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Abstract

New linear representations of Artin’s group, spin representations
and multi-parameter Burau representations, are constructed. They

are generalizations of the classical Burau representation.

1 Introduction

When the author was a graduate student with professor Xiao-Song Lin, one
problem that I worked on was to search some knot invariants in order to
distinguish two different orientations of a knot. In this paper, we report one
attempt where the starting point is representations of Artin’s braid group.
Every geometric braid gives a knot or link by closing, and each knot can be
transformed into a closed braid. It was known classically that the Alexan-
der polynomial of a given knot or link can be calculated directly from the

image under the reduced Burau representation of a braid, where this braid
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represents a given knot or link. The detailed information in this direction
can be found in [2]. The Burau representation admits many different de-
finitions, each in its own way giving some insight [4]. In [5], Long gave a
new derivative of the Burau representation by using an action of Aut(F,,) on
the representation variety R = R(F,,G), where G is a compact semisimple
Lie group and F,, is the free group of rank n. Once the braid group B, is
viewed as a subgroup of Aut(F},), for any global fixed curve of B, inside R,
linearization of the action gives a linear representation on the Lie algebra
of G™. We mark each component of a fixed curve, or equivalently, mark
each component of the maximal torus of G", with different parameters or
spin symbols, the action of each braid in B, will permute those color pa-
rameters or spin symbols. We then sum all derivatives (tangent maps) of
a braid, which is as a diffeomorphism of the representation variety R, at
marked tangent spaces together. This sum will give multi-parameter Burau
representations and spin representations on the complex part of the sum-
mation of all Lie algebras. For G = SU(2,C), spin representations come
up naturally with the action of the Weyl group of G™ on its maximal torus.
Our result reported here is also a partial response to ”‘Open problem 7”7’ in
a recent paper of Birman and Brendle [6]. We also remark that these new
representation can not arise from any Hecke algebra, and hope that they
may encode more information about the braid group.

The organization of the paper is as follows. In section 2, we recall some
related preliminaries and Long’s construction. In section 3, we give a new
type of representation of the braid groups, and call them spin representa-
tions. In section 4, we give multi-parameter representations of the braid
groups, and call them multi-parameter Burau representations. We also give

a remark about eigenvalues of these representations in order to compare



with Jones’s Hecke algebra representations. In all cases, we compute out

detailed matrix forms for the representations.

2 Preliminaries

For the free group F,,, we fix once and for all a generator set {x1, 2, -+, x,}.
The n-string braid group By, is defined to be the subgroup of Aut(F;,) gen-
erated by the automorphisms {o; |i =1, 2,---, n— 1}, where the action of

o; is given by

Ly = Li+1,

1
Ti+1 = Typq - Ti Titl,

x;j — xj, jFLI+ 1L

The basic fact about the braid group we need is stated in Artin’s theorem

[1], that, for any 8 € Aut(F},), 8 € B, if and only if

/6(:(:1) = A;leg(i)Ai7 1 S i S n,

B(z1w2 - 2n) = 122 - - - Ty,
where 73 is the permutation induced by 3 and A; is a word in generators
T1, T2, *+° Tnp-

We take the compact semisimple Lie group G to be SU(2, C) for explicit

computation purpose. We know that SU(2,C) is the group of unitary ma-

a b _
trices of determinant 1, SU(2,C) = { B caa+bb=1, a,b e C},
-b @
which is homeomorphic to the 3-sphere S2. We compute the tangent bun-
a b
dle as follows. Let ¢ € SU(2,C), q = B , is any point, and
-b a



u v
w € T,(SU(2,C) is a tangent vector, w = . There is a differen-
-u v
tial curve w(t) : (-1, 1) — SU(2,C), such that w(0) = ¢ and %\t:() = w.
. wi(t)  wa(t) _ _
Write w(t) = , then we have wy (t)wy () + wa(t)wa(t) =
—w(t) wi(t)
1. Differentiate this equation on both sides, and evaluate at ¢ = 0. This

gives au + at + bv + bv = 0. So, the tangent bundle of SU(2,C) is

a b U v _ _
T(SU(2,C)) ={( ) ) : autau+bv+bv = 0, aa+bb = 1}.

-b a U u
If we take g to be the identity, we get the tangent space, which is the Lie
algebra G of SU(2,C). For any point ¢ € SU(2,C), the tangent space at

this point actually is the image of right translation of G by ¢. Furthermore,

the Lie algebra G can be decomposed into two subspaces:

G=01®G

where

is 0 0 ¢
G ={ 0 ts€ R}y, Go={ - £ e .

