages. First, they contain all the necesary information should the reader wish
to independertly code and test the techniques suggesed in this paper. Se®nd, it
allows for the presentation in Sedion 4 of the comparison of the computational costs
between tradition al and validated conti nuation.

It shoud be emphasizel that how one should bes compare the costs between
the two methods of continuation is not completely clear. In the standard approac
m, the dimension of the system on which continuation is performed, is Pxed. Thus
tradition ally, a particul ar Galerkin projection dimension is chosenand cortin uation
is performed. The results are checked by choosing a higher dimensional projection,
re-performing the continuation and then dedding if the two calculations agree with in
a certain level of numerical tolerance In validated continuation, m becomesa vari-
able. In particular, if validation fails then one has the option of choosing a higher
dimensioral Galerkin projection. Equally important, failure of validation may be an
indication that a higher dimensional projection is necessary. In summary, validated
continuation provides an internal check of consistency on the dimension of tru ncation
from the inbnite to bnite dimensional problem a feature which is not presert in the
tradition al application of cortinuation methods.

Wit h thisin mind we have chosen to comparethe computation al costs as follows.
First we restrict our attention to cubic nonlinearities. As is made clear by the formu-
lae of Sedion 3 in this casethe cog of evaluating the nonlinearities and performing
NewtonOsnethod are both of order m®. Thus, we can obtain a rough bound on the
rati o of the cost of traditi onal versus validated continuation by countin g the number
of m3 operations which neel to be performed. These calculations suggestthat for
bxed m the cog of validated cortinuation is lessthan twice the cog of traditional
continuation, that is it appears that it is cheaper to perform wvalidated continuation,
than to perform traditional continuation and then check it against continuation per-
formed on a higher dimensional projection. In Section 5 this estimate is tested against
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actual computation s for the Swift-Hohenberg equation and the Cahn-Hilliar d equa-
tion. To ensure that these comparisons are fair, we employ standard Roating point
computati onsin both cases.

This last point raises an important distinction: validated continuation versus
rigorous cortinuation. Using Roating point calculations at all steps of the validated
cortinuation, doesnot allow oneto control for roundo! errors and hence one cannot
rigorously concluded th e existence of an equilibrium. Because the current computer
technology treats Roating point and interval arithmetic dile rently we chose not to
make and present timed comparisons between the two for this paper. Howewer, if
spedbc steps in the validation argumert are performed using interval arithmetic,
then one obtains rigorous results on the existenceof equlibria. Results of this type
are preserted in Secion 5 for a branch of equili bria of the Swift- Hohenberg equation.

We see the results of this paper as a brst step in the direction of combining
cortinuation methods with rigorous computati ons. With this in mind we conclude
the paper in Section 7 with a discusson of open quedions and on going work. In
particular, we return to the issue of the necessity of interval arith metic computation s.

2. Computational Proofs for Equilibria. Assume that following the expan-
sion of a PDE into an appropriate orthogonal bass, we have a sysem of the form
(2.3). Our goalis to prove that there is a unique equili brium for (1.3) which lies in
a small set containing a computed numerical equilib rium. Supposegr is a numerical
equilibrium computed using an m-dimensional contin uation procedure (as desaibed
in Sedion 3) andw := (@ ,0,...) isthe corregponding point in theinpbnite dimensioral
space We will consider a s& of the form w+ W where W = # v,

o _ | [-r,r] 0<k<m
Wk'{ (R fe] k=m @

for someconstants r,As > 0and s > 2.
A particular ly nice norm to usefor this set (similar to the one used by Yamamoto
in [9]) is the normalized sup norm

where || := max{|x| | X € W }. In this norm, W = B(0, 1) is the unit ball around
0,and v+ W = B(@, 1) is the unit ball around w.

We will now reformulate our problem of studying equilib ria for (1.3) by establish-
ing an equivalent bxed point problemon w+ W. SupposelJ is an invertibl e operator.
Then u is an equilib rium solution of (1.3) if and only if u is a bxed point of

T(u) =u-—Jf(u) (2.2)

wheref is given by (1.3). In practice, T is constr ucted to be a contr action (Newton-
like) operator with J ~ (Df (8)) ! sothat we may useBanachOdxed point theorem.
We now frame this Pxed point theorem in a more computation al setting.

In the process of showing that T is a contraction, we brst consider the following
Lip schitz condition on o+ W:

ITC) =TWlw <Klx—yllw forx,yca+W. (2.3)

The quedion now becomeswhether we can compute a contraction constant K < 1
satisfying (2.3). We begin by computing Lipschitz constarts, K,,, for the component
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functions T, on @+ W satisfying the following
Ta(¥) = Ta(W| < Knlx—yllw forxyca+W. (2.4)

If T is C!, we may take K, to be a bound on the derivative of T, over @+ W. More
explicitly,
Kn > sup|DTh(8+ W) - W|
= sup |[DTh(@+ b)-C|.
b,cew

A constart K, computed in this manner satisPes(2.4) by the following argumert.
For x,y € @+ W, let g,(s) := Th[sx + (1 — s)y]. Applying the mean value theorem
to g,, we get the existence of s, € [0, 1] such that gy (1) — g (0) = d'(sn). Sincethe
sd @+ W is convex, we get the existenceof z, := spx+ (1 —s,)y € @+ W such that

[Th(X) = Ta(Y)| = [DTa(zn)(X =)
= [DTh(zn)

y
X — .
=yl | %Y lw

By construction of | - lw, 751 € W. Now if K := sup,
following argument shows, it satisbes (2.3)

ITn(X) = Tn(Y)|
|V |

|va"| < oo, then, asthe

[T = T)llw sup

DT, (Zn)ﬁ IIX —yllw
|V |

sup
n

Kn
|V |
KX = yllw -

Theorem 2.1. (Existence and Uniqueness) If for all n there exist bounds
Yn > [Th(8) — @, | and Ky satisfying (2.4) such that

< X = Ylw

< sup
n

Yo+ Knp —|Wh| <O (2.5)
and
Kn
K = su <1 2.6
Uup Von] (2.6)

then there exists a unique fized point of T in @+ W.  Proof. The brst inequalty
ensuresthat T(a+ W) C o+ W. This is true if and only if for every u € o+ W,
[T(u) —alw <1, or equivalertly, W < 1for all n.

Let ucw+ W. Then |Ju —v|w < 1and for each n,

[Th(u) — @, | = [Ta(u) — Tn(8) + To(@) — By |
<|[Ta(u) = Ta(@)|+ [T (8) — B0 |
<Knlu—wfw + Yn
SYn + Kn
< [Wn|



by assimption (2.5). Therefore, T(@+ W) C B+ W. The second inequalty guaran-
tees that T is also a contraction. Thus, the result follows from BanachOgoxed point
theorem. 1

Let us make the comment herethat su“c ient regularity of the equilib rium solu-
tions will ele ctively reduce the inpnite s& of conditi ons listed in Theorem 2.1 to a
bnite list. In esence,the strong decay in the higher modes may be useal to verify
(2.5) simultaneously for all n > N for some N. (In our cae N is determined by
the dimension useal for cortinuation and the degree of the nonlinearity.) Further-
more, regularity of the equilibria may alsobe used to show that K |v#, |’1 becomesa
decreasing sequence Therefore, (2.6) follows automatically from (2.5).

