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Professor S. Luo in [Phys. Rev. A 82, 052122(2010)] proposed two conjectures on the classical correlation
and quantum correlation in a bipartite state o2, respectively. In this paper, we prove the conjecture on the
classical correlation completely. Moreover, we show that Q(p*%) < S(o®) is always valid, and the conjecture on
quantum correlation is true if S(p?) < S(p*) or p*? is separable. We obtain also a class of states p*? satisfies

that S(p*) < S(p?), but Q(p*#) < S(p*), so the conjecture on quantum correlation is also true for them.
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I. INTRODUCTION

In quantum information theory, each realizable physical set-up that processes states of quantum system is described by a
quantum operation [1] which is mathematically represented by a linear, completely positive super-operator from a set of quantum
states to another. The information encoded in a given quantum state is quantified by its von Neumann entropy. In general, the
decoherence will be induced in the quantum system when the quantum state is acted by a quantum operation. There are few
general and quantitative investigation on the decorrelating capabilities of quantum operations although the decoherent effects of
quantum operations are popularly realized.

In order to investigate the decorrelating capabilities of quantum operations, Luo [2] suggested that the decorrelating capabili-
ties of quantum operations should be separated into classical and quantum parts, and the decoherence involved should be related
to the quantum part. By the duality of quantum operations and quantum states, each quantum operation can be identified with
a bipartite state via the well-known Choi-Jamiotkowski isomorphism [3]. Thus the study of the decorrelating capabilities of
quantum operations may be transformed into the investigation of correlations of its corresponding Choi-Jamiotkowski bipartite
states. In view of this, the total correlations in a bipartite state play an essential role in the study of the decorrelating capabilities
of quantum operations. In order to get some finer quantitative results, after the total correlation was separated into classical and
quantum parts, two related conjectures were proposed by Luo in [2] with some supporting examples. In this paper, we studied

the two conjectures.

II. CLASSICAL AND QUANTUM CORRELATIONS IN BIPARTITE STATES

Let 27! be a finite dimensional complex Hilbert space. A quantum operation ® on 7! is a completely positive linear super-
operator defined on the set of the quantum states on 7. It follows from ([4], Prop. 5.2 and Coro. 5.5) that there exists linear
operators {M, }l’f:l on 47" such that Z,If=1 MM, = 1" and for each quantum state p on 7', we have the Kraus representation

K
D(p) = Z M,pM;.
pu=1

Moreover, let 7> = CK and { |'“>}/[1(:1 be the standard orthonormal basis of 2. If we define V : 7! — ' @ #2 by

K
Viey = > My el wye ",

p=1



then V is an isometry and for each quantum state p on .7#’!, we have the Stinespring representation
D(p) = Tro(VpV'T).
It is easy to see that

VoV = ZM,,pMjmy)(w.
ny

On the other hand, note that for each state p on 7 U Tr, (VpV"i') is a state on 72, thus, the map

®:p o Tn(VpV') = ) Tr(Muo M)l

J7R%

is a quantum operation from quantum system .7’ to quantum system #2, we call it complementary to ®.

If we consider 72 to be the environment and denote the state a(p) by (D, p), then 6(D, p) is the state of the environment
after the interaction and is called a correlation matrix. If the initial state p is pure, then the von Neumann entropy S(6(®, p)) =
= Tr(6(®, p) log, 6(D, p)) of 5(D, p) describes the entropy exchanged between the system and the environment. Therefore,
S(6(D, p)) is called the exchange entropy. The relationship among the S(®(p)), S(p), and S((®, p)) is connected by the well-
known Lindblad’s entropy inequality [5]:

IS(6(®. p)) = S(p) < S(P(P)) < S(F(D. p)) + S(p)- (D

It follows from 25:1 M; M, = 1' that { M, }5:1 describes a measurement which transforms the initial state p into one of the output
states

N P
Py = —Mup
M qu M H

with probability g, = Tr(M”pMZ). Thus, {gy, p,,} is a quantum ensemble and its Holevo quantity is defined by
xUguw D) = SO aupl) = > 4uS(o})-
T "
Let H({g,}) = - Zﬁ:] q, 10og, g, be the Shannon entropy of the probability distribution {g,}. Then we have the following nice
inequality [6]:
XUqus p}) < SE(@,p)) < H{gu)). 2

Let s#R and 772 be two finite dimensional complex Hilbert spaces. If ®€ is a quantum operation on 72, then 18 ® ® is a
quantum operation on R ® 72, moreover, if pRC is a state on SR @ 2 and p? = Trz(p*?), then we have [7]:

S(6(1% ® @2, pf?)) = S(G(D2, p2)). 3)

Let 774 and J#® be two finite dimensional complex Hilbert spaces, p? is a state on 7 4®7°8, p* = Tr(p?B), p? = Tra(p*B).
Then the total correlation in pA? is usually quantified by the quantum mutual information

1*?) = S(p*) + S(p®) — S(p*®).

