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ABSTRACT. In the paper, firstly, by using the methods of entropy-preserving extensions of
quantum states, the dynamical additivity of bi-stochastic quantum operations is characterized.
Next, we show that if quantum operations are local operations and have some orthogonality,

then the strong dynamical additivity is true, too.
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1. INTRODUCTION

In this paper, we always assume that H is an N-dimensional complex Hilbert space. Let
L(H) be the set of all linear operators from H to H. A state p of some quantum system,
described by H, is a positive semi-definite operator of trace one, in particular, for each unit
vector |) € H, the operator p = |)(y] is said to be a pure state. The set of all states on H is
denoted by D(H). If X, Y € L(H), then (X, Y) = Tr(X'Y) defines an inner product on L(7),
which is called the Hilbert-Schmidt inner product. The following fact is often used:

If X, Y € L(H) are two positive semi-definite operators, it follows from (X, Y) = Tr(X'Y) =
Tr(XY) = Tr(X2YX?) that (X, Y) = 0 if and only if XY = 0, that is, X and Y are orthogonal if
and only if XY = 0.

Let S,T € L(H ® H) be two positive semi-definite operators. Denote S| = Try(S),
T, = Try(T), S, = Tri(S) and T, = Tr((T). Then §,T,,S,,T, € L(H) are all positive
semi-definite operators. If $177 = §,7, = 0, then S and T is said to be bi-orthogonal (see
[7D).

Let {|i}} be the standard basis of H. For each P = 3, ; p;;li){jl| € L(H), we denote vec(P) =
2. Pijlij), then vec defined a linear map from L(H) to H ® H. Moreover, if H, and Hp
are two Hilbert spaces, {|m)} and {|u)} are their standard bases, respectively, then we can
also define a map vec that describes a change of the standard basis from L(H, ® H3) to
Hy @ Hy @ Hp @ Hp, that is, vec(jm){n| ® |u){v]) = |mn) ® |uv). Moreover, if X € L(H,),
Z € L(H3p), then vec(X ® Z) = vec(X) ® vec(Z) (see [14]).
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Let T(H) denote the set of all linear super-operators from L(H) to L(H). For each ®@ €
T(H), it follows from the Hilbert-Schmidt inner product of L(7) that there is a linear super-
operator ® € T(H) such that (O(X), Y) = (X, ®'(Y)) for any X, Y € L(H). @7 is said to be
the dual super-operator of ®.

We say that @ € T(H) is completely positive (CP) if for each k € N, ® ® 1;,c) : L(H) ®
M (C) — L(H) ® M(C) is positive, where M;(C) is the set of all k£ X k complex matrices. It
follows from the famous theorems of Choi [2] and Kraus [9] that ® can be represented in the
following form: ® = 3; Ady,, where {M;}"_ C L(H), that is, d(X) = ¥, MjXMji, X e

L(H). Throughout this paper, T means the adjoint operation of an operator. Moreover, if

n
j=1

{M j};?:1 is pairwise orthogonal, then @ = }’; Ad)y; is said to be a canonical representation of
®. In [2, 8], it was proved that each quantum operation has a canonical representation.

The so-called quantum operation of H is just a CP trace non-increasing ® € T(H), more-
over, if ® is CP and trace-preserving, then it is called stochastic; if @ is stochastic and unit-
preserving, then it is called bi-stochastic.

The famous Jamiotkowski isomorphism J : T(H) — L(H ® H) transforms each @ €
T(H) into an operator J(®) € L(H ® H), where J(®) = @ ® Ty (vec(ly) vec(lg)?). If
® € T(H) is CP, then J(D) is a positive semi-definite operator, in particular, if @ is stochastic,
then I%JJ (D) is a state on H ® H, we denote the state by p(D) (see [1]).

The information encoded in a quantum state p € D(H) is quantified by its von Neumann
entropy S(p) = — Tr(plog, p). If ® € T(H) is a stochastic quantum operation, we denote the
von Neumann entropy S(o(®)) of p(®) by S(®) and call it the map entropy, S(®) describes
the decoherence induced by the quantum operation ®.