Perhaps an even more important point to make for our intended algorithmic
approach in this paper is that Y, + K, — |#,| will be given as a polynomial in the
validation radius r, the width of the set W in the low modes. Therefore, validating
th e existence of a unique equilibrium near w will amourt to showing that it is possible
to simultaneously solve a (Pnite) list of polynomial inequalities in r.

3. Validated Continuation. The ideas outlin ed in Section 2 for proving the
existence of unique equilibria bt naturally with traditional cortinuation techniques
for following branches of numerical equilibria. In particular, an approximation of a
projection of the Newton operator given in (2.2) onto the appropriate m-dimensional
subspaceis an intrinsic elemert of the continuation algorithm. In this section, we dis-
cussexploiting this relationship to automatically producea validation of the existence
of unique equilibria at ead step of the conti nuation procedure.

Recall that following the expansion of the system in the appropriate basis we
have

u= f(u,!) (3.1)
wherefor k = 0,1,2,..., ik = pk(!), (c)n = (c('))n and
d
e = Fio(U) = et + Y D (Gp)noUn, -+ Un, (3.2)
p=0>"n;=k

A brst step for implementing a cortinuation algorithm for studying a PDE is
to perform a Galerkin projection. Let m be a bxed projection dimension and con-
sider the following tru ncated version of our original expansion of the PDE given in
(3.2). For ug := (Ug,...,Um_1) € R™, debne f (M) : R™ — R™ by f (M(ug) =
F™ (), ..., £ ) (ug)) wherefork=0,...,m—1,

d
fk(m)(uF) - “kuk + Z Z (Cp)ngunl .. .unp
p=0 S n;=k
[n;|<m
The corresponding Galerkin projection of the original system (3.1) is then
e = f M™(ug,!) (3.3)
This isthe m-dimensionalsystem to be studied numerically. Intuitiv ely, we expect
that if m is su”c iently large, (3.3) will capturethe essntial dynamics for the original
sydem (3.1). In particular, given an equilibrium @ for (3.3) we expect that thereis
a small sa¢ around v := (@f,0,...) which contains a unique equilibrium solution for
(3.1). Our approach is to study this relationship via the tools outlined in Section 2.
6



3.1. Continuation for ODEs and Newton-like Operator. A traditional
cortinuation procedure involves iteration of predictor and corrector stepsto trace out
branchesof equilibria. Under the assumption that at some parameter | = I, we have
an equilibrium solution for (3.3), we want to cortinue the equilibrium aswe vary ! .

1) Euler Predictor: Given an approximate equilibrium xq at !, the predictor at
i=1g+ $! iSX(lo): Xo + Xb$ !, where

, —1
Xh = —F ™ (xo,10)  F™ (X0, 0). (3.4)

2) Quasi-Newton Corrector: We now use the following quasi-Newton iterativ e
schemeto improve our approximation at !,

X = (M MG ©, 1) M) (3.5)

If k is the total number of iteration s of (3.5), then B := xgk) and f (M (@e,!,) ~ 0.

As before, debre the corresponding point o = (@¢,0,...) in the inPnite dimen-
sional space We now use the information required for the next predictor step, the
numerical inverse of f>5m>(wp ,11), to construct a Newton-like operator near @ at the
parameter value! ;. Let Jg «¢ bethe numerical inverseoff§m)(wp ,'1) and debre the
Newton-like operator T by

T(u) =u-—Jf(u (3.6)
where
JE xF 0
. Mn'
T 0 H;-i-l

is the block diagonal matrix which we expect to be closeto (Df (,!)) ~*. Note that
T,J,andf all depend onthe parameter ! . As in Section 2, we will attempt to show
that T is a corntraction on a set of the form w+ W where W hasthe form (2.1). We
now emphasze the dependenceof this setW = W (r) on the validation radius r since
this approach relieson bnding an appropriate r > 0 to satisfy a se of conditions. The
constarts As and s may be determined by regularity arguments or otherwise set prior
to the computati ons. As seen in the debntion of W(r), these constants determine
the size of the region in which we are attemptin g to show the unique existence of an
equilibrium solution.

3.2. Radii Polynomials. We now present the formulae for radii polynomials.
In order to focus on the applicability of validated conti nuation the justibcation that
thesepolynomials do, in fact, encade the required bounds Y, and K, in (2.5) for the
Newton-like operator constructed in (3.6) is delayed to Sedion 6.
Since the formulae for the polynomials are rather ungainly, let us begin by ex-
plicitly stating the information that is usedto construct the coe'cie nts.
e d is the degree of the nonlinearity of (1.2).
e m is the number of modesused in the Galerkin projection.
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e M > m is a computational parameter that allows for the use of explicit
values for coe" cients of M — m additional modes to deaease trun cation
error bounds.

e M, > m is a computati onal parameter that allows for the use of additi onal

structure in the model to get tighter truncation error bounds.

g € R™ is the numerical zero produced by the predictor-corrector step.

Je £ is the numerical inverse obtained from the predictor-corrector step.

(Co)n, [n| < m are the coe" cients from the exparsion (1.3).

Uk, k > 0 are the eigenvaluesfor the linear operator L as expresedin (1.3)

and

o= "JQH [Hn |-

Note that if |u,| is monotonically increasingfor n > m_, then @ = |um . |.

s and Ag are podtive constarts that are related to the regularity of the
equilibria.

Observe that given this information we can evaluate the vectors

fo(a) fo(8)
fr(0) = : and f'(@):= | f1(9)
fm_1(8) :
where
d
fn(B) = Unun"'z Z (Cp)nounl"'anp
p=0 ng+é&tnp=n
Inql,....np|<m
and

d
fr@=pn+ > P D> (C)neBh, B, ,

p=1 ng+é&tnp=n
Nl Npr 1]<m
We can also set
d aqP
Y > W ifm<k<dm-1) 67
- if k> d(m —1)

where

(coB)y = Z (Cp)noBn, -+~ Bn,.
> ni=k

The following constants are all related to asymptotic bounds on the expansions
of the numerical equlibrium @, and the set 8+ W. As such they are related to the
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regularity of the equilibrium and the coe"c ients of (1.2). Debne

2
"= +2+35.2°
1

Cp = max{|(Gp)ol. [(cp) [k}
” =  max {[ao], e |k[°}

A = A(r) .= max{As,r(m — 1)°}

d d
— P\. -

CRA) => > '(|) PC,AA(r)!

I=1 p=max{2, }

maxXnj<m, {|1—Jf'(8)|n[n]~°},
Alinear = max 0 if f/(8) = Oforalln>m,
Zg:2 p"PC,A~1g~! otherwise
C (M A) — Z?:l Zg:max{Q,I} I (Fl))" pcp/q)_lAl if Yk = Oforall k 2 er

I - 23:0 ! pCpMJ + ZF:I Zg:max{Zl} I (FI))" pcp@_lAl otherwise .