—1is —£

We call Gy the real part, G; the complex part. We also need some spe-
cial inner isomorphisms of SU(2,C) and their linearizations. For any ¢ €
SU(2,C), we have a diffeomorphism ZEl(q) : SU(2,C) — SU(2,C) given
by A — qAq~!. Since EZZ(q)(Id) = Id, linearizing it at the identity Id,
we get an induced isomorphism of the Lie algebra, Ad(g)(X) = ¢Xq~! for
X eg.

Now we recall Long’s construction. Set R = R(F,, SU(2,(C)), the repre-

sentation variety of Fj,, topologized by the compact open topology. Because



F, is free, any n-tuple of matrices determines a representation, and any rep-
resentation determines an n-tuple of matrices. We therefore identify the rep-
resentation space R with SU(2,C)" = SU(2,C)xSU(2,C)x---xSU(2,0),
and so R is differentiable, which actually is a Lie group. For any g €
Aut(F,), it acts on the representation space R by p —— [(*p, where the

image representation is defined by

B*p(w) = p(B~H(w)), w € F.

Or, view this action in matrix form that 5* : SU(2,C)" — SU(2,C)" is

given by
ﬁ* : (M13M27 T 7MTL) — (ﬂ*_lMlaﬁ*_lMQW o 7/6*_an)

The map F* is said to be the map associated to 8. It is clear that §* is
a diffeomorphis of R although it is not a Lie group homomorphism. The
map Aut(F,) — Diff(R) given by 3 — (* is a group homomorphism,
and moreover, this is a faithful representation. In order to get a linear
representation of a certain subgroup of Aut(F,), say, the braid group B,
we have to use smooth structure of the representation variety to linearize the
image of B,, under this * map. The parallelization of Lie group SU(2,C),
that is, trivialization of tangent bundle of Lie group SU(2,C), makes the
linearization possible in the Lie algebra G alone.

Suppose there is a path of representation «(t) : (—1, 1) — R, which
is fixed by § € B,, namely, f*a(t) = «(t). Then, Long has a theorem
that there is a one-parameter family of representation of B,, defined by the
composition

pt: Bp — lef(R) - GL(Ta(t)(R))a

where p; is given by p(3) = dﬁ;(t).



3 Spin representations

By a spin, we mean an assignment of orientations to each component of
the maximal torus S' x S! x --- St of SU(2,C)". For example, spin S =
(s1, S2, "+, Sn), where s; = £1, i = 1, 2, n. For each spin S, we define
the positive index and the negative index, which are two numbers, a(S) =

#{s; |s;i = +1} and b(S) = #{s; |si = —1}.

e? 0
Denote Ay = . | where 0 < 0 < 27, then A € SU(2,C). Let

0 e
a(#) be a curve given by a(6) = (Ag, Ag, -+, Ap) in R. For any fixed para-
meter value 6 and a spin S = (s1, S2, -+, Sn), denote pg = (Ag, Ag, -+, Ap)
and pj = (AJ', A2, -+, Aj"). If B € By, B* is a diffeomorphism of R. By

Artin’s theorem mentioned above, it is easy to see that
ﬁ*(Ala AQa B An) = (wlATﬁ(l)wl_17 w2ATB(2)w2_17 ) wnATg(n)w'rjl)7

where 73 is the permutation determined by the braid 3, w; is a word on A,

Ao, -+, and Ay, here, j =1,2,--- n. So, we have
% 73(1 73(2 T3(n 73(S
ﬂ (pg) — (Aeﬁ( )’ Aeﬁ( )7 e Aeﬁ( )) —. pgﬁ( )

Thus, dﬁ;s is a linear transformation from the tangent space Tpg (R) at p*g
6
to the tangent space T' -,(s)(R) at p). Tt is clear that Tps (R) is the direct
Py
sum of Lie algebras of SU(2,C), that is,

T,s(R) = Tye1 (SU(2,C)) & Tyea (SU(2,C)) & -+ @ Tys (SU(2, C)),

Fix two indexes a and b, and a + b = n. Consider all spins that have the

index a(S) = a, and define a vector space marked by spins as follow,



For each fixed 6, there are (Z) points on the maximal torus S x St x - .- 8.
So, V. is the direct sum of tangent spaces at these points.

We now define 3 for each 3 € B, which is a linear transformation of
Vap, by summing all derivatives together, namely,

B: ) dﬁ;&
a(S)=a 0

If X e T so (R) for some spin Sy with a(S) = a and b(S) = b, then 3(X) €
6
TpTﬂ(SO)R, where 73 is the permutation determined by . It is easy to check
0

that, for two braids (31 and (s,

d(Bf - B3), if S1 = 75,(S2),

d * Q¥ _
& Py 5 Py’ .
0, otherwise.

Actually, we get a homomorphism from the braid group to the general linear

group of V.

Theorem 3.1. Let ®: B, — GL(V,}) given by ®(3) = 3, then ® is a

group homomorphism.

