
VIII. Quotient Groups and Homomorphism Theorems

1 Quotient Groups

Theorem 1.1 : SupposeN is a normal subgroup ofG. LetG/N be the collection{aN : a ∈ G} of all left cosets
of N in G. Then the binary operation(aN) ∗ (bN) := (ab)N makesG/N a group and the functionf(a) = aN
is a homomorphism fromG ontoG/N .

Warning : Remember that the members ofG/N are equivalence classes and that it can happen thataN = a′N
even thougha 6= a′. Consequently we must worry about whether the proposed group operation onG/N is
well-defined and this is the hardest part of the proof,

Proof: We must show that ifaN = bN andcN = dN thenacN = bdN . Let’s prove a preliminary lemma that is
about half of what we want:

Lemma 1.2 : SupposeN is a normal subgroup ofG andaN = bN . Then for anyc ∈ G, acN = bcN .

Proof of Lemma: We will show that the cosets(ab)N and(ac)N have something in common and therefore must
be identical. FromaN = bN we know thata = a ∗ e ∈ aN = bN so that for somex ∈ N we havea = bx. Then
ac = bxc. Considerxc. BecauseN is normal, we know thatxc ∈ Nc = cN and so there is somey ∈ N with
xc = cy. Thereforeac = bxc = b(cy) = (bc)y ∈ (bc)N . At this point we know thatac ∈ acN andac ∈ bcN so
thatacN ∩ bcN 6= ∅. Therefore,acN = bcN . 2

We now return to the proof of our proposition. ¿FromaN = bN we know thatacN = bcN . There is an analog
of Lemma 1.2 saying that becausecN = dN we know thatbcN = bdN . Therefore we haveacN = bcN = bdN
as required.2

Homework: Prove that ifN is a normal subgroup andcN = dN then for anyb ∈ G, bcN = bdN .

Now that we know that the proposed operation is well-defined, other properties are easy to check.

Associativity: ((aN)(bN)) (cN) = (abN)(cN) = ((ab)c)N = a(bc)N = (aN) ∗ (bN ∗ cN).

identity: eN acts as the identity inG/N .

inverses: for eachaN ∈ G/N we know thata−1N ∈ G/N andaN ∗ a−1N = eN . 2

Definition: If N is a normal subgroup ofG, then the collection of cosetsG/N := {aN : a ∈ G} with the group
operation defined above is called the quotient group (or the factor group) ofG moduloN .

Proposition 1.3 : Let N be a normal subgroup ofG. Then the functionπ : G → G/N given byπ(a) = aN for
everya ∈ G is a homomorphism fromG ontoG/N .

Proof: Because we are not using aliases in the domain ofπ to defineπ(x), there is no question aboutπ being
well-defined. The functionπ is onto because for each cosetaN ∈ G/N we haveπ(a) = aN . The functionπ is a
homomorphism becauseπ(ab) = (ab)N = (aN) ∗ (bN) = π(a) ∗ π(b). 2
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Example 1.4 : Use addition as the group operation onZ, and letE be the subgroup of all even integers. Then
Z/E is Z2. Once again using addition as the operation,R/Z is isomorphic to the unit circleT := {z ∈ C :
||z|| = 1} in the complex plane, where the group operation onT is multilication.

Proof: The groupZ/E has exactly two members, so it must beZ2. The members ofR/Z have the formx + Z
wherex ∈ R. We define a functionf by the rule thatf(x + Z) = cos(2πx) + i sin(2πx). This is a well-defined
isomorphism from(R/Z, +) onto(T, ∗). 2

Homework: Prove that in the previous example,f is well defined and is an isomorphiem onto(T, ∗).

2 The Fundamental Homomorphism Theorem

Question: Starting with a given groupG, how can we find all groupsH such that there is a homomorphism
f : G → H from G ontoH?

Answer: We use quotient groupsG/N whereN is allowed to be any normal subgroup ofG, as can be seen from
the next theorem, known as theFundamental Homomorphism Theorem.