Observe that this implies that @& € A[-1,1] and wi C A[—1,1] for all k. Also,
decreasing @ by increasingm decreasesthe asymptotic bound constant A ear -

The validation procedure also requires bounds on the errors due to truncating
modesk > m. These bounds comein the following form:

#h = Zil(?)#n(p,l,M) (3.8)

I1=1 p=I
where
#H(p,M) = (3.9)
i PTG, A 1,1 "PC, A
M —-1)"(s—1) |[(M —=n)s (M +n)s|’ ns ’
and
Co(p,j,I,M) := (3.10)
Al
S (G)ngln, - B, 2. WFoRF
Iml< (p=H(m=1)+M Sn=n Xnitn=n ! :
| In%<M|<m m<nql,..., [n;|<M
1lseeen pl L

For notational purposes, we also debne m-vectors cortaining these bounds for modes
n=20,...,m—1asfollows.

# Co(p.j,1,M)
# = : , and Cg(p,j,I,M) = :
Hn -1 Cin—1(p.j,1,M)
Note that thesebounds are computable in that they require only a Pnite number

of computations. In addition, increasng the computati onal parameter M has the
el ed of increasing the computational work in order to decreasethe bounds.
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We now use bounds (3.9) and (3.10) to debne radii polynomials, Pn(r). These
polynomials are designed to encode the bounds required by Theorem 2.1. More
spedbcally, asis demonstrated in Section 6, the polynomials are constr ucted so that
Pn(r) < Oimplies that Y, + K, — |#,| < 0 on the set

m-—1 o] A A
o+ W(r)= o+ (H[r,r] X {ksk:D . (3.11)
k=0 k=m
Def initi on 3.1. To simplify notation, the finite radii polynomials, Py, ...,Pm_1,
are given asan m-vector Pg (r) = (Po(r),...,Pm_1(r))!. Debne
d
Pe(r) = > Ce(n)r" (3.12)
n=0
where the coe'cie nts are
Cf+Ck@O n=0
Ce(n):=< CfEM)-1 n=1
CK (n) n=2...,d

The right hand terms are debred as follows. The individual terms of the vectors
CK (i) are chosen to satisfy

ckK(i>>( 5 fjl(f’)(i')#xﬂ&(p.l—i,l,M)

l=max{2,i } p=|

{ |JF xF |#F + "/Qlinear Ak=S i
+

0
2'@(I inear K™% [ 1 . (3.13)
0 otherwise ‘

and similar ly
C¥ > |-Jexrfr(0). (3.14)

where | - | and the bounds are computed componert-wise.

Observe, again, that determining these bounds require only a Pnite number of
computati ons.

Def initi on 3.2. For k > m, the tail radii polynomial is

| 50Ukl . C(AA (1) A,
Pi(r) = ¢ ¢, k) A " TR Mk My
e il r k>m,

where, again,

(co@)k = Z (Cp)noBn, -~ Bn,.
> ni=k

Def initi on 3.3. Consider the radii polynomials consisting of the Pnite radii
polynomials Py, k = 0,...,m — 1, and the tail radii polynomials, Py, k > m. A
postive real number r is a validation radius if Pc(r) < 0 for all k > 0.
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The proof of the following theorem is presented in Sedion 6

Theorem 3.4. If there exists a validation radius r > 0 and the eigenvalues Pk
satisfy |Mk| — o0, then there exists a unique equilibrium solution of (3.1) in @+ W (r).

We now present a procedure for computin g a validati on radius that satisbesthe
hypotheses of Theorem 3.4. In particular, this procedure describesa natural order for
debring the decy constarts Ag, s, and A. The constants As and s rel3ed regularity
properties of the equation and should be chosen either from numerical simulations or
analysis. In this approach, we chooseto treat A = A(r) asa constart. The rationale
for this choice is that from a computational perspective, we would like to bndr > 0
solving simple constructions of th e Pnite radii inequalitiesPy(r) < 0,--- ,Pm_1(r) < 0
with out having to simultaneously cortrol the more complicated e! ectsfrom A on the
coe'cie nts of these polynomials as well as on the tail polynomials Py, k > m. A
practi cal way to achieve this goalis to set A = Ag at the beginning of the procedure
and then check in the end that a solution r > 0to Py(r) < 0,--- ,Pyn_1(r) < O also
satispes r(m — 1)° < As.

Here, for the sake of simplicity, we s& M = m. If the truncation error bounds
prove too large for the computations, then M should be increasel as described in
Remark 6.4 in Sedion 6. Finally, we add a conditi on which reduces the check of the
tail polynomials Py(r) < 0, k > m to a Pnite number of computations. The following
procedure outli nesthis approach.

Procedure 3.5. Suppose that the eigenvalues Pk are such that |px| — oo.
Suppose further that we may choose mym,m € N, m > m; > m, and @> 0 such
that

1. m is the Galerkin projection dimension used for numerical continuation,

2. m_ is the parameter used in the computation of C (A A), and

3. m measures eigenvalue monotonicity as follows: for allk > m, |uk| > |@].
SetM = m.

Remark: m should be chosen to give the expeded nonzero modes along the
bifurcation branch under study and m = m = (2d+ 1)(m — 1) + 1if (c)n = O for
all n # 0 and the eigenvalues, px are monotonically increasing in magnitude after
k= (2d+ 1)(m —1).

Fiz the decay constants

s>2 and As> 0. (3.15)

Remark: In practice, Ag and s should be determined by regularity properties of the
equation.

Set A = As. Using the finite radii polynomials given in Definition 3.1, for
k=0,---,m—1 numerically compute I := {r > 0| Pc(r) < 0} and

-1
= (). (3.16)
k=0

Check that T 7 0.

Remark: If Z = (), begin the procedure again either by choosing m larger or by
choosing s larger and/or Ag smaller in (3.15).
Check that there exists B€ L such that
As
< —_
7= m -1
11
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Remark: If such an pexists, then A = Ag = max{As, dm —1)3}. Thisin turn implies

that componert-wise Pe (B < 0. If Bdoes not exist, then begin the procedure again

either by choosing m larger or by choosing s larger and/or Ag smaller in (3.15).
Check the inequalities

C(RA)
2]
Remark: If any of these inequalities fails, begin the procedure again either by choosing

m larger or by choosing s larger and/or As smaller in (3.15).

Observe that if Procedure 3.5 is successul, the hypotheses of Theorem 3.4 are
satisbed with validation radius &

Pn(@® <0, ---, Pn_1(® < 0 and

~ A< 0.

