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1. Motivation

Althougheasyto estimateandsinulate,HPPsandreneval pro-
cesseslo not allow for varying rates. The useof an NHPP is
oftenmoreappropriatefor modeling.

Example: Customerarrivalsto a fastfood restauran
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Other examples:
Cyclonearrival timesin the Arctic Sea(Lee, Wilson, and
Crawford, 1991)
Databasdransactiontimes(Lewisand Shedler1976)

Callsfor on-lineanalysisof electr@ardiogramst a hospital
in Houston(Kao and Chang,1988)

Respiratorycancerdeathsneara steelcomplexin Scotland
(Lawson,1988)

Repairablesystemsblood analyzersfan motors,power sup-
plies,turbines(Nelson,1988)



2. Probabilisticproperties

Notation
t time
N (t) number of everts by time t
. (D) instartaneousarrival rate at time t (intensity function)
a(t) = . (¢)de cunulative intensity function
Prop erty 1

Ro (g, Me 2 (Qd
Pr(N(b)j N(a) = n)= a- (&) "nl n=01:::
Prop erty 2

E[N(t)] = a(1)

Prop erty 3 (@inlar, 1975)If Eq;E,;::: are ewert timesin
a unit HPP then ai {(E,); ol }(E,);::: areewrt timesin an
NHPP with cunrulative intensity functiona(t).
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3. Estimating®a(t) fromk realizationn (0; S]
Data

t time

(0; S] time interval whereobserationsare collected
K number of realizationscollected
N1 Nostii N number of obserationsper realization
ty; thz); S sumrpositionof obserations
n="K n total number of obserationscollected

Intuitiv e solution (Law and Kelton, 2000): partition time
axisandlet , (t) be piecewiseonstah

Problems

(a) Determiningcellwidth
2 Smallcellwidth | samplingvariability
2 Largecellwidth | misstrend

(b) Sulective dueto arbitrary parameters
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Piecewise-linear nonparametric cumulativ e intensit y

function estimator
2 M
in nti tg

= + L
(n + 1)k (n + 1)k t(i+1) i t(i)

1 3

¥ tiy < - TG

a(t)
fori=01L2::::n:
Rationale: 8(S) = n=k

L(1)
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(n+1)k

(n+1)k




Prop erties

2 Handlediesasexpected
2 Consistency
Jim a(t) = a(t)

2 Con dencenterval (asymptoticallyexact)for a(t)

\

a(t)

Kk

[ e o ol

a(t) § zew

2 Variategeneratiorstraigtforward
Input:
Number of obseredarrivalsn
Number of active realizationk

A1 [initialize variate courter]

generateU; » U(0; 1) [generateinitial random number]

EiA j logs(1i U) [generateinitial exponertial variate]
while E; < n=k do
begin , 0

mA (=IE [Sﬁftm 3 S(t(m)z‘ <Ei+ B(tme)l

Ti A tim) + [temeny i tem)] %i m

) [generateevent time]

AT+ 1 [incremen variate courter]

generateU; » U(0;1) [generatenext random number]

EiA Ei;1i logs(li U) [generatenext HPP ewert time]
end



4. Estimatingz(t) from overlappingrealizations
Data

t time
(0; S] time interval whereobserationsare collected
r # time intervalswherethe # realizationss xed
(Sj;Sj+1] intervalj + 1,] = 0L :::5rj 1
Ki+1 # realization®bseredon(s;;sj+1],] = 0,1 :::5rj 1
Nj+1 number of obserationson (s;; Sj+1]

to) tays i tinery Superpositionof obserations,sg, sy, ..., S
Note: sp= 0,5, =S

. P ’ 2 :
1 Kq (Nj+1 + 1)kKj+ (Nj+1 + DKja tiey i L)
iy <t tivy; i =0LZnn+rg
S <t: Si1; j =0L:inrg 1
. A %1
Rationale: 9(sj+1) =  ng=kq
=1

Singlesegmenof &(t) in the (j + 1)stregion:

kj+1 realizations

P nj+1 obsenations
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| |
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Example: Lundwagonarrivals(Klein and Roberts,1984)

