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1. Motivation
Althougheasyto estimateandsimulate,HPPsandrenewal pro-
cessesdo not allow for varying rates. The useof an NHPP is
oftenmoreappropriatefor modeling.

Example: Customerarrivalsto a fast food restaurant
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Other examples:

Cyclonearrival times in the Arctic Sea(Lee, Wilson, and
Crawford,1991)

Databasetransactiontimes(LewisandShedler,1976)

Callsfor on-lineanalysisof electrocardiogramsat a hospital
in Houston(Kao andChang,1988)

Respiratorycancerdeathsneara steelcomplexin Scotland
(Lawson,1988)

Repairablesystems:blood analyzers,fanmotors,powersup-
plies,turbines(Nelson,1988)



2. Probabilisticproperties

Notation

t time
N (t) number of events by time t
¸ (t) instantaneousarrival rate at time t (intensity function)
¤( t) = Rt

0 ¸ (¿)d¿ cumulative intensity function

Prop ert y 1

Pr (N (b) ¡ N (a) = n) =

·
Rb
a ¸ (¿)d¿

¸ n
e¡

Rb
a ¸ (¿)d¿

n!
n = 0; 1; : : :

Prop ert y 2
E[N (t)] = ¤( t)

Prop ert y 3 (C»inlar, 1975)If E1; E2; : : : are event times in
a unit HPP then ¤ ¡ 1(E1); ¤ ¡ 1(E2); : : : are event times in an
NHPP with cumulative intensity function¤(t).
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3. Estimating¤(t) from k realizationson (0; S]
Data

t time
(0; S] time interval whereobservationsarecollected
k number of realizationscollected
n1; n2; : : : ; nk number of observationsper realization
t (1); t (2); : : : ; t (n) superpositionof observations
n = P k

i=1 ni total number of observationscollected

In tuitiv e solution (Law and Kelton, 2000): partition time
axisandlet ¸ (t) be piecewiseconstant.

Problems

(a) Determiningcellwidth

² Smallcellwidth | samplingvariability
² Largecellwidth | misstrend

(b) Subjective dueto arbitrary parameters
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Piecewise-linear nonparametric cum ulativ e in tensit y
function estimator

¤̂( t) =
in

(n + 1)k
+

2

6
6
4

n
µ

t ¡ t (i )

¶

(n + 1)k
µ

t (i+1) ¡ t (i )

¶

3

7
7
5 t (i ) < t · t (i+1)

for i = 0; 1; 2; : : : ; n:

Rationale: ¤̂(S) = n=k
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Prop erties

² Handlestiesasexpected

² Consistency
lim

k!1
¤̂( t) = ¤( t)

² Con¯denceinterval (asymptoticallyexact)for ¤( t)

¤̂(t) § z®=2

vu
u
u
u
t

¤̂( t)
k

² Variategenerationstraightforward
Input:
Number of observedarrivalsn
Number of active realizationsk
Superpositionedobservationst (1); t (2); : : : ; t (n+1)

Output:
Event timesT1; T2; : : : ; Ti ¡ 1 on (0; S]

i Ã 1 [initialize variate counter]
generateUi » U(0; 1) [generateinitial random number]
E i Ã ¡ loge(1 ¡ Ui ) [generateinitial exponential variate]
while E i < n=k do

begin
m Ã

¹
(n+1) kE i

n

º

[set m 3 ¤̂( t (m)) < E i · ¤̂( t (m+1) )]

Ti Ã t (m) + [t (m+1) ¡ t (m)]
µ

(n+1) kE i

n ¡ m
¶

[generateevent time]
i Ã i + 1 [increment variate counter]
generateUi » U(0; 1) [generatenext random number]
E i Ã E i ¡ 1 ¡ loge(1 ¡ Ui ) [generatenext HPP event time]

end



4. Estimating¤(t) from overlappingrealizations
Data
t time
(0; S] time interval whereobservationsarecollected
r # time intervalswherethe # realizationsis ¯xed
(sj ; sj +1 ] interval j + 1, j = 0; 1; : : : ; r ¡ 1
kj +1 # realizationsobservedon (sj ; sj +1 ], j = 0; 1; : : : ; r ¡ 1
nj +1 number of observationson (sj ; sj +1 ]
t (0); t (1); : : : ; t (n+ r ) superpositionof observations,s0, s1, . . . , sr
Note: s0 = 0, sr = S