Proof. The proof is a simple verification. For any two braids #; and (s, if

Bl = Da(9)=a dﬁi s and BZ = Da()=a dﬂ; ps’ we have

BBy = (@ df,0)-( & df )

a(S)= a(S)=
= S5 dpgr o -ds:

a(S)maza(sy L PG 2, pg

5'=1g,(5)

a(S)=a /81» pgﬁ2 ) 52’ pg
= pi- P



We will consider several special cases in the following subsections. The
first two cases seem trivial, but they are basic building blocks for general spin
representations, and one of them gives famous Burau representations. In the
last subsection, we show that each spin for the maximal torus is determined
by an action of the Weyl group, and the action of the Weyl group determines

that there are only four types of basic representation matrix blocks.

3.1 Representations with the inverse spin S = (—1,—1,--- ,—1)

Consider a spin with the negative index b(S) = n, all negative signs, call
it the inverse spin. The Vj, has only one copy of Tpg(R% specifically,
Vo = Tpg(R) = TA;I(SU(Q, )@ TAe—l(SU(Q, C)e- & TA;I(SU(Q, Q).
We now want to compute the image of any given braid in B,. It suffices to
compute the image of each generator of B,. It is enough to compute the
image of o1 € B, as a representative. We know in this case, o1 = do} ps°
Since o] (A1, A2, - Ap) = (AlAgAfl, Ay, Ag, -+ Ay) forany A; € SU(2,0),
o] acts as the identity on the last n — 2 factors. So, we only consider the
action of o] on the first two components. Suppose w is an element of the Lie
algebra G, a tangent vector at the identity Id of SU(2,C). Let’s denote a
tangent curve in SU(2,C) by w(t) that w(0) = Id and 4w (t)|—o = w. For
example, w(t) = e®!, where t € (—1, 1). A tangent curve to the point pj =
(A1 Ay, -+ A" in R can be given by v(t) = (w(t)-Ay ', Ay, - LAY,
Then, o5 (v(t)) = (w(t)- Ayt Ayt (w(t) - Ay )™ w(t)- Ayt AL - Ay,
To emphasize the fact that the tangent curve is regarded as based at the

point pg = (A;l, A;l, e A;l), rewrite the image as

((wt) - Ayt -w(t)™ - Ag) - Ayt w(t) - Ayt Ayt - Ayh).



Let’s now compute the derivative of the first component of this image, dif-

ferentiating by using product rule:

d _ d _
Zw(t) wt) " +w(t) - wt) ™ =0,
such,
d 3 4 d _
Zw()™! = —w(t) " Zw() - wt)
and, so
d 1 -1
(WA w(t) ™ Ag)
= Lau(t) - Ag wlt) " Ag + (DA Sty A
_ (%w(t))[\;lw(t)_ll\g - w(t)Aglw(t)‘l(%w(t))w(t)_lf\ev

evaluating at ¢ = 0, notice w(0) = Id and %w(t)\tzo = w, we get

d _ _ _
a(w(t)Ae Lw(t) 1 Ag)|imo = w — Ay MwAg.

It is easy to see the second component of the image, which is %w(t)‘tzo = w.

Therefore,

do?

1p§(w, 0,---,0)= (w—Ae_lwAg, w, 0, -+, 0).

We now consider the action of the derivative on the second component.

Let
o(t): (-1, 1) — R
t o (A w®AT A L AT,
The action of generator oy is
oi(t) = of(Ayt, wt)Ayt, Ayt o, A

= (A lw(t)Ag- Ayt A - AG.

9



We evaluate the derivative at ¢ = 0, that %(Ae_lw(t)/\g)‘t:() = Ae_lwAg. So,
we have

doy (0, w, -+, 0) = (Mg whp, 0, -+, 0).

The space Vp,, also has the real part and the complex part. The real
part of Vp,, is formed by all real parts of their factors: TA;1(SU (2,0)) ®
TAQ—1(SU(2, C))&-- ’@TAG—I (SU(2,C)), which is an n-dimensional subspace.
The complex part of Vp , is formed by all complex parts of their factors,
which also is an n-dimensional subspace.

w0
For any vector X € Gy, i.e, X = is in the real part of the
0 —ur
Lie algebra G, the action of Ad(Ae_l) is identity, since Ad(Ae_l)(X ) = X.

Therefore,

do}o(X, 0,--, 0) = (0, X, 0, -, 0),

dO’T (O,X,O,"',O):(X,0,0,"',0),

Py
and

doy (0,0, X, 0, 0) = (0,0, X, 0, -, 0),

which is the identity. So, we get the matrix representation for ; on the real

part of Vp ,, as follows

01
10

S In—2~

We can conclude that the representation of any element in the braid group

B,, on the real part of Vg, is a permutation matrix.

