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1 Preliminaries and Notations

J Quantum system: H(dim H = N < +o0), L(H), L(H)*

J Quantum state: p, D(H)

d Linear super-operator: @, T(H), Tep(H), Tepp(H), Toepp(FH)
. vec mapping: vec : L(H) — H @ H

vee(M) := > myy vec(uXvl) = D myuluv),
JTRY .y

where M := >, my|u)(v| is the matrix representation of operator M €
L(H) w.r.t. a chosen orthonormal basis for /.

1 Choi-Jiamiotkowski isomorphism: J : T(H) — L(H ® H)
1
J: D= J(®D) = (D Lpwn)(vec(lyy) vec(Lg)"), p(®@) := NJ(CD)

d Entropy: S(p) := —Tr (plog p)
d Map entropy: S™(®) := — Tr (o(®) log p(D))
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2 Introduction: Two well-known entropic
inequalities
(J Subadditivity of entropy of bipartite quantum state p"5:

S(p™) < S(p*) + S(pP).

2
o S(p") + S(p®) — S(*?) > 51 (||o*% - p* ® p®|,)” (Pinsker’s inequality).
e S(p"?) = S(p") + S(p¥) = p** = p* ® p”.

 Strong subadditivity of entropy of tripartite quantum state p2¢ (Lieb-

Ruskai):
S("") + S(p”) < S("*) + S(p™).

e S(p"'8) + S(pBC) = S(p*B) + S(p?) iff the following conditions hold:

i) H? = D, H o H,

(i) p*°C = D, prop" ® o P " € DIHA @ H), p¢ € D(H,E @ HO)
for each index k and {p;} is a probability distribution (Hayden).


http://math.ecnu.edu.cn/~latex

7 (8 £ 7T

3 Motivation

J Theorem(Roga08): @, A,V € Ty, (H). FEY
e Dynamical Subadditivity:

B

STP(D o ) < S™P(D) + S™P(Y)

o #1577

for ® € Tyepp(H);
e Strong Dynamical Subadditivity:

b4

S"P(@o AoW¥P)+ S"MP(A) < S"™P(D o A) + S"P(A o ¥)
for @, A, ¥ € Toepip(H).
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4 Main Results

1 Theorem It Let @, € Toopp(H). Olp) = I, Ads, and ¥ = ¥V Ady,
be their canonical representations, respectively. Then

Smap((D O lP) = Smap((D) + Smap(\P) Feom 157
1 .
= Ui OV E NTr(SmS;) Tr(T,T)) i

|
= (§.T,, SmT,u> = N(Sna STy, T,u>a Ym,n,u,v=1,... ’N2.
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d Theorem II: ®, A, ¥ € Toeptp(H). And following conditions hold:
() H =P, H- @ HE, dim HE = db, dim HE = df, YK | dkdf = N;
. K K K
(1) O = @kzl CDé ®AdUI§,A = @kzl A,f ® Af,‘P = @kzl AdeL ® ‘Pf.

AL @ AY, where @F, AL € Toepp(HE), Vi € L(H[) are unitary operators,
Uy € L(HY) are unitary operators and P, AF € Tpepp ().

Then we have the following strong dynamical additivity:

S™P(P o A) + S™P(A o W) = SMP(A) + S™P(D o A o \P).
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5 Proofs

d Definition 1. S, T € L(H, ® H,)" are said to be bi-orthogonal if

Tri(S) Tro(S) = Tr (T) Tro(T) = 0.

A Definition 2(Herbut). p*2 € D(H* ® H?). The following state decompo-
sition p*® = 3 i, Vk = pitP € D(H” ® HP) and {p;} is a probability
distribution, is called bi-orthogonal if, in terms of the reductions of pZ‘B,
pfpf, =0X=A,B;Yk k).