4. Computational Cost. We now provide a rough comparison of the cogd of
continuation with the cog of validated conti nuation for PDEs of the form

u = L(u,!)—u?. (4.1)

Sincethe degree of the polynomial nonlinearity in (4.1) is cubic and we use a Newton-
like operator in the continuation procedure, the mog expensive terms of the compu-
tation involve m? operations, where m is the number of modes used in the Galerkin
projection

M ue ) = meMuc— Y UnyUnyUn,,  k=0...,m-1 (42
ny+ng+ng=k
Inil<m
Wit h this in mind we count the number of m3 operations for both approadhes to
obtain an edimate for the asymptotic cogs and conclude with stati stics obtained
from calculations for the Swift-Hohenberg and Cahn-Hilliard equations.

4.1. Cost of Continuation. We demmpose the analysis of the cog of con-

tinuation into four steps, assuming that we begin with an approximate zero xq at

Lo

Step 1.. In order to get the Euler predictor (3.4), we need to evaluate the vedor
-1
™ (x0,10)  F{™ (x0,10). This requirescomputingthem by m matrix <™ (x{”, 1),
wherefor 0 <i,j < m,

M 1) =8 -3 2 T X

i1 41
ni+ng+j=i
[n;l<m
(0) (0)
MDD Lt I T
nytnol j=i
[n;|<m

This involves the evaluation of 2m? sums demanding 2m — 1 multi plications and

2m — 2 addition s ead. Therefore, determining f" )(xéo), 1 9) requires 8m3 operations.

Next, we compute the LU decomposition of f)fm)(xéo), 19) in order to compute the
action of its inverse on f[(m)(XQ,!O). This involves §m3 operations. In our case

f!(m)(Xo, '9) = Xq, requiring no additional cog. The predictor is then

!1 :!0+$!.

12

1
{ X§°) = X0*$!f>£m)(xo,!o) Xo



Step 2.. We now start the corredor. To construct the quas-Newton operator

(3.5), we ned the action of the inverse of fx(m) at the predictor (x§°>,! 1). As seen

before, it cogs 8m? to evaluate fx(m)(xgo), 1) and %m?’ to compute its inverseusing
LU deconposdtion. Note that we need to compute the LU decomposition only at the
brst step.

Step 5.. At thej™ iterati on of (3.5), we need to evaluate f (™ (x = 1), Its ith
componert is

[0 ) = i )
R DL IS Rt IS

nit+ngt+ng=i
[ngl<m

which requires at leag 3m? operations to evaluate. Since f (™) has m componerts,
we get atotal of 3m?3. If k is the total number of iterations of the corrector, then this
step requires 3km? operations.

Step 4.. The corrector ends when ||f (m>(x§k), I1)]| < tolerance. Let @ := xgk).
Evaluating the function at (¢ ,!) is another 3m3. Now, note that we have to com-

pute the action of the inverseof f>§m)(wp ,11) to get the predictor for the next step.
Recall Jg «F is the numerical inverse off>§m)(ap ,1'1) computed as before using an LU
deconposdtion. Explicitly computing all the coe" cients in f>§m)(wp ,11) requires an
extra 2m3 operations. We do not count the m? involved to get the next predictor,
sincethat is part of the next predictor-corrector step.

Combining the cods of the four above mentioned steps suggests that the cog of
one application of the predictor-corrector algorithm is on the order of (20 + 3k)m3,
where k is the number of iteration s in the quas-Newton corrector.

4.2. Cost of Validation. We now show that the extra cog of performing vali-
dation for a cubic function (d = 3) with constant function coe"c ients is of the order
of 6m? operations where m is the projection dimension used for continuation. The
addition al cog comes primaril y from computing the coe'c ients of the radii polyno-
mials. In the following, we construct m, = d(m — 1)+ 1 = 3m — 2 polynomials
Po, ..., P3sm_3 using Procedure 3.5 and calculate the asscciated computational cod.
Both to simplify the presentation and becausethis is what is usel to perform the com-
putations presented in Sedion 5, we se @@ = m, = d(m — 1) + 1, with |ux| > |Um |
for all k > m, and M = m. As descaibed in Procedure 3.5, A = Ag and we consider
bxed s> 2 and As > O.

The only nonlinear term of (4.1) is a monomial of degree 3. Thus, if p # 3,
then Ck(p,j,I,M) = 0. In addition, we have set M = m. Hence if | # 0, then
Ck(p,j,1,M) = 0 (see Remark 6.4). Therefore, the only nonzero terms of this form
are

Ck(3,0,1,m) = > e, e, | (4.3)

ni+ng+ng=k
[naf[nz2],|ns|<m

13



Hence by (3.13) we sd
CkK (0) > (|JF xF |7+'ﬁ:)k + " /%inear Akis (4-4)

for 0 < k < m and | - | denotes the componert-wise absolute value. All necessry
computati ons for CX (0) are of order less than m?. Using (3.13),

CkK (1) 2 2"%inear kis

for 0< k< m.
Comment 4.1. Observe that

MaXo<n<m [IF xF — JF x¢ Df M(B)|Ig,
Ainear < Max d
Zp:2 P"pcp'@_l(min{um,---,Hm+711p‘})_1

where Ig == (1,1,...,1)! and |-| denotes the component-wise absolute value. We used
this upper bound in our implementation, which implies that computing C,:K (1) does

not require any M?> operations.
Finally, combining (3.13) and (4.3)

C (2) > 63 ¢ |CF (3,0,2,m)

whereC,(3,0,2,m) = |a,| and
CF (3) > 3|J¢ x¢ |CF (3,0,3,m)

where C,(3,0,3,m) = 1.

The lag coe'cie nt to compute to get all the bnite radii polynomials (3.14) is
C¥ > Jr e fr(9)]

where again |- | denotes the componert-wise absolute value. T his comeswith no extra
m? cod sincefr (@) = f (™)(e,! ) wascomputed in Step 4 of the predictor-corrector
algorithm.

The next step in Procedure 3.5 is checking for the existence of a validation ra-
diusr > 0. This requires Pnding the numerical zeros of eat of the cubic poly-
nomials Py, - -- ,Pm 1, constructing lg,---,Im_1 where Iy are closed intervals suc
that Iy € {r > O|Px(r) < 0}, and Pnally chedking for a non-empty intersection
7= N1k Al of thesesteps are of order lessthan m?.

Assuming thereexistsa postivew e Z such that gm—1)° < A, we construct and
evaluate the tail radii polynomials P, --,P3sm_1 at @ We compute Yy using (3.7)

which requires 6m? operations since we needto evaluate f (@) fork = m,---,3m —3.
Using Debnition 3.2 and the assumption that A = A we compute

3
CRA) = I (f') STIA = 3R+ AL
=1

14



This latter step and the remaining computation s for Procedure 3.5 are all of order
less than m3.

In summary, the m? cog of computing the coe'cie nts of the radii polynomials is
6m3. Thus the additi onal cost of validation is on the order of 6m? operations.

4.3. Relative Cost. Combining the results of Sections 4.1 and 4.2 suggess that
asymptotically the ratio of the cost of validated cortin uation to the cost of traditional
cortinuation is

26+ 3k
20+ 3k’

where k is the number of iteration s performed in the corredor step. We tested this
hypothesis again two fourth order partial di! erertial equations with cubic nonlineari-
ties, Swift-Hoh enberg and Cahn-Hilli ard. The results are discus®din greater detail in
Section5. For the moment we are only interested in therelativetimes of computation.