Depictionof three regionsfor lundwagonarrivals from 10:00
AM to 2:30PM fork; = 1,k, = 12,andks = 1; s = 1.5,
S, = 3,andsz = 4:5.
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An asymptoticallyexactl00(% ®)% con dencenterval for o(t)

\
u

%a(t) i S(t)§< z®=2§ 80 i A(s) | o Bsq)i B(Sq )

Kj+1 =1 Kq

Paren cunulative intensity function, nonparametriestimator,
and 95% con dencebandsfor lunchwagonarrivals from 10:00
AM to 2:30PM for k; = 1,k, = 12,and ks = 1;s; = 1.5,
S, = 3,andsz = 45.
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Variate Generation

Input:
Number of partitionsr
Nunber of active realizationk{; ko; 1 ::: Kk,
Number of obsered arrivals per partition n4; np; .. :; n;
Superpositionedvaluest gy; t1); i tnsr)
Output:
Evert timesTy; To;:::; Ti; 1 on(0; S]
i A1 [initialize variate courter]
jA O [initialize region courter]
MAX A 7 ng=kg [set MAX to 8(S)]
generateU; » U(0; 1) [generateinitial random number]
EiA i log(1i U) [generateinitial exponertial variate]
while E; < MAX do
begin
while E; > P‘;i Ng=ky do [update j if necessary]
begin
jAj+1 [increment region courter]
e~n%(n< +1) kj+1 (Eii Pi_n :kq)% Pj
mA = “1nj+'1' gL + =1 (ngt+ 1)

[set mP3 8(tm) < E;i - I/3’\(t(m+1))]1

- (nj+1 +1) Kj+1  Ejj j: Ng=Kq 8 P .
Ti A timy+H tmen i tm] @ = i mi Ly (ng+t1)A

Nj+1

[generateevert time]
i Ai+1 [incremert variate courter]
generateU; » U(0; 1) [generatenext random number]

EiA Ej1i logs(li Uy [generatenext HPP evert time]
end



Example 1: Monte Carloewluationofthe con dencenterval
for a(t)

Coveragesn the lundwagonexample(nominal corerage0.95;
100,00Qeplications;k; = Lk, = 12ks = 1; 59 = 0;s; =
1.5;s, = 3;s53 = 4.5).

Time | Actual Coverage MisseHigh | Missed_ow
0.90 0.9501 0.0013 0.0487
1.35 0.9386 0.0048 0.0566
1.80 0.9505 0.0200 0.0296
2.25 0.9466 0.0196 0.0339
2.70 0.9498 0.0174 0.0329
3.15 0.9509 0.0295 0.0196
3.60 0.9498 0.0251 0.0251
4.05 0.9517 0.0167 0.0316




Example 2: Failuretimesfor 20 copy madines(Zaino and
Berke 1992)

Failuretimes
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a(t) for the copy madiinefailuretimes
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Example 3: Failuretimesof heatpump compressor@Nelson
1990)

The compressorarelocatedin v e separatéuildings,eah un-
derrepaircoriract for a time span(a; b, indicatedby the bold-
facevalues. The data setconsistf n = 28failuretimes,and
yieldsr = 29regions.

Bldg| Num of Comp Entry time , FailureTimes,Exit time
B 164 2.59, 3.30,4.62,4.62,5.75,5.75,7.42,7.42,8.77,9.27.
D 356 4.45, 4.47,4.47,5.56,5.57,5.80,6.13,7.02,7 .
E 458 1.00, 2,85,4.65,4.79,5.85,6.73,7.33
H 149 0.00, 0.17,0.17,1.34,5.09
K 195 0.00, 2.17,3.65,4.14,4.14

8(t) for the heatpump compressdiailuretimes
01 | | | | | 1 1 1 1
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5. Sofvare

Civilizationadwancedy extendinghe number of importart op-
erationswhid we canperformwithout thinking about them.
|Alfred North Whitehead(1861{1947)

APPL (A Probabiliy ProgrammingLanguage)is a Maple-
basedanguagevith data structuresfor discreteand cortinuous
randomvariablesand algorithmsfor their manipulation.

