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1. INTRODUCTION

A generalized ordered space (a GO-space) is a triple (X, 7, <) where (X, <) is
a linearly ordered set and 7 is a Hausdorff topology on X that has a base of
order-convex sets. If 7 is the usual open interval topology of the order <, then we
say that (X, 7, <) is a linearly ordered topological space (LOTS). Besides the usual
real line, probably the most familiar examples of GO-spaces are the Sorgenfrey
line, the Michael line, the Alexandroff double arrow, and various spaces of ordinal
numbers. In this paper, we collect together some of our favorite open problems
in the theory of ordered spaces. For many of the questions, space limitations
restricted us to giving only definitions and references for the question. For more
detail, see [5]. Notably absent from our list are problems about orderability, about
products of special ordered spaces, about continuous selections of various kinds,
and about C-theory, and for that we apologize. Throughout the paper, we reserve
the symbols R, P, and Q for the usual sets of real, irrational, and rational numbers
respectively.

2. A FEW OF OUR FAVORITE THINGS

The most important open question in GO-space theory is Maurice’s problem,
which Qiao and Tall showed [19] is closely related to several other old questions of
Heath and Nyikos [5]. Maurice asked whether there is a ZFC example of a perfect
GO-space that does not have a o-closed-discrete dense subset. A recent paper [9]
has shown that a ZFC example, if there is one, cannot have local density < wy,
and what remains is:

Question 1. Let k > wy be a cardinal number. Is it consistent with ZFC that any
perfect GO-space with local density < k must have a o-closed-discrete dense set?
Equivalently, is it consistent with ZFC that every perfect non-Archimedean space
with local density < k is metrizable? Is it consistent with ZFC that every perfect
G O-space with local density < k and with a point-countable base is metrizable?

Question 2 (The GO-embedding problem). Let k > w; be a cardinal number.
Is it consistent with ZFC that every perfect GO-space X with local density < k
embeds in some perfect LOTS? (Note: the embedding map h is not required to be
monotonic and h[X] is not required to be open, or closed, or dense, in the perfect

LOTS.)
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Let M be the class of all metric spaces. A space X is cleavable over M [1] if for
each subset A C X, there is a continuous f4 from X into some member of M such
that fa(x) # fa(y) for each z € A and y € X \ A. The property cleavable over S
is analogously defined, where S is the class of all separable metrizable spaces. It
is known [2] that the following properties of a GO space X are equivalent: (a) X
is cleavable over M; (b) X has a weaker metrizable topology; (c) X has a G-
diagonal; (d) there is a o-discrete collection C of cozero subsets of X such that if
x # y are points of X, then some C € C has |C N {x,y}| = 1.

For a GO-space X with cellularity < ¢, each of the following is equivalent to
cleavability of X over S: (a) X has a weaker separable metric topology; (b) X has
a countable, point-separating cover by cozero sets; (¢) X is divisible by cozero sets,
i.e., for each A C X, there is a countable collection C 4 of cozero subsets of X with
the property that given x € A and y € X \ A, some C € C4 hasz € C CY \ {y}.
However, for each x > ¢ there a LOTS X that is cleavable over S and has ¢(X) = &
(Example 4.8 of [2]). Therefore we have:

Question 3. Characterize GO-spaces that are cleavable over S without imposing
restrictions on the cardinal functions of X.

Question 4. Characterize GO-spaces that are divisible by open sets (in which
the collection C mentioned in (c) above consists of open sets, but not necessarily
cozero-sets).

Question 5. Characterize GO spaces that are cleavable over R, i.e., in which the
cleaving functions fa can always be taken to be mappings into R.

Cleavability over P and Q has already been characterized in [2]. For compact,
connected LOTS, see [12].

Question 6. Arhangelskii has asked whether a compact Hausdorff space X that
is cleavable over some LOTS (or GO-space) L must itself be a LOTS. What if X
is zero-dimensional?

Arhangelskii proved that if a compact Hausdorff space X is cleavable over R,
then X is embeddable in R. Buzyakova [12] showed the same is true if R is replaced
by the lexicographic product space R x {0,1}.

Question 7 (Buzyakova). Is a compact Hausdorff space X that is cleavable over
an infinite homogeneous LOTS L must be embeddable in L?

A topological space X is monotonically compact (resp., monotonically Lindelof)
if for each open cover U it is possible to choose a finite (resp., countable) open
refinement (1) such that if & and V are any open covers of X with U refining V),
then (i) refines (V). It is known that any compact metric space is monotonically
compact and that any second countable space is monotonically Lindelof and that
any separable GO-space is hereditarily monotonically Lindeldf [11].