We performed validated cortinuation for 46 predictor-corrector steps involving
a total of 90 quas-Newton iterati ons for the cubic Swift-Hohenberg equation. We
repeated the computation s without validati on. The ratio of elapsed time for validated
cortinuation to the time used for contin uation alone was ~ 1.156. Given that we had

an averageof 90/ 46 iterati ons per predictor-corrector step, this is closeto the rough

edimate of ggigj% ~ 1.232 given by the above argumerts.

Similarly, we performed validated cortinuation for 15 predictor-corrector steps
involving a total of 37 quas-Newton iterations for Cahn-Hilli ard. Again, we repeated
the computation s with out validation. The ratio of elapsal time for validated con-
tinuation to the time usedfor continuation alone was ~ 1.173. Given that we had

an average of 37/ 15 iterations per predictor-corrector step, the asymptotic ratio is

26+3-37/ 15 __
204337715 1.219.

The results of these computation s are summarize in Figure 4.1.

PDE | m | #ilerations T'Eyperimental Ratio | Estimated Ratio 20+3X

# steps 2042k
S-H | 27 1.96 1.156 1.232
C-H | 60 1.65 1.173 1.219

Fig. 4.1. Comparison of the Asymptotic Ratios

5. Sample Results. Todemonstrate the practical applicabilit y of validated con-
tinuation we turn to two model problems, Cahn-Hilliar d and Swift-Hohenberg. In
both casswe follow a branch of equilibria and validate at each parameter value of
the cortinuation. In the caseof Swift-Hohenberg we also useinterval arithmetic to
evaluate the radii polynomials, thus allowing us to rigorously verify the existence and
uniqueness of the equilibria.

5.1. Cahn-Hilliard. The Cahn-Hilliard equation was introduced in [1] as a
model for the process of phase separation of a binary alloy at a bxed temperature.
On a one-dimensionaldomain it takes the form

1
U= —(FUux + U— W) , x€[0,1]

Uy = Uy =0, atx=0,1 (5.1)
15



The assumption of an equal concentr ation of both alloys is formulated as

/1u(x,-)dx: 0
0

Note that when looking for the equilibrium solutions of (5.1), it is su" cient to work
with the Allen-Cahn equation

1
Tl + U — uw=0 (5.2)

Uc=0 atx=0,1.

Re-writing (5.2) in the form of (1.2), the linear operator isL(-,!) = l% + 1 and

the polynomial nonlinearity is of degree d = 3 with coe" cient functions

() = -1 p=3andn=20
Gln = 0 otherwise.

Applying Procedure 3.5 with M = m = 60,s = 3, and As = 0.01, results in the
branch of equilibria indicated in Figure 5.1 where each point represents the center
of the inbnite dimensional validation sa& of the form w+ W (), containing a unique
equilibrium of (5.1). Theseare the points used to obtain the cost edi mates presented
in Figure 4.1. To avoid drowning the readerin largelists of numbers, we only provide
the detailed numerical output at one parameter value.

Valid ated Result 5.1. Let! = 4357415358799057 Then,

p= 4.846104201261526 103

is a validation radius for the numerical zero @ given in Figure 5.2. Thus, there exists
a unique equilibrium for (5.1) in the validation set

59 oo
(.00 + [[-mei= [T |-555 5 )
k=0 k=60

5.2. Swift-Hohenberg. The Swift-Hoh enberg equation

2
Ut:f(U,!):{!—(l+;&/&2) }u—u3, u(-,t)eLQ(O,fiL),

u(x,t)y=u <x + Z&,t) , u(—x,t) = u(x,t), I >0, (5.3)
Lo

was originally introduced to desaibe the onsd of Rayleigh-Benard heat convection
[8], whereL ( is a fundamental wave number for the sysem size 2&/L (. The parameter
I corregonds to the Rayleigh number and its increaseis asciated with the appear-
ance of multi ple solutions that exhibit complicated patterns. For the computati ons
presented here we bxedLy = 0.65.

Re-writing (5.3) in the form of (1.2), the linear operator isL(-,!) ="! —(1+ %)2
and the polynomial nonlinearity is of degreed = 3 with coe" ciert functions

() = -1 p=3andn=20
ln = 0 otherwise.
16
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Fig. 5.1. Validated continuation in v for the Cahn-Hil liard equation on [0, 1].

Applying Procedure 3.5with M = m = 27,s = 4, and As = 0.002, reaults in
the branch of equilib ria indicated in Figure 5.3 where ead point represents the center
of the inbnite dimensional validation se of the form @+ W (i), containing a unique
equilibrium of (5.3). Again, these are the points usel to obtain the cost edimates
presented in Figure 4.1.

As in the caseof the Cahn-Hilliard equation, we only include the output at one
point on the branch of the Figure 5.3.

Valid ated Result 5.2. Let! = .6674701641462312Then

B= 1.998167170445973« 10~ °

is a validation radius for the numerical zero @ whose coefficient values are indi-
cated in Figure 5.4. Thus, there exists a unique equilibrium solution for (5.3) in the
validation set

26 oo

0.002 0.002

(8r,0) + H[—Ia,@x {_ ki ' k4 }
k=0 k=27

Observe that in all the above mentioned calculations Roating point round-o!
errors have not been controlled, thusat this point onecannot claim that the Validation
Results presented above are rigorous. However, wit h additional computati onal elort
a computer-asssted proof can be obtain. To be more precise our technique relies on
the existence of a validation radius B making all radii polynomials strictly negative.
Hence rigorous validation follows if the inegualities are satisPed when one includes
boundsto control the possible of Boating point errors. The brst stepin checking these
inequaliti es on this level is to obtain Roating point outer bounds for the coe" cients
of the polynomials. This can be done by debning eat ertry of

WF! f(m)(aFy!)v ‘]F xXF s f)Em)(wFa!)y “k(')y ASa ands

to be aninterval and then computin g (3.13), (3.14) and the quantitiesin Debnition 3.2
using interval arithmetic. The resultin g radii polynomials, which we denote by Py,
have interval coe" cients. Let mbe the smalleg represantable number suc that using

17



O
1.773844149032812 10!
—7.601617928785714% 104
3.271672072176762 106
—1.408100160017936 108
6.06034438247145% 101!
11 | —2.60832051580323% 1013
13 | 1.12259834504898@ 1015
15 | —4.831561184682242 1018
17 | 2.07945748546969% 1020
19 | —8.94977027127523% 1023
21 | 3.85188036002413% 10 2°
23 | —1.657801422354123 1027
25 | 7.13494746411461% 1030
27 | —3.070770234245256 1032
29 | 1.32160549541957% 10 34
31 | —5.687926883858248 1037
33 | 2.447955395983479 1039
35 | —1.053537452697732 104!
37 | 4.534120813401209 10— *4
39 | —1.951337823193323 10 46
41 | 8.39784260631900% 1049
43 | —3.614086242431264 105!
45 | 1.555336697148314% 10 53
47 | —6.693373497802139 1056
49 | 2.880447985844179 10 58
51 | —1.23956398918251% 1060
53 | 5.334225825486573 10 63
55 | —2.29544542859993% 10 %>
57 | 9.877687199770852 10 68
59 | —4.250458946966345% 1070
>60 0