For any element in the complex part G5 of the Lie algebra G,

- 0
0 0 0 —210

we see, Ad(A;l) B ¢ :A;1 7 ¢ Ay = o Ge
- 0 - 0 —Ce? 0



That is, ¢ — Ce 2%, Set ¢ = \, for any vector X in the complex part Go,

we have

71(X,0,---,0) = (X—Ae_lXAe, X,0,---,0)

= ((1_)‘72)X7 X7 07 "'70)7
and

71(0, X, 0,---,0) = (A;'XAp, 0, -+, 0)
= (A7X,0,---,0).
Therefore, the matrix representation for o1 over the complex part of Vg, is

1—X"2 )2
1 0

S In72-

Similarly, we can get the matrix representation for other generator o, 1 <
7 <n—1, that is,
1-A2 X2

ijl & @Infjfl-
1 0

We denote these matrices by Dj, and this is one family of representation

building blocks.

3.2 Burau representations and the spin S = (+1,+1,--- ,41)

We consider another extreme case where the spin has all positive signs,its
indexes a(S) = n and b(S) = 0. This is a major case in [5]. For completion,
we also mention some details about this case here. The V,, o has only one
copy Tpg(R), that is, V0 = Tpg(R) = Tr,(SU(2,C)) @ Tx,(SU(2,C)) &

-+ @ Th,(SU(2,C)). The computation is similar as that in the previous

11



subsection, so we briefly go through the results. w(t) is the tangent curve
at identity of SU(2,C) as before, we take a tangent curve to the point
pg = (Ag, Ng, -+, Ap) to be v(t) = (w(t) - Ag, Ag, -+, Ap). Then, we have

ai(v(t)) = ((w(t) - Ag-w(t) ™ - Agh) - Ag, w(t) - Ag, Ag, -+, Ag).
After taking derivative, we have

do*

1p§(w7 0,---,0) = (w—AgwA, ', w, 0, -, 0).

For the second component, taking the tangent curve to be
o(t) = (Mg, w(t)Ag, Ag, -+, Ag),
we then have
oii(t) = (Agw(t)Ay - Ag, Mg, -+, Ag).
Taking derivative, we have
doy ,s(0, w, -+, 0) = (Agwhy™, 0, -+, 0).

For any vector X € G, since Ad(Ag)(X) = X, the matrix represen-

tation for o1 on the real part of V;, o is a permutation matrix. For any

element B in the complex part Gy of the Lie algebra G, we have,
—C 0
0 0 %0 A
Ad(Ay) B ¢ = o ¢ . That is, ¢ — (e%?. Set
_C 0 _C6—219 0

e = ), for any vector X in the complex part Go, we have

71(X, 0,---,0) = (X —ApXA;', X,0,---,0)

= ((1 _)‘2)X7 X? 07 Ty 0)7

12



and
71(0, X, 0,---,0) = (AgXA;%0,---,0)
= (A’X,0,---,0).
Therefore, the matrix representation for o over the complex part of V,, o is

1—X2 )2
1 0

S2] In—?-

Similarly, we can get the matrix representations for other generators o;,

1 <j<n-—1, that is,

1-X2 N2
ijl D @Infjfl-
1 0

We denote these matrices by G, and this is another family of representation
building blocks. If we set A2 = ¢, we get the Burau representation for the

braid group B,,.

3.3 Representations with the spins of b(S) = 1

We consider the spins S which have the negative index b(S) = 1, for example,
S =(-1,41,--- ,+1). There are n different spins that each has one negative
sign. As before, we denote the point pg in the maximal torus marked by
a spin S by pg. Specifically, denote g = (Ag, -+, Ag, Ae_l, Ag, -+, Np),

where £k =1, 2, ---, n. So, in this case, we have

Vn—l,l = b(é?:l Tpg (R) = @kZIqu (R)

We still focus on computation of the matrix representation of o1 € B, firstly.

We know that
O—qu = O—T(AQ_IV/\@?' s 7A9) = (AQ?A9_17A97' o 7A9) = q2;

13



UTQQ - UT(A97A9_17A97' te 7A9) =(q1,

and

o1qk = qx, for 3 <k <n.
Also, we know in this case @ is given by
o1 =doj,, ©doi,, ©doj,, O Sdoy,, .