Question 8. Is every every perfect monotonically Lindeldf GO-space separable?
Is every hereditarily monotonically Lindelof GO-space separable? If there is a
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Souslin line, is there a compact Souslin line that is hereditarily monotonically
Lindelof and is there is a Souslin line that is not monotonically Lindelof?

Question 9. IfY is a subspace of a perfect monotonically Lindeldf GO-space X,
must Y be monotonically Lindeldf?

Question 10. (a) Is the lexicographic product space X = [0, 1] x {0, 1} monoton-
ically compact? (b) If X is a first-countable compact LOTS, is X monotonically
Lindelof? (c) If X is a first-countable monotonically compact LOTS, is X metriz-
able?

Studying properties of a space X off of the diagonal means studying properties
of the space X2\ A. For example one can show that a GO-space X is separable
if and only ¢(X?\ A) = w.

Question 11 ([8]). Is it true that a GO-space is separable if X*\ A has a dense
Lindeléf subspace? If X is a Souslin space, can X?\ A have a dense Lindeldf
subspace?

Question 12. [n ZFC, is there a non-metrizable, Lindelof LOTS X that has a
countable rectangular open cover of X2\ A (i.e., a collection {U,, X V,, : n < w}
of basic open sets in X2 with | J{U, x V,, :n <w}=X2\A)?

Under CH or b = w the answer to Question 12 is affirmative [7].

Question 13. Suppose X is a LOTS that is first-countable and hereditarily para-
compact off of the diagonal (i.e., X?\ A is hereditarily paracompact). Must X
have a point-countable base? Is it possible that a Souslin space can be hereditarily
paracompact off of the diagonal?

We note that if one considers GO-spaces rather than LOTS in Question 13,
then there is a consistently negative answer. Under CH, Michael [17] constructed
an uncountable dense-in-itself subset X of the Sorgenfrey line S such that X?2
is Lindelof. Because S? is perfect, X? is perfect and Lindeldf, i.e., hereditarily
Lindeldf. But X cannot have a point-countable base.

Let Ps be the set of irrational numbers topologized as a subspace of the Sor-
genfrey line. It is known [6] that X is domain-representable, being a Gj-subset
of the Sorgenfrey line. In fact, the Sorgenfrey line is representable using a Scott
domain [13] .

Question 14. Is the G subspace Ps of S also Scott-domain-representable?

Question 15 (Suggested by R. Buzyakova). Suppose X is a GO-space that is
countably compact but not compact and that compact subset of X is a metrizable
Gs-subspace of X. Must X have a base of countable order [23]?

Mary Ellen Rudin [20] proved that every compact monotonically normal space
is a continuous image of a compact LOTS. Combining her result with results of
Nikiel proves a generalized Hahn-Mazurkiewicz theorem, namely that a topological
space X is a continuous image of a compact, connected LOTS if and only if X is
compact, connected, locally connected, and monotonically normal.
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Question 16. Is there an elementary submodels proof of the generalized Hahn-
Mazurkiewicz theorem above?

A space X is weakly perfect if for each closed subset C' C X there is a G§-subset
D of X with D C C = clx (D).

Question 17 ([3]). Suppose Y is a subspace of a weakly perfect GO-space X.
Must'Y be weakly perfect?

Question 18 ([4]). Suppose that X is a Lindeldf GO-space that has a small
diagonal and that can be p-embedded in some LOTS. Must X be metrizable?

Question 19 ([14]). Let < be the usual ordering of R. For which subsets X C R
is there a tree T and linear orderings of the nodes of T so that (a) no node of T
contains an order isomorphic copy of (X, <), and (b) (X, <) is order isomorphic
to the branch space of T? (Both R and P are representable in this way, but Q is
not.) Which Fys-subsets of R are order isomorphic to the branch space of some
countable tree?

An Aronszajn line is a linearly ordered set that has cardinality wy, contains no
order-isomorphic copy of wy, no copy of w; with the reverse order, and no order
isomorphic copy of an uncountable set of real numbers. Such things exist in ZFC.

Question 20 ([15]). Can an Aronszajn line be Lindeldf in its open interval
topology without containing a Souslin line? If an Aronszajn line has countable
cellularity in its open interval topology, must the Aronszajn tree from which the
line comes contain a Souslin tree?

Question 21 (Gruenhage and Zenor). Suppose X is a LOTS with a o-closed-
discrete dense set and a continuous function ¥: (X2 \ A) x X — R such that if
x # y are points of X, then ¥(z,y)(x) # ¥(x,y)(y). (Note that this is weaker
than the existence of a continuous separating family.) Must X be metrizable?
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