Let @, A and ¥ be three stochastic quantum operations of H. Studying the behavior of
map entropy of composition of stochastic quantum operations is an important and interesting
problem. In [12], Roga et. al. showed that if @ is bi-stochastic, then ones have the dynamical
subadditivity:

S(® o W) < S(D) + S(V).
Moreover, if @, A and W are all bi-stochastic, then the strong dynamical subadditivity holds:
S@oAoW)+S(A)<S(@oA)+SAoW).

In [6], the main results described the structure of states that saturate the inequality of
strong subadditivity of quantum entropy. Now, we study the saturation problems of the dy-
namical subadditivity and the strong dynamical subadditivity. Firstly, by using the methods
of entropy-preserving extensions of quantum states, a nice characterization of dynamical ad-
ditivity of bi-stochastic quantum operations is obtained. Next, we show that if ®, A and ¥ are
some special local operations [3, 4] and have some orthogonality, then the strong dynamical

additivity is true, too.
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2. ENTROPY-PRESERVING EXTENSIONS OF QUANTUM STATES AND THE DYNAMICAL ADDITIVITY

The technique of quantum state extension without changing entropy is a very important
and useful tool. It is employed by Datta to construct an example which shows equivalence of
the positivity of quantum discord and strong subadditivity for quantum mechanical systems.
Based on this fact, Datta obtained that zero discord states are precisely those states which
satisfy the strong additivity for quantum mechanical systems. For the details, it is referred to
[5]. In what follows, we will use it to give a characterization of dynamical additivity of map
entropy.

For each state p on H, we entropy-preserving extend p to a state on H ® H, that is, if {|i)}
is a basis of H and p = Zfﬁ’j:lpi,jli)(jl, then p = Z%:lpi,jliD(j‘]‘l is a state on H ® H, and
S(p) = S(p).

In fact, by the spectral decomposition theorem, p = >, Ax|xi){xx|, where 4; > 0, {|x;)} is an
orthonormal set of . This implies that p; ; = (ilolj) = Yx Alilue)(xlj) = S x5, Note

X
k Yk
that {|x;)} is an orthonormal set of H, so ?Ll x,(,?)'cﬁ,’) = Oun- Now

N N
p o= D O sl = ) 4y x5 i @ 1)
k

i,j=1 k i,j=1

N N
LA AN i)’ = Y A vee(Xy) vee(X,)',
k i=1 i=1 k

where vec(X;) = Zf\il x,@lii) € H ® H. Moreover, it is easy to show that vec(X,,)" vec(X,) =

Omn» thus p is a state on H ® H. That S(p) = S(p) is clear.

Let A € T(H) be stochastic. If A has two Kraus representations A = Zi': Ads, =
232:1 Ady,, p € D(H), take two Hilbert spaces H; and H, such that dim H; = d;, dim
H, = d,, {im)} and {|u)} are the bases of H, and H,, respectively. Define

d dp
M) = Y TeSwpS Dim¥al,  y2(A) = Y Te(Tp T,

m,n=1 }I,V:l

then vy, and vy, are the states on H; and H,, respectively, and S(y;(A)) = S(y»(A)).
In fact, without loss of generality, we may assume d; = d, = d. Then there exists a d X d

unitary matrix U = [u,,,] such that foreach 1 <m <d, §,, = Z;‘le Uy Ty Thus

d

d d d
D Tr(S wpS Dim o e uma TP e T,) )l

[

m,n=1 m,n=1 pu=1 pu=1
d
= U| Y Te(@pT)mynl| U,
uv=1
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Let V : H; — H, be a unitary operator such that V|m) = |u). Then

d d
D Te(S oS Himynl = UV LZ Te(T,pT)H)Vl| VIUT,

m,n=1

=1

which implied that y; and y, are unitary equivalent and thus the conclusion follows (see [11]).
For each stochastic A € T(H) and p € D(H), we denote S(p; A) by S(y;(A)), it follows
from the above discussion that S(p; A) is well-defined [10]. Moreover, it is easy to see that if
o= #IL, then S(p; A) = S(A) (see [12]).
It follows from above that if @,V € T(H) are two bi-stochastic quantum operations, ® =
ZZ; Adg, and ¥ = Zfﬁl Adr, are their canonical representations, respectively. Take a N?

dimensional complex Hilbert space H,, for each p € D(H), we define

NZ

Y@o®) = > Tr(SuTup(S,T,) mu)(nvl,

m,nu,v=1

then y(® o WP) is a state on Hy ® Hjy, and when p = %]l, S(y(® o ¥)) = S(® o V), that is,
S(p,® o ¥) = S(D o P).