Example 1: Let Xq;X5;:::; X 10 beindemnden and ideri-
cally distributedU(0,1) randomvariables.Find
0 1
10
Pre4 < Xi< A
i=1

Typicalapproabes

2 Certral limit theorem
2 Sinulation

n := 10;

X := UniformRV(0, 1);

Y := Convolution(X, n);

CDF(Y, 6) - CDF(Y, 4);
655177
907200



Example 2:
X » Triangular(1;2;4)

Y » Triangular(1;2;3)
Find the distributionofV = XY

y

- \ \
3 xy =12
2 Xy =8
T Xy =6
1 - Xy =4
Xy =3
Xy =2
0 - xy=1

T T T T T X

X = TriangularRV(1, 2, 4);
Y := TriangularRV(1, 2, 3);
V = Product(X, Y);

whid returnsthe probability densiy functionof V as
S i 4v+ Zinv+ Zlinv+ 2
% i 8+ YIn2+ JIn2+ %%vi 4Invi FlInv
i 4+ 13“In2+éln2+ 2vi 2Invi vinvij 2In3j 2%’In:%
i 14In2i FIn2j 3vj 2In3+ Zinvj ZIn3+ Yinv
% i 8In2j ¥In2j 2v+ 2Inv+ %Inv+ 4In3+ %In3
i 8+ 8In2+ ZIn2+ v+ 4In3j 4inv+ %In3j %Inv

W00,



Example 3: Kolmogore{Smirnos test statistic (all parame-
tersknown)
De ning formula:

D, = Syij(X) i Fn(X)j;

Computationafornula:

8. _ . 9
<4j 1 I =
D, = i:g;‘z%:):(;n:: n i X(i):’:ﬁl X(i):;
The cdffor the test statisticis (Birnbaum,1952)
0 1
g(uq; up; i, up)duy oo dupxdug
2nj 1
forO- v- <=, where
g(uq; Uz iii5Up) =
forO- uy;- u,- ¢CC- uy,.
CASE I:n=1
8
; 0 o}
FDl(t):Pr(Dl-t):EZtil I<t<1
> 1 t, 1
CASE Il: n=2
8
0 t- 2
% 8t 1'2 letel
Fp,(t) = Pr(Dy - t) = | 4 4 2
"1 t, 1
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Goal:
CASE

Foe(y) =

X = KSRV(n);
[Il: n=6

F(x)
1.0 1
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| 20y6+ 527 ' 160 135 y3 Jrzeéle ?471)/ I46151
10y 38y°+ 1 y ERAL 108y ag Vi 1
i 2y + 12y%; 30y* +40y i 30y?+ 12y 1
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domvariablegparameterizedrom 1). Find the meanand vari-
anceof X ).

Y := OrderStat(GeometricRV(1 / 4), 10, 2);
Mean(Y);

Variance(Y);
yielding
. _ 305836589056
239921705947
and

1396998457047469522944
5232947725865339560619

Example 5:. Fit a power law procesgo the odometerfailure
data over (0; 1200000]:

Sz

12,942 28,489 65,561 78,254 83,639 85,603
88,143 91,809 92,360 94,078 98,231 99,900.

CarFailures := [12942, 28489, 65561, 78254,
83639, 85603, 88143, 91809, 92360, 94078,
98231, 99900];

X = WeibullRV(lambda, kappa);

hat := MLENHPP(XCarFailures,

[lambda, kappa], 100000);

PlotEmpVsFittedCIF(X, Sample, [lambda = hat[1],
kappa = hat[2]], 0, 100000);

"2 0:000026317 ~ 2 256800



12i

10-
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6. Conclusions

(a) Nonparametriestimatiorandsinmulationfor NHPPsis straigh-
forward.

(b) Collectingdata acrossoverlappingintervals does not pose
ary signi carn problems.

(c) Oncecaded, this approab requiredesse®ortthan a para-
metricreneval processn orderto sinulatethe obserations.

(d) Theremay bepotertial fora\probability padkage"analogous
to \statistical pakages"sut asSAS,SPSSpor S-Plus.

(e) | am searhing for situationswherean \exact" probability
calculationis neededtypically not the casein economics,
OR, engineeringglassicattatistics;possiblythe casean bi-
ology chemistry physics).
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