¤̂( t) =
jX

q=1

nq

kq
+

³
i ¡

P j
q=1 (nq + 1)

´
nj +1

(nj +1 + 1) kj +1
+

2

4
nj +1

³
t ¡ t (i )

´

(nj +1 + 1) kj +1
³
t (i+1) ¡ t (i )

´

3

5 ;

t (i ) < t · t (i+1) ; i = 0; 1; 2; : : : ; n + r ¡ 1;

sj < t · sj +1 ; j = 0; 1; : : : ; r ¡ 1;

Rationale: ¤̂(sj +1 ) =
j +1X

q=1
nq=kq

Singlesegment of ¤̂( t) in the (j + 1)st region:

t ( i +1) sj +1

n j +1 observations

kj +1 realizations

t ( i )sj

¤̂( t ( i +1) )

¤̂( t ( i ) )

j q = 1
P n q

k q

j + 1q = 1
P n q

k q



Example: Lunchwagonarrivals(Klein andRoberts,1984)

Depictionof three regionsfor lunchwagonarrivals from 10:00
AM to 2:30PM for k1 = 1, k2 = 12, and k3 = 1; s1 = 1:5,
s2 = 3, ands3 = 4:5.
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An asymptoticallyexact100(1¡ ®)%con¯denceinterval for ¤( t)

¯
¯
¯
¯¤(t) ¡ ¤̂( t)

¯
¯
¯
¯ < z®=2

vu
u
u
u
t

¤̂( t) ¡ ¤̂(sj )
kj +1

+
jX

q=1

¤̂(sq) ¡ ¤̂(sq¡ 1)
kq

Parent cumulative intensity function,nonparametricestimator,
and 95%con¯dencebandsfor lunchwagonarrivals from 10:00
AM to 2:30PM for k1 = 1, k2 = 12, and k3 = 1; s1 = 1:5,
s2 = 3, ands3 = 4:5.
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Variate Generation

Input:
Number of partitionsr
Number of active realizationsk1; k2; : : : ; kr

Number of observedarrivalsper partition n1; n2; : : : ; nr

Superpositionedvaluest (0); t (1); : : : ; t (n+ r )

Output:
Event timesT1; T2; : : : ; Ti ¡ 1 on (0; S]

i Ã 1 [initialize variate counter]

j Ã 0 [initialize region counter]

MAX Ã
P r

q=1 nq=kq [set MAX to ¤̂ (S)]

generateUi » U(0; 1) [generateinitial random number]

E i Ã ¡ loge(1 ¡ Ui ) [generateinitial exponential variate]

while E i < MAX do
begin

while E i >
P j +1

q=1 nq=kq do [update j if necessary]
begin

j Ã j + 1 [increment region counter]
end

m Ã
$

(nj +1 +1) kj +1 (E i ¡
P j

q=1 nq=kq)
nj +1

%

+
P j

q=1 (nq + 1)

[set m 3 ¤̂( t (m)) < E i · ¤̂( t (m+1) )]

Ti Ã t (m)+[ t (m+1) ¡ t (m) ]

0

@
(n j +1 +1) k j +1

³
E i ¡

P j
q=1

nq=kq

´

n j +1
¡

³
m ¡

P j
q=1 (nq + 1)

´
1

A

[generateevent time]
i Ã i + 1 [increment variate counter]
generateUi » U(0; 1) [generatenext random number]
E i Ã E i ¡ 1 ¡ loge(1 ¡ Ui ) [generatenext HPP event time]

end



Example 1: Monte Carloevaluationof the con¯denceinterval
for ¤( t)

Coveragesin the lunchwagonexample(nominalcoverage0.95;
100,000replications;k1 = 1; k2 = 12; k3 = 1; s0 = 0; s1 =
1:5; s2 = 3; s3 = 4:5).