~N O WX

©

Fig. 5.2. The numerical zero @r obtained by contin uation for the Cahn-Hil liard equation at
v = 43.57415358799057. Note that all even coe! cients are 0.

interval arithmetic, the corresponding Pnite radii polynomials may be shown to be
strictly contained in (—oo,0). Assume such an @ exists. |f, again using interval
arithmetic, Bklm — 1) — A5 C (—o0, 0) and the intervals obtained from evaluating tail
radii polynomials at @ are strictly contained in (—oo, 0), i.e. Pi(8 C (—oo,0) for all
k > m, then the hypotheses of Theorem 3.4 are satisbed and we obtain a proof.

The above mentioned computation s were performed using the interval arithmetic
padkagein Matlab. Thus, we can state the following theorem.

Theorem 5.3. FEach point in Figure 5.3 represents the center of an infinite
dimensional set of the form

o + H[ o x ﬁ { 0.002 0002}

k=27

containing a unique equilibrium to (5.3).
18
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Fig. 5.3. Validated continuation in v for the Swift-Ho henberg equation at Lo = 0.65.

k [

1 —3.359998711939212 10!
3 4.824376413178066 103
5 —1.761066797314072 1075
7 7.535865329757206 10~8
9 —2.790895103063484 1010
11 9.41110949122777% 10713
13 | —3.11393632169064% 10~ 1%
15 1.007016979585499 10-17
17 | —3.200410295859874 1020
19 1.00387881713239% 1022
21 | —3.114244522738206 1025
23 9.57315696481386@ 1028
25 | —2.92039463049122% 1030
>26 0

Fig. 5.4. The numerical zero @r obtained by continuat ion for the Swift-Hohenberg equation at
v = .6674701641462312 and Ly = 0.65. All even coelcients are 0.

The actual valuesfor the various numerical zerosand validati on radii are of limited
interest and thus not presented. Of greater interes is understanding how large are
the errors induced by the Roating point computation s as opposed to the magnitudes
of the Roating point computations of Pk (@), k > 0, where @ is the validation radius.

Let usrestrict our attention to the equilibrium described by Validated Reault 5.2.
Following Procedure 3.5 at this parameter value, beginning using radii polynomials
with interval coe" cients and performing the computations with interval arithmetic
leadsto an interval of potential validation radii

7 = [3.373873850437414 10~?,9.003755731999988 10~ *].

Hence we choosew = 3.37387385043741% 10~°. There are 53 inclusions that neal
to be satisbed, those arising from the 2m — 2 = 52 tail radii polynomials with interval
coe'cie nts and the one asscciated with the inequality (3.17). The fact that the
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inclusionsare satisbedleads to the conclusion of Theorem 5.3 at this parameter value.
Again, ratherthan listin g all 53inclusionslet usfocusonthe two extremes, theinterval
closeg to O

Py7(B) = —3.19148449659711% 101! + 7.03749755523630% 1024
and the interval the farthest from 0
—1.973098298147102 103 + 8.67361737988403% 10 '*

correponding to the inequality (3.17). Obseave that in both cases, the width of the
interval induced by the Roating point errors is more than ten orders of magnitu de
smaller than the value of the center. Furthermore, this behavior is typical for all the
validation computation s that were performed. T his suggess that it is reaonably safe
to assumethat a validated eguilib rium is a tr ue equilib rium.

6. Justification of radii polynomials. In this sedion, we descibe the con-
struction of the radii polynomials that were debred in Sedion 3.2 and encale the
bounds required for Theorem 2.1. We begin by computing the required bounds Y,
and K in (2.5) for the Newton-like operator constructed in (3.6).

Using a Taylor expansion of the Newton-like operator T(u) = u — Jf (u) around
the numerical equilibrium @ = (@¢,0,0,...) leadsto

T(e+ Ww)w= (1-Jf'(@+ w))w

(29 (r@+ @+ o Dyt e EE )
d

(O]
(1—Jf"(@)w —J <Z (f))!( /)'-1>w

1=2

d d

nl—1
= (1-Jf'(@)w-1J ( lecpwiﬂ((li\)IV)l)')W

p=l

51 (f)owr )

p=I

||
)

M=

=@A-Jf'(@)w-1J (

||
v

where

d
f'(@) = L'(8) + > poe°".

p=2

Expanding into Fourier modes, we get

T'(e+ w)w=(1-J3f'(a@) xw—J (

Zd]( )cpup fw')' = 1) * W

M- I

= (1-Jf'(@) xw—J (

il( ) (ol ") * (W) ! *W)

I|
N
o°

(6.1)
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where x denotes discrete convolution and 1 has Fourier expansion

1 = 1 n=0
"7 1 0 otherwise

Thus,
d
(1-J3f'(@) xw = [Z (1~] (|:P—k+zp Z (Cp)nounl"'ap—1:| )) Wn] ,
" P2 Tk Vo,
and

(co@ ™) * (W) 1) 5w =

Z( Z (Cp)nuanl...unp”)( Z W,/n...w,’m 1Wm)] )

n S n;=n S n,=n-n

Here, []n denotes the bi-inPnite vedor indexedby n € Z and (-)x denotes the entry
at index k.
We usethis expansion to compute the bounds

Kk > max|(T'(e+ W)W)|
d

d
>max|(1—Jf'(@) +w —J (Z |(T>(Cpn’pl)*wl)
=

I=2p

where, asin Section 2, W hasthe form (2.1).

The block-diagonal structure of J allows us to decompose(6.1) into a bnite, m-
dimensioral piece and the inbnite dimensionaltail terms. For the following, we adopt
the notation [-]J to denote the m-vector whose nth entry is computed at index value
n—1for 1 < n < m, the subscript F to denote the bi-inPnite vedor in which the
kth entries for |k| > m are se& equal to 0, and the subscript I to denote the bi-inbnite
vedor in which the kth entries for |k| < m are se egual to 0. We begin with the
following decompostion of the linear term.

(1-3f"(@) xw=(1—-Jf'(@) xwg + (1 —JIf'(8)) =w
w—Jf’(8) xw (6.2)

Remark 6.1. Note that [(1 —Jf"f(a)) *W,fL may be written as the matriz

multiplication (IF «F — Jg xg Df (m)(ﬂ))wp where |g «g is the m x m identity ma-
triz. The matriz (I,:Xp — Jg <« Df (m>(a)) was computed during the continuation
step and is expected to be close to zero. The term (1 — Jf'(@)) * Wg encodes bounds
on (I FxF — Jr xp Df (m)(W)) as well as other linear effects from the mizing of terms
in the numerical zero @ with truncated modes. It follows that

[T'(a+ W)W]e C[(1—Jf'(@)) «we + (1 —JF'(8)) = w]

- (JF F zd:zd) (p> [(co0® ™) *WI]F) (6.3)
X I . .