We need to compute three tangent maps, derivatives.
Consider doj, : Ty R — Ty, R. Let w(t) to be a tangent curve to the

identity of SU(2,C) as before. Define a tangent curve to the point ¢; as

o(t): (-1, 1) — R
t o — (wt)Ah, Ag, -, Ag),

then, the action of o] is given by

o) = (wt)Ayt - Ag- (wt)Ay )Y wt)Ayh, Ag, -+, Ag)

= (w(t)Agw(t) A Ag, w(t)Ay?t, Ag, -+, Ag),

which is a tangent curve to the point ¢2. Evaluating at ¢t = 0,

d _ _
a(w(t)Aew(t)_lAa D=0 = w — AgwAy !,

so, we have tangent map,
ot (w, 0, -+, 0) = (w— AgwA; ", w, 0, -+, 0).
If a tangent curve to the point ¢; is defined to be

3(t): (-1,1) ——R

t — (Ae_l, ’w(t)Ag, Ag, -, Ag),

14



the action of o} will be

oiv(t) = (A lw(t)Ag - Mg, Ayt Ag, -+, Ag).
After taking derivative, we have

dot ., (0, w, 0, -+, 0) = (Ay'wAg, 0, -+, 0).

It is easy to see that the matrix representation of the derivative over the
real part V;,_11 is a permutation matrix. By using the actions of Ad(Ag)
and Ad(Ag_l) in the previous two subsections, we easily get the matrix for

the derivative dof ,, over the complex part, which is

1—X2 )22
1 0

& Il,—o=EFE.
Consider do7 , : Ty, R — Tg, R. Define a tangent curve to the point ga

to be

o(t): (-1, 1) — R

t o (w(t)Ag, Ayt Ag, -+, Ag),
then we have a tangent curve to the point g1, which is
oio(t) = (w(t)Ae-Ay" - (w(t)Ao)™!, w(t)Ae, Ag, -+, Ao)
= (w(t)A;lw(t)_1A9~A;1, w(t)Ag, Ag, -+, Ag).

Once taking derivative, we get

doy 4, (w, 0, ---, 0) = (w —Ae_lwA,g, w, 0, -+, 0).

In order to compute the second component, define a tangent curve to the

point g2 to be
o(t): (-1, 1) — R

t — (Ag, w(t)Ae_l, Ag, -+, Ag),

15



then the action of o7 is

aiv(t) = (Agw(t)Ay - Ayt Mg, Ag, -+, Ag).
After taking derivative, we have

dot ., (0, w, 0, -+, 0) = (AgwA, ", 0, -+, 0).

Therefore, we get the matrix representation of the derivative doj ,, on the
complex part, which is
1—A72 A2
1 0

@ I, o = F.
Since, for k > 3, 07qr = qx, from subsection 3.2, we know that the matrix

for dof ,, on the complex part is

1—X2 A2
1 0

@ In—2 - Gl

Therefore, we get the matrix representation for & as follows

0 R
Ey 0

G- DG =M,y,.

This is n? x n? matrix, or n x n block matrix.
Now we need to consider o9 € B,,. It is clear that, o5¢1 = q1, 05¢2 = ¢3,
0393 = q2 and o3q = qx for k > 4. For doj,, : Ty, R — Ty, R, after a

similar computation, we get the corresponding matrix Go given by

1—-X2 22
L@ D In—3.
1 0

For doj . : T,,R — Ty, R, the matrix is Ey given by
2q2 q2 q3

1—X2 72
L@ @b I_3.
1 0

16



For doj,, : T4, R — Ty, R, the matrix is F given by

1—A"2 )\
I @ D In—3.
1 0

Therefore, we get the matrix for o9 as follows:

0 Fy
Go @ DG @ ®Go = M,,.
Ey O
Denote
1—)2 )2
Gr=11_1D S In—k—1,
1 0
1—-X"2 X2
Fro=0I 1 & L1,
1 0
and
1—X2 A2
Ey=1I(1® D Ln_p1.
1 0

The first one is a Burau block in our context, the other two are new blocks.
They are building blocks for our spin representations for the spins with
a(S) = n — 1. Using similar computations, we can get the matrix for the

generator o € By, which is

0 F;
My, =G @ -G ® D GL® - DGy,
E, O

the first £ — 1 blocks and the last n — k — 1 blocks are all G.
We here give a directly verification of the matrix representations for spins
with the positive index a(S) = n — 1, and this shows that these representa-

tions don’t depend on the way we get them.

17



Lemma 3.1. For the families of block matrices Ey, F and G, 1 <k <mn,

there exist the following identities:
FyFr1Gr = Gy FiFrqa,

EyGyi1 Fr, = F1GrEgqa,
GrEr+1 By = B 1 EGrga,
and for |i — j| > 2,
Fl‘Gj = GjFi, EiGj = GjEZ‘, GZG] = GJGZ

Proof. For simplicity, we consider k = 1 for the identities those are involved

to three matrices.