Time Actual Coverage MissesHigh MissesLow
0.90 0.9501 0.0013 0.0487
1.35 0.9386 0.0048 0.0566
1.80 0.9505 0.0200 0.0296
2.25 0.9466 0.0196 0.0339
2.70 0.9498 0.0174 0.0329
3.15 0.9509 0.0295 0.0196
3.60 0.9498 0.0251 0.0251
4.05 0.9517 0.0167 0.0316



Example 2: Failure times for 20 copy machines(Zaino and
Berke 1992)

Failuretimes
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¤̂( t) for the copy machinefailuretimes
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Example 3: Failuretimesof heatpumpcompressors(Nelson
1990)

The compressorsarelocatedin ¯ve separatebuildings,each un-
der repaircontract for a time span(a;b], indicatedby the bold-
facevalues.The data setconsistsof n = 28 failure times,and
yieldsr = 29regions.

Bldg Num of Comp Entry time , FailureTimes,Exit time
B 164 2.59, 3.30,4.62,4.62,5.75,5.75,7.42,7.42,8.77,9.27,9.27,9.33
D 356 4.45, 4.47,4.47,5.56,5.57,5.80,6.13,7.02,7.05
E 458 1.00, 2,85,4.65,4.79,5.85,6.73,7.33
H 149 0.00, 0.17,0.17,1.34,5.09
K 195 0.00, 2.17,3.65,4.14,4.14

¤̂( t) for the heatpumpcompressorfailuretimes

t (years)

¤̂
(t

)

9876543210

0.1

0.08

0.06

0.04

0.02

0



5. Software

Civilizationadvancesby extendingthe number of important op-
erationswhich we canperformwithout thinking about them.
|Alfred North Whitehead(1861{1947)

APPL (A Probability ProgrammingLanguage)is a Maple-
basedlanguagewith datastructuresfor discreteandcontinuous
randomvariablesandalgorithmsfor their manipulation.

Example 1: Let X 1; X 2; : : : ; X 10 be independent and identi-
cally distributedU(0,1)randomvariables.Find

Pr
0

@4 <
10X

i=1
X i < 6

1

A

Typicalapproaches

² Central limit theorem

² Simulation

n := 10;
X := UniformRV(0, 1);
Y := Convolution(X, n);
CDF(Y, 6) - CDF(Y, 4);

655177
907200



Example 2:
X » Tr iangular(1; 2; 4)

Y » Tr iangular(1; 2; 3)

Find the distributionof V = X Y.

0 1 2 3 4

0

1
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xy = 3
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xy = 12

x

y

X := TriangularRV(1, 2, 4);
Y := TriangularRV(1, 2, 3);
V := Product(X, Y);

which returnsthe probability density functionof V as

f V (v) =

8
>>>>>>><

>>>>>>>:

¡ 4
3v + 2

3 ln v + 2v
3 ln v + 4

3 1 < v · 2
¡ 8 + 14

3 ln 2 + 7v
3 ln 2 + 10

3 v ¡ 4 ln v ¡ 5v
3 ln v 2 < v · 3

¡ 4 + 14
3 ln 2 + 7v

3 ln 2 + 2v ¡ 2 ln v ¡ v ln v ¡ 2 ln 3 ¡ 2v
3 ln 3 3 < v · 4

44
3 ¡ 14ln 2 ¡ 7v

3 ln 2 ¡ 8
3v ¡ 2 ln 3 + 22

3 ln v ¡ 2v
3 ln 3 + 4v

3 ln v 4 < v · 6
8
3 ¡ 8 ln 2 ¡ 4v

3 ln 2 ¡ 2
3v + 4

3 ln v + v
3 ln v + 4ln 3 + v

3 ln 3 6 < v · 8
¡ 8 + 8ln 2 + 2v

3 ln 2 + 2
3v + 4ln 3 ¡ 4 ln v + v

3 ln 3 ¡ v
3 ln v 8 < v < 12



Example 3: Kolmogorov{Smirnov test statistic (all parame-
tersknown)
De¯ning formula:

Dn = sup
x

jF (x) ¡ Fn(x)j ;

Computationalformula:

Dn = max
i=1;2;:::;n

8
<

:

¯
¯
¯
¯
¯
¯

i ¡ 1
n

¡ x(i )

¯
¯
¯
¯
¯
¯
;

¯
¯
¯
¯
¯
¯

i
n

¡ x(i )

¯
¯
¯
¯
¯
¯

9
=

;

The cdf for the test statistic is (Birnbaum,1952)

P
0

@Dn <
1

2n
+ v

1

A = n!
Z 1

2n + v
1

2n ¡ v

Z 3
2n + v
3

2n ¡ v
: : :

Z 2n¡ 1
2n + v

2n¡ 1
2n ¡ v

g(u1; u2; : : : ; un) dun : : : du2 du1

for 0 · v · 2n¡ 1
2n , where

g(u1; u2; : : : ; un) = 1

for 0 · u1 · u2 · ¢¢¢· un.