Our mail result in this section is the following:

Theorem 2.1. Let ®, Y € T(H) be two bi-stochastic quantum operations, ®(p) = ZZ; Adg,
and ¥ = Zf)’;AdTy be their canonical representations, respectively. Then S(® o ¥) =
S(®) + S(P) if and only if Tr(S wTu(S,T)") = L Tr(S S Te(T, T, ice., (SuTy, STy =
(S s SuXTy, T, for all myn,pu,v = 1,...,N*

Proof. The Jamiotkowski isomorphisms of ® and ¥ are J(®) = ZZ; vec(S ) vee(S )"
and J(W) = Zfﬁlvec(T#) Vec(Tﬂ)T, respectively, where (vec(S,),vec(S,)) = $u0nu, and
(vec(T,), vec(T,)) = t,,0,,. For each p € D(H), let

N? N?
Y@o®) = > Te(SuTup(S T))mpy(nvl = D Te(S wTup(S ) im)inl @ (o
m,n,u,v=1 m,n,u,v=1
Then we have
NZ
V) = Y TTpTHi)v = Tr((@ o)),
u,v=1
NZ
V@) = D Te(SupS Iyl = T((® o P)).

m,n=1
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Note that when p = 1%]]1, S(y(® o ¥)) = S(® o ¥), S(y(¥)) = S(¥) and S(y(P)) = S(D).

Thus, we have

S(@o¥)=S(®)+S¥) & SHyD)+SHyW)) =SHy®oV))
& y(@o¥) =y(®) YY)
& Tr(S,Tu(S,T,)") = %Tr(SmSZ)Tr(TﬂTI)

Smly 2
= Témnéﬂy(\v’m, n,u,v=1,...,N°).

3. B1-oRTHOGONAL DECOMPOSITION AND STRONG DYNAMICAL ADDITIVITY

In order to study the strong dynamical additivity, we need the following bi-orthogonality
and the bi-orthogonal decomposition of quantum operations.

Let ®,¥ € T(H) be CP maps. If their Jamiotkowski isomorphisms J(¥) and J(¥) are
bi-orthogonal, then @ and ¥ are said to be bi-orthogonal. If J(®) can be represented as a
sum ), D; of pairwise bi-orthogonal positive semi-definite operator Dy, then we say that @
has a bi-orthogonal decomposition.

If® =3, Ady,, ¥ = X, Ady,, then ® and ¥ are bi-orthogonal if and only if M;NV =0and
M,,N; = 0 for all u and v if and only if ® o ¥" = 0 and ® o ¥ = 0 if and only if ¥ o ® = 0
and ¥ o @ = 0.

In fact, note that J(®) = 3, vec(M,) vec(M,)", J(¥) = 3, vec(N,) vec(N,)", it follows

from

Tr,(J(®)) Tro(J(F))

{Z MM, } {Z NN, } = > MM, N,N," =0,

M v J7R%

{Z[MJM,JT} {Z[NJNVJT} = > M, MITINS NI =0
J'R%

U v

Tr, (J(®)) Tr (J(F))

that both J(®) and J(P) are bi-orthogonal if and only if M,M,"N,N," = 0and M,"M,N,'N, =
0 for all 4 and v if and only if M;N, = 0 and M,N; = 0 for all  and v.