1-22 )2 0 1 0 0
FRG = ( 1 0 0 |@Li3)-(| 0 1=X2 X |&®l,3)-
0 0 1 0 1 0
1—-X2 X\ 0
( 1 0 0 | ®Lis)
0 0 1
I—-2A72 X2-1 M 1-22 X2 0
= ( 1 0 0 |®Li-3)( 1 0 0 |®L-3)
0 1 0 0 0 1

1—X2"2 X2—-1 )\
- 1— )\2 )\2 0 ©® In—S-
1 0 0

18



And,

1 0 0 1-272 X 0
GoFiFo= (| 0 1—=X2 X2 | ®L—3)( 1 0 0 |®Ins)-
0 1 0 0 0 1
1 0 0
(1 0 1=x2 X [®I,3)
0 1 0

1-XA2 A2—-1 )\
=] 1-X\° A2 0 | ®In-s
1 0 0
So, we get the identity F1F>G1 = GoF1F5. Similar computations show
E1GoFy = FoG1Es and G1EsFy = EsF1Gos.
As to the commutativity identities, they are easy to see since non-identity

blocks have never come together when taking multiplication. For example,

1—2"2 X2 1—)2 )2
FiGs = ( ®©Lo®PIy_4)-(I2® ®l,_4) = G3E.
1 0 1 0

Theorem 3.2. Fork=12,--- n—2,

My, My, , My, = M,

Ok+17""0k Ok+1

M,, M,

k41

and for |i — j| > 2,

My, My, = My, M,,.

Proof. 1t is enough to check My My, M, = My,Mys My, and My My, =

19



My, My, . We see that

0 F 0 Go 0 0
My MyyMyy, = (| By 0 0 |[@Gi®---G1)-(| 0 0 F [©
0 0 G 0 FEy 0
0 F 0
®G®---Go)-(| Ey 0 0 |@Gi@---Gy).
0 0 Gy

Since Gy is a Burau block, we have G1G2G1 = G2G1G2. We only need to
check

0 Fr O Gy 0 0 0 Fr 0
Ey 0 O 0 0 R Ey 0 0
0 0 Gi 0 Ey O 0 0 Gi
Gy 0 0 0 F1 O Go 0 0
= 0 0 F Ey 0 0 0 0 kR
0 Ey O 0 0 Gi 0 Er O

After a simply matrix calculation, it reduces to

0 0 Gy 0 0 GoF1 Fy
0 E1G2F1 0 = 0 F2G1E2 0
G1ExFq 0 0 EyE1Gy 0 0

By the Lemma 3.1, this is an identity. We compute

0 F1G3 0 G1F3
My My, = ® ®Gi1G3 & - - G1Gs;
EGz 0 GiEs 0
and
0 GsFy 0 F3Gy
Mo’gMa'l = @ @ G3G1 @ e G3G1.
G3Eq 0 FE3Gq 0
By the Lemma 3.1, we see My My, = My, M, . ]
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3.4 Representations with the spins of b(S) =2, b

In order to show that four types of representation building blocks are needed
for general spin representations, we now work on a case where each spin
has the negative index b(S) = 2, for example S = (—=1,—1,4+1,--- ,+1).

There are n(n2_1) such spins. For any fixed 6, there are @ point in the

maximal torus marked by these spins. For certainty, we denote them as
follows. qi2 = (A", Ayt Ag,-+,Ag), 13 = (MY, Mg, Ayt Mg+, Ag),
cqin = (A, Ag, Aoy Ngy AY)s gos = (Mg, Ayt Ay, Mg, Ag),
@4 =N, Ayt Ao, Agt Agy o L Ng) - qan = (Mg, Ag 't Mg, Mg, Ay
...... Gn-2n-1= (Mg, -~ ,Ag,Agl,Agl,Ag), Gnon = (Ng,--- ,Ag,Agl,AQAgl);
and ¢n—1, = (Ag, -+, Ay, Ae_l, Ae_l). We order those tangent spaces lexi-

cographically, then we have
Voo =14, , ROTy, ,R®--- DTy, -+ STy 0, @14y ,-
For the generator of the braid group o1, its image is given by
g1 =doj,, ®doj,, & ®doy, ©---Odoy, .

We see 07(q12) = q12, as before, we can linearize it, and compute its
matrix representation at the point g;o over the complex part of V,,_s o,

which is
1—-X2 X2

1 0

® 1,9 =D.
For 0 (q13) = g23, we use the same procedure, and get its matrix represen-
tation at the point ¢ 3, which is

1—X2 )22
1 0

® 1,9 =F.
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Actually, since of(q1 ) = @2k for k = 3, 4,---, n, their linearizations are
all the same, and their matrix representations are all E7, but at different
marked points. Since 0} (q2x) = qix for k = 3, 4,---, n, their matrix

representations are

1—X"2 )2
1 0

® 1,9 =F;.