CASE I: n = 1

FD1(t) = Pr(D1 · t) =

8
>>>>><

>>>>>:

0 t · 1
2

2t ¡ 1 1
2 < t < 1

1 t ¸ 1

CASE I I: n = 2

FD2(t) = Pr(D2 · t) =

8
>>>>>>>>><

>>>>>>>>>:

0 t · 1
4

8
µ

t ¡ 1
4

¶ 2 1
4 < t < 1

2
1¡ 2(1¡ t)2 1

2 < t < 1
1 t ¸ 1



CASE I: n = 1
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Goal: X := KSRV(n);

CASE I I I: n = 6

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

x

F(x)

FD 6 (y) =

8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

0 y < 1
12

46080y6 ¡ 23040y5 + 4800y4 ¡ 1600
3 y3 + 100

3 y2 ¡ 10
9 y + 5

324
1
12 · y < 1

6
2880y6 ¡ 4800y5 + 2360y4 ¡ 1280

3 y3 + 235
9 y2 + 10

27 y ¡ 5
81

1
6 · y < 1

4
320y6 + 320y5 ¡ 2600

3 y4 + 4240
9 y3 ¡ 785

9 y2 + 145
27 y ¡ 35

1296
1
4 · y < 1

3
¡ 280y6 + 560y5 ¡ 1115

3 y4 + 515
9 y3 + 1525

54 y2 ¡ 565
81 y + 5

16
1
3 · y < 5

12
104y6 ¡ 240y5 + 295y4 ¡ 1985

9 y3 + 775
9 y2 ¡ 7645

648 y + 5
16

5
12 · y < 1

2
¡ 20y6 + 32y5 ¡ 185

9 y3 + 175
36 y2 + 3371

648 y ¡ 1 1
2 · y < 2

3
10y6 ¡ 38y5 + 160

3 y4 ¡ 265
9 y3 ¡ 115

108 y2 + 4651
648 y ¡ 1 2

3 · y < 5
6

¡ 2y6 + 12y5 ¡ 30y4 + 40y3 ¡ 30y2 + 12y ¡ 1 5
6 · y < 1

1 y ¸ 1:



Example 4:. Let X 1; X 2; : : : ; X 10 be iid geometric(1/ 4) ran-
domvariables(parameterizedfrom 1). Find the meanandvari-
anceof X (2).

Y := OrderStat(GeometricRV(1 / 4), 10, 2);
Mean(Y);
Variance(Y);

yielding

¹ =
305836589056
239921705947

and
¾2 =

1396998457047469522944
5232947725865339560619

Example 5:. Fit a power law processto the odometerfailure
dataover (0; 100000]:

12,942 28,489 65,561 78,254 83,639 85,603
88,143 91,809 92,360 94,078 98,231 99,900.

CarFailures := [12942, 28489, 65561, 78254,
83639, 85603, 88143, 91809, 92360, 94078,
98231, 99900];

X := WeibullRV(lambda, kappa);
hat := MLENHPP(X,CarFailures,

[lambda, kappa], 100000);
PlotEmpVsFittedCIF(X, Sample, [lambda = hat[1],

kappa = hat[2]], 0, 100000);

^̧ »= 0:000026317 ·̂ »= 2:56800
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6. Conclusions

(a) NonparametricestimationandsimulationforNHPPsisstraight-
forward.

(b) Collectingdata acrossoverlappingintervals doesnot pose
any signi¯cant problems.

(c) Oncecoded, this approach requireslesse®ortthan a para-
metricrenewal processin orderto simulatethe observations.

(d) Theremay bepotential fora\probability package"analogous
to \statistical packages"such asSAS,SPSS,or S-Plus.

(e) I am searching for situationswherean \exact" probability
calculationis needed(typically not the casein economics,
OR, engineering,classicalstatistics;possiblythe casein bi-
ology, chemistry, physics).
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