Moreover, if J(®) can be represented as a sum )}, D, of pairwise bi-orthogonal positive
semi-definite operators, now, we decompose each D; by the spectral decomposition theorem

as

1

Dy = Z d,(j) Vec(M,Ei)) Vec(I\FZ,((’.))T = Z Vec(M,(f)) VeC(M,(f) ),

where M,Ei) € L(H), vec(M,((i)) = w/d,(j) VCC(M,?)) and (M(i), M,Ej)) = dl(j)dij, then @, = ZiAdMin
is obtained from J(®;) = D,. Since Tr, D; = ZiM,({i)M,(f)1 and Tr; D, = Zi[M,(fﬂM,(f)]T, it
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follows form the bi-orthogonality of {D;} that Mg) TM,(j) = 0and Mﬁi)M,(j)";- =0 forany s # ¢
and all sub-indices i, j. This implies that @, o®,=0and ®,, 0 ®," =0ifm # n.
Hence @ has a bi-orthogonal decomposition if and only if ® = }}; @, where {®;} is a
collection of CP maps in T(H) and ®," o®,=0and ®,, o ®," =0 for all m # n.
By Proposition 1 in [13], it follows from above that
(i) Let @;,¥; € T(H) be all CP maps, i = 1,2, ®; and @, be bi-orthogonal, ¥; and ¥, be
bi-orthogonal. Then for any CP map A € T(H), @, o A o ¥; and @, o A o ¥, are also
bi-orthogonal.
(ii) If ®,¥ € T(H) are CP and bi-orthogonal, then for any positive semi-definite operators
X,Y € L(H), ®(X) and ¥(Y) are orthogonal.

Our main result in this section is the following:

Theorem 3.1. Assume that ®, A, ¥ € T(H) are all bi-stochastic, and the following conditions
hold:
(i) H = @le HE® HE, where dim HE = db, dim HE = dR and ¥}, dLdf = N;
. K K K
(ii) ® = @kzl oF ®Ade,A = @kzl AL @AY, and ¥ = @kzl AdeL ® PF,
that iS, qDlL(q.{]g@(}_{I{?) = (I)é ® AdU}f, lPlL(?‘(,{‘@?'{f) = Advlg ® \Pf, and AlL(‘}'(,f@‘]‘(,f) = Ai ® Af,
(Dé, Aé € T(?‘(kL) are bi-stochastic, VkL € L(?’(kL) are unitary operators, U,’f € L(?(,f) are
unitary operators and ¥§, AR € T(HY) are bi-stochastic.

Then we have the following strong dynamical additivity, that is
S(@oA)+SAoV¥)=SA)+ S(@oAoV).
Proof. Since

K
DoAoW =) ®f oAl oAdy ®Adys o Af o
k=1
is a bi-orthogonal decomposition of @ o A o 'Y, so we have

K
p(@oAo¥)= Z Ap(D 0 Ay 0 Adyr) ® p(Adys o A o ),
k=1

where 4, = +dFdR for each k and 3, 4 = 1. Thus,

K K
S@oAo¥) = HW + Z AS(®f o Af 0 Adyr) + Z AS(Adyr o A o PF)
k=1 k=1

K K
HOD + > AS(@f 0 Af) + > AS(AF o W),
k=1 k=1

Similarly,
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K K

S@oA) = HW+ D AS@F o AD)+ > LSA),
k=1 k=1
K K

S(AoW) = HW+ > A4S + > AS(Af o ¥p),
k=1 k=1
K K

S(A) = HW+ ) ASAD + D 4SAP),

k=1 k=1

where H(1) = — Z,’le A log, A 1s the Shannon entropy of A = (A4, 4z, ..., k). It follows
from these equalities that S(® o A) + S(A o ¥) = S(A) + S(® o A o ). O

4. CONCLUDING REMARKS

If the entropy S(®) of a stochastic quantum operation @ is used to describe the capability
of inducing noise induced by @, then Theorem 2.1 showed that the capability of inducing
noise by the composite operation @ o ¥ can be separated into two parts induced by operations
® and VY if and only if the conditions of Theorem 2.1 are satisfied. In general, the dynamical
subadditivity inequality is strictly, for example, let dim (H) = 3, P is a project operator
and dim (P(H)) = 2, ® = ¥ = Adp + Ad;_p, then the conditions of Theorem 2.1 are not
satisfied, so S(® o ¥) < S(®) + S(¥). Moreover, ones can use the nonnegative quantity
S(®) + S(¥) — S(D o P) to express some correlation between ® and ¥, we will discuss this

problem later.
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