For the point ¢; ;, where i > 3 and j > 4, the negative sign of spins does not
affect the tangent map dof g;0 SO its matrix representation is a Burau block
G1. Let’s sum up, the matrix representation of ; is given by

0 B

E, 0

Dio @ In—2)(n-3)/2 © G1,
where ﬁl =1, 2 ® Fy and El =1, o ® Fy.

For the generator o, € B,, we have the following proposition to state
how many block matrices in its representation. The proof is directly from

the representation matrix o; above.

Proposition 3.1. The representations with spins of b(S) = 2 for o} € B,
have one block of Dy, n—2 blocks of Fy,, n—2 blocks of Ey, and (n—2)(n—3)/2
blocks of Gy,.

For spins with negative index b(S) = b > 2, the matrix representations

of the generator o; have the following proposition.

Proposition 3.2. For any matrix representation of the generator o with
spins of b(S) = b, it is a (}) x (}) block matriz. There are (2:22) blocks of
Dy, (7;:12) blocks of Ey, (2:12) blocks of Fy,, and (n’jﬁQ) blocks of Gy, in this

block matriz.
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Proof. Consider the first two components of the maximal torus S* xSt x- - -x
S1 with n copies, for given negative index b, there are (2:22) possibility where
both of them have negative signs, (nﬁﬁz) possibility where both of them
have positive signs, (Z:f) possibility where one of them has negative sign and
the other has positive sign. For each of these possible position, we compute
the derivative map of o], and count them as blocks in the representation
matrix of &1. For oy, we just consider k and k-+1 components of the maximal
torus, and will get the numbers. It is clear that the representation matrix
of o, has size (}) x (}) since there are (}) different points on the maximal

torus. O

3.5 Spins and the Weyl group

Spins actually come up naturally with the action of the Weyl group. Con-
sider SU(2, C), its maximal torus is S'. The Weyl group of SU(2,C) is the

quotient group, the normalizer N (S, SU(2,C)) of S! over S! itself. Here,

NS, SUR.C)) = {g e SU@.C) g5yt =5y = (| © 7 “ 0
9 I gE (270)959 S} { ’
5 0 0 a

0 1
aa = bb = 1}. So, the Weyl group is W (SU (2, C)) = {S?, Sty =

-1 0
Z5. The W(SU(2,C)) acts on the maximal torus S!, also on the Lie algebra
0
G. For example, check the action of ST on Ag:
-1 0
‘ -1
1Y) 0 1 e? 0 0 1 .
SUAy = | — Ay
-1 0 -1 0 0 e -1 0
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so, we get a negative sign. Also it is easy to see that S'.Ay = Ay. For

_ 0 1
simplicity, denote elements of W (SU(2,C)) as S = 0 and St =
-1 0
1, then Zy = {0,1}. Now we look at R = SU(2,C)". The Weyl group
W(R) of R is Z3. For any spin S = (s1, s2, ---, Sp), and a point py =
(Ag, Ag, ---, Ag) on the maximal torus S! x S! x --. x S' as before pg =
(Ag', A%, -+, Ay"). We choose an element of W (R) for the spin S, denote
it as w(S) = (m1,m2, -+ ,m), according to the following rules:
6, if S; = 1
=9 -
T, ifs; =—1.

It is easy to check that this is a 1-1 and onto map between the Wely group
W(R) and the set of all spins with n components. From the action of the
Weyl group W (SU(2,C)) on S!, we can easy get the following property,

which tells us spins naturally come from the action of the Weyl group.

Proposition 3.3.

Since the Weyl group W (SU(2,C)) can also act on the Lie algebra G,
the different types of block matrices in representations are naturally coming

from this action. It is enough to check with o;. We write it as a proposition.

Proposition 3.4. Let 7 = (mwy,ma, - Tp,) € Z™ and pg = (Ag,Ag,- -+ ,Ag),

for any element w € G,
doy xpp(W,0,-++,0) = (w —m2.Ag - w - (m.M9) "L w,0,- - ,0),

and

doy e (0,w,0, -+ ,0) = (m1.Ag - w - (7T1.A9)_1,0, -+ 0).
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The proof is a similar calculation as we did in previous subsections.

We can see that, when 71 = 0 and 7o = 0, we get a Burau block G; when
m = 1 and my = 1, we get a block matrix D; when 7 = 1 and 7o = 0, we get
a block matrix F; m; = 0 and m = 1, we get a block matrix E. There are
only four different elements in the first two components in the Weyl group

Z™, so we only can have four types of representation building blocks.