 Definition 3. (H4, {{m)}), (H5,{|u)}). vec mapping may be defined over a
bipartite space H ® H 5, that describes a change of bases from the standard
basis of L(H4 ® H?®) to the standard basis of H4 @ HA ® H? ® H?E:

vec([m){n| ® [u)v]) = [mn) ® |uv) = [mnuv).
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:

Fem£L 5T

EFET

EREEEE

x M


http://math.ecnu.edu.cn/~latex

( The following properties of the vec map are easily verified:
e The vec map is a linear bijection. It is also an isometry, in the sense that

(X,Y) = (vec(X), vec(Y))

forall X, Y € L(H;, H>).

e For every choice of operators A € L(H,,K}),B € L(H,,%K3), and X €
L(H,, H,), it holds that

(A® B)vec(X) = VCC(AXBT).

e For every choice of operators A, B € L(H,, H>), the following equations
hold:

Try(vec(A) vec(B)') = AB',
Try(vec(A) vec(B)") = (B'A)".

o If X € L(H,), Z € L(Hp), then vec(X ® Z) = vec(X) ® vec(Z) .
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A Theorem(Choi75): ® € Tep(H) can be represented in the following form:

B %%

K
© = > Ady,, My € L(H), K < (dim H)?,
k=1

Fioomftism

where Ady,, (X) := MkXMZ.

b4

When M; is a collection of orthogonal operators, the above expression is
referred to a canonical representation for ®@.
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( Entropy-Preserving Extensions of Quantum States and the Dynamical Ad-
ditivity

o A € Tepp(H). If A has two Kraus representations A = ZZ;IAdSp =

232:1 Adr,, p € D(H), take two Hilbert spaces H; and H, such that dim
H, = dy, dim H, = d,, {{m)} and {|u)} are the base of H; and H,, respec-
tively. Define

d, dy
Yi(A) = ) Tr(S wpS lm)nl and y2(A) = > Tr(TpT) (vl

m,n=1 ,U,V=1

Then v € D(H)(k = 1,2), and S(y1(A)) = S(y2(A)).

If we denote S(p; A) by S(y1(A)), then S(p; A) is well-defined. Moreover,
it is easy to see that if p = %Il, then S(p; A) = S™P(A).
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o DY € Typp(H). @ = ZZ;AdSm and ¥ = Zg;AdT# are their canonical
representations, respectively. Taking a N> dimensional complex Hilbert space
H,, for each p € D(H), we define

N2
Y@oW) = 3" Tr(SuTup(STy) Nmp)(nvl,

m,n,u,v=1

then y(®oW) is a state on Hy®H, and when p = %Il, S(y(DoW¥)) = S"P (DoY),
that is, S(p, ® o ¥) = S™P(D o V).

N2

Y¥) = D THTpTDk)] = Tn((@ o ¥)),
u,v=1

N2
V@) = > Te(SupS NIm)nl = Tro(y(@ o V).

m,n=1

S"P(@ oY) = STP(®) + STP(Y) © y(@ oY) = y(P) @ y(¥)

7 (8 £ 7T

:

FromHEism

EFET

EREEEE

x M


http://math.ecnu.edu.cn/~latex

d Bi-orthogonal Decomposition and Strong Dynamical Additivity

o ®, ¥ e Tp(H). If J(P) and J('P) are bi-orthogonal, then ® and ¥ are said
to be bi-orthogonal.

e Definition. ® € T.,(H) has a bi-orthogonal decomposition if J(®) has
a bi-orthogonal decomposition: J(®) = >, Dy, where {D;} is a family of
pairwise bi-orthogonal positive semi-definite operators.

o If® =3 Ady, Y =}, Ady,, then ® and ¥ are bi-orthogonal if and only
if M{N, = 0 and M,N; = 0 for all u and v, if and only if ® o ¥' = 0 and
O oW =0, if and only if P o ®" = 0 and ¥" o @ = 0.

o O € T, (H) has a bi-orthogonal decomposition if and only if ® = 3, @,
where {®,} is a collection of super-operators from T () and ®,, o®,=0
and @,, o ®," = 0 for all m # n.


http://math.ecnu.edu.cn/~latex

6 Concluding Remarks

(1 The References can be referred to [Zhang and Wu, arXiv:1104.2193(to ap-
pear in J. Phys. A)].

1 Q: What is a necessary condition for Theorem II?

1 Comparison with the Squashed Entanglement proposed recently by Chris-
tandl:

E (0*?) = i%f{%I(A; BIE) : p*BE extension of p*8},
where
I(A; BIE) = S(p*") + S(p”F) - S(p*"F) - S(p")

is the quantum conditional mutual information of p2%, which measures the

correlations of two quantum systems relative to a third one.

1 Consider the following quantity:

I(@D;P|A) = S(D o A) + S(A 0o ¥) = S(@ o A o) — S(A)
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Thank you!
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