1=2 p=l
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For k > m,

d d

(T'(8+ W)W), € =J(k,k) > > I (f) (ol ") 5 W) (6.4)

I1=1 p=l

We now focus on bnding bounds on the terms givenin (6.3) and (6.4). First consider

(@)« W)y = Z( > (cp)noan1-~-an,,!,) ( > Wnl"'wn,)(6-5)

n Zn,’,:ﬁ Zn,;+n:k

where p is the degree of the original monomial term of f and | € {1,...,p} is the
order of the derivative being taken. One upper bound for (6.5) is given in the following
lemma, which uses asymptotic bounds Prst listed in Sedion 3.2.

Lemma 6.2. Let" = 2;+ 2+ 3525 o € A[-11], ()« € %[—1, 1], and
W C g5[—1,1] for allk. Then
HOAT A1,1] k#O
(o8 ™") # W)k €

"PC,AIAI[-1,1] k= 0.

Proof. Note that

Z( Z (Cp)nonnl"'“np! Z wﬂl"'wnl)

n S n;=n n;+n=k

- Z (Cp)noanl "'unp! lwnp! I+1 "'Wnp

S n;=k
cy C, M .4 A A 1
= e ol I g a g gl

The remainder of the proof is a modibcation of [2, Lemma 5.8]. 1

In mog cases, especially when | is small relative to p, this bound will be too large
to use for the low modes In particular, @ may be far from zero, resulting in a large
constart . By taking k su'c iently large, the contraction given by J(k,k) ~ p !
will overcome the large bound. A more practical approach for obtaining bounds for
the low modesis given by the following lemma. For Rexibility in balancing numer-
ical computations (requiring a bnite number of operations) with analysis (to obtain
tru ncation bounds), we chooseM > m to be the dimensionused to split thesesums

Lemma 6.3. ForM >m,

(@) < W) C (Z (j )ox@iitmyr + #k(p,l,M)) 111

o
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Proof. This lemma is a modibcation of [2, Lemma 5.10] combined with Lemma 6.2.
In [2, Lemma 5.10] the bound is split into Pnite sums and the tail term, bounded by

p"P-1C, AP~ Al 1 1
MDD {(M SRR (VI k)S] =31

We obtain a polynomial in r by rewriti ng the Pnite sumsas follows:

B> @nemn, v, ) (D W wn,)

N n,=n S n;+a=k
[n:|<M [n;|<M
= § ( § (Cp)noum"'anp! L>< E Wnl"'wm)
n S n;=n S n;+n=k
Inql,..., Inpr l<m [n;|<M
[no|<M

Z (CodnoBn, -8, , zlz<j|) Z Wi, - - Vi,

i\

Xn;=n j=0 S ngtn=k
Inilalng l<m ml nil...lngl <M
[no|<M [Nl [ne|<m

— III_- AJS
=Y X @aecm | [ X)) Y

n Xmni=n J =0 Y n;+n=k
Inal,dnp l<m ml nillngl <M
[nol<M [Njgaln nyl<m

| )
= Z<_|>I"—i Z [-1,1] Z (Cp)noBn, -~ Bn,, , Z %
j N[ [nj|

j=0 In|< (p—1)(m—1)+M S ny=n > n+n=k
1l olngp I <m m'| nil,.lngl <M
[nol<M Njt1lsn [Ng]<m

Remark 6.4. Note that in Lemma 6.3, C(p,j,|,M) captures the contribution
to the (I —j)th polynomial coefficient from the |-th derivative of the p-th monomial
term of f in the Taylor expansion. If M = m, then Cx(p,j,|,M) = 0 for allj > 0
and

Ck(p,0,|,m): Z (Cp)nounl"'ﬂnp! .
notag&tn, =k
INol,. INp1 2|<m

For M > m there is also a (small) contribution to the coefficients of higher degrees
of r in the polynomials, while simultaneously decreasing the # term. This offers a
method for using additional computations to decrease the bound # if this bound proves
to be too large for the validation procedure.

Now considerthe linear terms

(1 =J3f"(@) W) = (1 —Jf'(8) * W) + (1 —IF'(@) xW).  (6.6)
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If (1—Jf’(@))x # O for only bnitely many values of k, then direct computati on of
tight bounds for this term is possible. This is the casefor the sygems we consider
in Section 5. In order to reducethe computational cod of the validation procedure,
we here usea dight modibcation of Lemma 6.2 to also give analytic bounds of these
terms. Thesebounds will also cover the casewhere (1 — Jf’(@))x # O for inbnitely
many values of k.

We begin by egablishing asymptotic bounds for the terms (1 — Jf’(@))k. Let
my > m and compute

11— (JrxrfE(@)o] k=0
[1-3f'(@)k = { [(JrxrfF (@) O<k<m (6.7)
9 (k, K)f(a)] m<k<mg .

Using Lemma 6.2, for k > m, > 0O,

if f/(a) = 0foralln>m

0
/ +
=t < { \uk\‘12§:2 p"PC, A~ 1k|~® otherwise. (6.8)
Now for all k,
11— Jf'(8)| C M]‘E'f“ [—1,1]. (6.9)
This leads to the following bound
(1 —-3f'(@) «we) € > (1— I (8)k_nWn (6.10)
[m]>m
=r | Y 11-3t'@-n | [-11]
In|>m
C rz'f”_”e;f [-1,1].
Using a slight modibcation of Lemma 6.2,
(@~ 3 () #wy) © e Asyp g gy (6.11)

[k

For notational purposes s& # and Cg(p,j,!,M) to be the m-vectors as debred
in Section 3.2 and for 0 < n < m, debPre#, C:(p,j,l,M), and C,'f" such that

#’I . #h[—l,l],

Cn(p!j ’ I! M )[_1! 1] ’

Ca(pj, 1, M)

chli= crl-1,1].

For 0 < k < m, we substit ute the bounds from Lemma 6.3, (6.10), and (6.11) into
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6.3),

" '@Iinear A o 2'@Iinear

(T'(a+ W)W), C kP

[_11 1]

. (Jpxpiil(ﬁ’)i}(l.')(&(p,J,l,M)r'i +#F(p,I.M)))

1=2 p=I j=0
= (Oe e ) -0 e A g e Zhes g g
d d | ) p |
Tt (D) (e e @i | 1
=2 p=I j =0 J K

" Binear A 2/
(196 e e + SR ) g, e 2 1
k

i=0 |=max{2,} p=l

+(§d:ri 5 zd)(f’)(:)JFxF|cF(p,|—i.I,M)> [-1,1]

where | - | denotes entr y-wise absolute value. For 0 < k < m, set Ky to be

d
Kic:= Y CR()r' = |(T'(@+ W)W)i]
i=0

where CK (i) satispes (3.13).
Recall that our goal is to bnd a polynomial bound for Yy + K¢ — || for The-

orem 2.1. This requires also computing the bounds for Yy satisfying the following
equation.

