Theorem The limiting distribution of n(1 — max{X;, Xs,..., X, }), where X, Xo,..., X,
are mutually independent and identically distributed U (0, 1) random variables, is exponential
with mean 1.

Proof Let X,y = max{X;, X,,..., X,,}. We want to show that the limiting distribution of
Y, = n(l — X()) is exponential with mean 1. Using the order statistic result
|
e [F(@)]L — F()]"* f(x) a<z<bk=12.. . n,

Fxo () = G D) — R

where f(-) and F(-) denote the population probability density function and cumulative
distribution function, and a and b are the minimum and maximum of the population support.
For a population of U(0, 1) random variables, the probability density function of X, is

n—1

fx (@) =nz 0<z<l.

The transformation Y, = n(1 — X)) is a 1-1 transformation from X = {x,) |0 < z(,) < 1}
to V = {yn |0 <y, < n} with inverse X(,,) =1 — Y, /n and Jacobian
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So by the transformation technique, the probability density function of Y, is
n—1 1 n—1
fYn(yn):n(l_yn> - :<1—yn> 0 <y, <n.
n n n

The associated cumulative distribution function is

Yn w n—1
Fy, (yn) :/0 (1_n) dw
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= 1—(1—yn> 0 <y, <n.
n
So the limiting distribution of Y,, is exponential with a mean of 1 because
) )]0 Yn <0
A, B, (hn) = { L—e¥ g, >0

APPL illustration: The APPL statements

X := UniformRV(0, 1);

n := 10;

T := OrderStat(X, n, n);

g := [[x >n=x*x (1 -x1, [0, 1]1];
Y := Transform(T, g);
PlotDist(Y);

yield a probability density function that resembles an exponential probability density func-
tion with a mean of 1.