Theorem 2.1 : Supposef : G → H is a homomorphism fromG ontoH. LetK := ker(f). ThenK is a normal
subgroup ofG and the quotient groupG/K is isomorphic toH using the functionF : G/K → H given by the
rule F (aK) := f(a).

Proof: Because aliases of equivalence classes are used to defineF in the statement of our theorem, we must
worry about whetherF is well-defined. So supposeaK = bK whereK = ker(f). Thena−1b ∈ K so that
eH = f(a−1b) = (f(a))−1 ∗ f(b). But then inH we havef(a) = f(b) so thatF (aK) = F (bK). HenceF is
well-defined.

Next letaK, bK ∈ G/K and observe thatF (aK ∗ bK) = F ((ab)K) = f(ab) = f(a) ∗ f(b) = F (aK) ∗
F (bK). HenceF is a homomorphism.

Third, F is onto. Lety ∈ H. Becausef is onto, there is somea ∈ G with y = f(a). But thenF (aK) =
f(a) = y, showing thatF is onto.

Finally, F is 1-1. We will show thatker(F ) is the subgroup{eK} of G/K. Clearly eK ∈ ker(F ), so
suppose we havexK ∈ ker(F ). TheneH = F (xK) = f(x), showing thatx ∈ ker(f) = K. But then
xK = eK. Therefore,ker(F ) = {eK}. 2

Corollary 2.2 : There is a homomorphism fromZ onto the groupH if and only ifH is isomorphic toZ or is
isomorphic to one of the groupsZn.
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3 The Converse of Lagrange’s Theorem is False

Recall that Lagrange proved that ifH is a subgroup of a finite groupG, then|H| is a divisor of|G|. So far we
know that the converse is true for Abelian groups, but we do not know what happens in the non-Abelian case.
After the next example, we will know.

Example 3.1 : The converse of Lagrange’s theorem is false. The groupA4 has order 12, but has no subgroup of
order6.

Proof: We proved that exactly half of all permutations of any finite set are even, so we know that|An| = n!
2

. Hence
A4 has order 12. For contradiction, suppose thatH is a subgrouop ofA4 having order6. Then the index ofH in
A4 is 2, i.e.,H has exactly two cosets inA4. According to a homework problem, we know that the two left cosets
of H must beH andaH, wherea is any fixed element ofA4 − H. Similarly the two right cosets areH andHa
wherea ∈ A4 −H and it follows thataH = Ha for eacha ∈ A4. HenceH must be a normal subgroup ofA4.

Construct the factor groupA4/H. Being a two-element group, it is Abelian (remember that any group of order
less than or equal to 5 is Abelian). Furthermore, for eacha ∈ A4 we know thataH must be its own inverse in the
groupA4/H, i.e.,eH = (aH)2 = a2H. Therefore, inA4 we havea2 ∈ H for everya ∈ A4.

At this point we begin using the fact that members ofA4 are even permutations of the set{1, 2, 3, 4}. By
computing(1, 2, 3)(x) and(1, 3, 2)2(x) for x = 1, 2, 3, 4 we see that(1, 2, 3) = (1, 3, 2)2 so that(1, 2, 3) ∈ A4

and(1, 2, 3) ∈ H. Similarly (2, 3, 4) = (2, 4, 3)2 so that(2, 3, 4) ∈ H. In fact, for any choice of three distinct
elementsr, s, t ∈ {1, 2, 3, 4} we have(r, s, t) = (r, t, s)2 and so we know that(r, s, t) ∈ A4 and(r, s, t) ∈ H.
But then the following are distinct elements ofH:

(1, 2, 3); (1, 3, 2); (1, 2, 4); (1, 4, 2); (1, 3, 4); (1, 4, 3); (2, 3, 4); (2, 4, 3)

so thatH must have more than six elements, and that is impossible.2
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