Yi > [(T(8) — )|

= |[-Jf (@)«
d
= [ =3 (e + D > (C)nglh, -0, . (6.12)
p=0 ngo+éét+np=n
Nl .., Inp|<m

n’ k

Therefore, for k < m, sé Yy = C;” where C/ is given by (3.14). Note that these
terms involve the Galerkin projection of f at @ onto the brst m modesand, therefore,
are expeded to be small.

For 0 < k < m, we now combine our bounds for Yx with the bounds for Ky
to compute the coe'cie nts of the polynomials Py(r) giving the bounds Yy + Ky —
|#«|. This leads us to the debnition of the Pbnite radii polynomials preserted in
Debprition 3.1.
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In modesk > m, we useLemma 6.2 and (6.4) to obtain

d d
(T'(@+ W)W), C —-J(k, k) Z Z I (T) ((Cpup_') Wi (6.13)
I=1 {21}
d
X

ﬁé |<ﬁ"%%ﬂ>mw—Lu

p=max{2, }
Therefore, set Ky, k > m, such that
C(RA)
. 6.14
< ke (614
Recall (6.12). For k > m, choose Yx (Compare with (3.7)) suc that
Yic = [(T(8) — 8)|
= [=I(k K)(fc(a))|
d
_o(cpo®
= [ (%B] (6.15)
M|
Using Lemma 6.2,
| Spa(@®|
_ . (6.16)
[ ; kllkls

These bounds are overedi mates and should only be used for large k. In fact, if the
coe"cie nt functionsc, have bnite Fourier exparsions (as in the examples we consider
in Section 5) then Yy = 0 for k su"c iently large.

We may now debre the polynomial bounds for Yy + Ky — || in the tail modes.
Supposethe bounds Yy are numerically or analytically computed for m < k < my.
Then for k > m, the tail radii polynomial (see Debniti on 3.2) satisbes

A
Pe(r) = Y + K (r) — —
|Z = (Cpup)k‘ C(AA) Ag
) { c :A‘EEIS‘ A ke — & msk<my
il K k=m.y.

Cheding that Py, < 0 for k > m reduces to checking the inequalties P, <
0,...,Pm,—1 < Oand, by rearranging terms,

CL(RA) < [kAs. (6.17)

Therefore, the assumption that |p| is growing in k ensuresthat (6.17) may be veribed
for all k > m with only a bPnite number of chedks. More explicitl y, computing a
lower bound on |uk|, kK > m4 would allow us to verify all inequalities of type (6.17),

k > m,., in one step. Indeed, since “4A) — A < 0 and fy(8) = 0 and |u| > |@l
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forallk >m >m,,

Pc(®) = Y« + Kk_%
- C+('QA) As
e ©

C-&-('QA) As
= Jeke Kk
< 0.

We have now constructed the radii polynomials to give the bounds required for The-
orem 2.1.

Recall that r > 0 is a validation radius if Px(r) < O for all radii polynomials Py
asdebred in Debritions3.1and 3.2. Wemay now prove Theorem 3.4 from Section 3.2.

Theorem 3.4 If there exists a validation radiust > 0 and the eigenvalues Uk satisfy
|Uk| — oo, then there exists a unique equilibrium solution of (5.1) in @+ W(r).

Proof. The radii polynomials have beenconstructed sothat Py (r) < Ofor all k ensures
that the brst condition of Theorem 2.1 is satisped. Since the brst condition is satisbed,

we also have that ISVEI < 1for all k. Finally, since |px| — oo,

Ci(AA)
Ki _ Tk _ Ci(RA)

N - T T

—0

Therefore, K := sup{ K } < 1 and the second and Pnal hypothesisin Theorem 2.1

_ ! (W |
is also satisbed. 1

7. Concluding remarks. As is indicated in the Introduction, the purpose of
this paper is to communicate the essertial ideas of our proposed validation method.
As such we have presented it in a somewhat limited setting. Thus, we conclude with a
range of commerts, beginning with obvious generalizations, desribing ongoing work,
and ending with some open questions.

The particular choice of the abstract expression for the expansion of the patrtial
di! erertial equation (1.3) was chosenbecauseit was appropriate for the application
to Cahn-Hilliard (5.1) and Swift-Hohenberg (5.3). Hopefully it is clear that a di'e rent
choice of boundary condition s or symmer ies does not ale ct the esertial egimates. It
is expected, but remainsto be checked, that the form of the estimates can belifted to
parabolic PDEs on rectangular domains (see [6] where similar estimates were used to
study the equilibria of the Cahn-Hilliar d equation on the unit square) and to systems
of such PDEs. We also believe that generalizing this technique to psaudo-arclength
cortinuation should be fairly straightforward. Furthermore, tr eating the parameter !
asan interval allows us to prove the existenceand uniquenessof a branch of solutions
over the interval k. By adaptin g the predictor step length, this approac may be used
to prove existence and uniquenes along contin uous, Pnite branches of equilibria.

While there are numerous directions in which our validation technique can be
expanded or improved we focus on the following four.

e Observe that if (1.2) hasa polynomial nonlinearity of order d, then straight-
forward evaluation of the nonlinear term in (1.4) involves on the order of m9
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operations. In a forthcoming work [5], this computational cost is reduced by
the use of the fast Fourier transform.

e For the computation s presented in this paper, we bPxed M = m. This was
done for the sake of simplicity of presertati on. Clearly, the sucess of valida-
tion strongly depends on upper bounds preserted in Lemma 6.3. In general,
for bxed m choosingM > m increases the computation al cod, but provides
a smaller bound for the truncation error #. Improved bounds shoud facil-
itate validated continuation with a smaller projection dimension m, which
decreasesth e computational cost. The exact trade o! is currently being ex-
plored.

e The computati onal str ategy adopted for this work isto Px Ag and s through-
out the continuation procedure. In particular, in the Swift-Hohenberg exam-
ple we obtained 40 succesdul predictor-corrector steps with Ag = 0.002 and
s = 4 held constant over a parameter rangeof length 0.4. We were able to do
this because we chosea projection dimensionm = 27 which is unnecessarily
large For example, with m = 11, A = 0.002and s = 4.52 we were able to
perform a validated cortinuation over a parameter range of length 0.01. In
this case, we obtained s = 4.52 by bxing As and se&ing a succesdul s by
trial and error. This suggeststhat it is worthwhile to develop a method for
choosing A and s adagptiv ely during the validated conti nuation procedure.

e As is pointed out in Section 5, the Roating point errors are many orders of
magnitude smaller than the magnitude of the radii polynomials evaluated at
the validation radius. This suggests that it might be possble to compute
a priori bounds on the Roating point errors from which one could conclude
that the validation computations are in fact rigorous computations. The
techniques in [7] might prove usedul for this purpose
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