4 Multi-parameter Burau representations

We now mark each component of the maximal torus S* x S' x --- St of

SU(2,C)™ = R with different parameters, or colors, say, t = (t1,t2, -+ ,tn),

e 0

where t € R the real number field. Still using Ay = y and
0 e

po = (Ag, Ag, --+, Ag), then denote pj = (Agl, AZQ, e A’;"). It is easy

to see that p}, € SU(2,C). Let X, be the symmetry group, for any fixed 6
and t, there are n! points on the maximal torus. So we define a linear space,
which is a summation of all tangent spaces of R at these points and each of

them is marked by its base points,

‘/t: @ TT(t)(R)a

Tezn p9

where 7 acts on ¢ in the obvious way. For any braid g € B,,, 8* € Dif f(R),

and

ﬁ*(pZ) = ﬁ*(Aglv Al;Q? T Aé")
lrg) trg(2) trg(n)
= (Aeﬁ ’Aeﬂ 7...’A95 )

—. pga(t)_
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Define a map from B,, to GL(V;), for each § € B,,, define its image to be

B: D dﬁ*r(t)'
Dy

TEYR
So,
B: ‘/t I ‘/t;
if X € Tpg(R) C V;, then B(X) = g (X) € T -5 (R) C V;. For any two
0 Py

braids $1 and (2 in B,, it is obvious that

d(6162)*,, ift=7p,(t),
AB" 0, - B, = % 2
0 Po 0, otherwise.

Now we have a statement that the map we define is a group homomorphism.

Theorem 4.1. The map from B, to GL(V;) given by 3 for each 3 € B, is

a group homomorphism. That is 182 = 3155

Proof. The proof is a simple check.

1By = @ df .- D df .
172 TEY, 1p9(t> TEY, 2p9<t)

TGETL

= [ife.

= & dB" ., wy - dB; -
1 2" e

O]

Let’s compute the matrix representation for any given braid. Consider
the generator 0. We know that 1 = Greyx, da’l" 1)+ Since cri‘(Aé,1 ,AZQ,- .- ,Ag") =
Dy
(AZ%A?,A?,- . ,Aé“), for a tangent curve, we need to put its image at base

point. That is,

oi(w(s)Ag Ay Ay) = (w(s)Ag - Ag - (w(s)Ag) " w(s)Ag Ag - AGY)

= (w(s)Agw(s) Ay - AR w(s) Ay AG - AGY),
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where w(s) is a tangent curve to the identity of SU (2, C) defined as before.

Taking derivative, & (w(s)AFw(s) 1A, "?)|s=0 = w — AZwA, ™, so we have
dafpg(w, 0,---,0)= (w—AgzwAg_t2, w, 0, ---, 0).

To compute the second component of the image under the tangent map
dai‘pg , similarly, consider the tangent curve (Azl,w(s)AZQ,AZ?’,- . ,AE"), and
we get

* t —t
d01p§(07 w, 0, ---, 0) = (AjwA,™, 0, -, 0).

If w is in the complex part of the Lie algebra G, we see its matrix represen-

tation is
1— Xz )\
©® In—?a
1 0
where we set €2 = \. We similarly compute the matrix representations of
other tangent maps da;‘ +(t)» denote
Py
1— A )b
Ml(ti,tj) = @ I, _o.
1 0

Then we have a matrix representation for &1, which is

]\40-1 = EB My (ti,tj).
i#£]

Generally, for o, 1 < k <n — 1, we have

1— M )b
My (tit;) = I—1 @ & L1,
1 0

and the matrix representation for & is



Remark 1. Figenvalues of representations

For spin representations, when the positive index a(S) = n, which is
the Burau representation, it is easy to show that the matrix representation
of each generator of B, satisfies the characteristic polynomial, here it is
also minimal polynomial, 22 = (1 — A?)x + A2. If b(S) = n, they satisfy
2?2 = (1 = A2z + A72. Both of them have two distinct eigenvalues. Jones
studied all representations p : B,, — GL,(C) which have at most two
distinct eigenvalues [3]. His Heche algebra is a complex algebra defined by

generators g1, go, - - , gn, with defining relations,
9195 = 9;9: i |1 — 4| > 2, gigit19i = gi+19igi+1, 9> = (1 — )gi + ¢.

The last quadratic equation is a version of the minimal polynomial for Burau.
By using Cayley-Hamilton theorem with Frobenius theorem, we get the
minimal polynomial for spin representations with the negative index b(S) =
1, which is

(22 4+ (A2 — Dz — \*)(2* — 1)%

It has a degree of six and four distinct eigenvalues. For spin representations

with the negative index b(.S) > 2, the minimal polynomial is
(> + N = Do =\ (2?2 + A2 =Dz - A1) (2? —1)%

it has a degree of eight and six distinct eigenvalues. It is little bit difficult
to compute the minimal polynomial of the multi-parameter Burau represen-
tations. But it is sure that the minimal polynomial of the multi-parameter
Burau representations will have at least 4 distinct eigenvalues, and a de-
gree of at least six. We may conclude that these representations can not
arise from any Hecke algebra, and may hope that they can encode more

information about the braid group.
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