In [2], Professor Luo separated the total correlation I(0*?) into classical correlation C(0*?) and quantum correlation I(p"?) —
C(p"B), where the classical correlation C(p*®) was defined by

C(p"P) = sup ITT2 (")),
HB



the sup is taken over all von Neumann measurements 1% = {Hf} on 8, and
Pp'?) = > (1" e ) *(1* o 1)
J

is the output state after executing the nonselective measurement I15 = {Hf }; 14 is the identity operator on /7.
The quantum correlation Q(p*8) was also called quantum discord [8].

In [2], Professor Luo proposed the following conjectures:

C(*®) < min{S(*),SK"}), (D
0(p"*?) < min{S(p"),S("). (D

In this paper, we prove the conjecture (I) completely. Moreover, we show that Q(0*%) < S(p®) is always valid, and the
conjecture (II) is true if S(p?) < S(p*) or p*? is separable. We obtain also a class of states p*? satisfies that S(o*) < S(p?), but

Q") < S(p), so the conjecture on quantum correlation is also true for them.

III. THE PROOF OF THE CONJECTURE

Our main results are the following:
Theorem IIL1. Let p*B be a quantum state on 4 @ 8. Then we have
(i) C(p*") < min{S(p™"), S(p™)},
(ii) Q(p*P) < S(p®), and Q(p*?) < min{S(p?), S(p?)} whenever S(p®) < S(p?) or p® is separable.
Proof. (i). Let{ly)}_, be a orthonormal basis of " and I} = [y%)(?|. Then Tr((1* ®I1?)p** (14 ®T17)) = (Yo" Iy/h).

If we denote (lﬁf |08 |1//f ) by pj, then p; > 0 and }; p; = 1. Without loss of generality, we assume that all p; > 0. Now, we
define

L Wewinpt @t e
Pj= Y ’
J

then pj.‘ is a state on .#4 ® 8 and

B, AB A B
I (p )ZZP]‘PJ-(X)Hj,
J
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SaT?(o®)) = H(p;).



and

1] = S + SATP(p?)) — SAT?(p*?))
S(™" - ), piS(})
J

xUpj. D).

Note that 3 p;S(p%) > 0. Hence I[T1%(0*?)] < S(p*). Thus C(p*?) = supys I[T1°(0"%)] < S(p™).

On the other hand, it follows from C(p*#) = supy;s I[T18(0*%)] and I[T15(0*8)] = x({p;, p?} that in order to prove C(p"?) <
S(p”), we only need to prove x({p;,p}}) < S(o”). Note that the quantum ensemble {p;, p'}} is obtained from the quantum
operation of taking partial trace over H? from the quantum state p*Z, this inspired us to define the following quantum
operation ¥ on the quantum system J#4 ® J#2:

Let [w?) € 28 be a fixed unit vector, for each quantum state 4% on J#4 ® 5,

Y5

>t @ WXy fHe (1 @ P Kw”)
J

Trp(o?) ® lw® ) w"|.

Let 7€ = C* and {]i) }fF: | be the standard orthonormal basis of 77" C. Then the correlation matrix 6(P, p*?) is given by

FP.pM) = D T @)D @ X ]

ij

D Wl i,
b

If we define W = 3, Ij)(t,bf|, then WIW = 18, WWT = 1€, that is, W is an unitary operator from H? to HC. It follows
from 6P, p*) = WpPW? that S(6-(¥, p*®)) = S(p®). Note that the quantum ensemble {p;, p? ® |w?){w?|} can be obtained
by the quantum operation ¥ and y({p;, p?}) =x{pj, p;‘ ® |w®){w?|}). By using the inequality (2) we have

xUpjpth = xUpj.p} @K ) < SEW,p"?) = S(P).
Thus, we have proved C(p*®) < min{S(p*), S(o?)}.
(ii). Note that equality (3) shows that S(6-(T12, pA®)) = S(6-(IT5, p?)). Hence it follows from inequality (1) that
S (p"") - S("?) < S(&M1%, p*%)) = 86117, p™)) = H({p,}) = ST (p?)). )

On the other hand, note that I(IT2(p"8) = S(p*) + S(I15(p?) — SIT1B(p"B), by the definition of Q(0"?) and inequality (4) we

have
0(p"?) = 1(p"?) - C(p*?) < SATPp*P) - S(p*?) — ST%p?) + S(p?) < S(p?).

This showed that Q(p"?) < S(p?).
Clearly, when S(p?) < S(p%), it follows from Q(p*?) < S(p?) that Q(p*®) < min{S(p"), S(p?)}.

If p*8 is a separable state, then S(p*®) > max{S(p?*), S(p?)} [9]. Note that I(TI(p*)) > 0, so S(p?) - S(p*?) < I8 (p*5)).
<

Thus, we can prove easily that Q(p?) < min{S(p*), S(0?)}. The theorem is proved.

In what follows, in order to provide a class of states pA? satisfies that S(p*) < S(o®) and Q") < S(p”), we need the
following:



Theorem IIL.2. Let 7% and 7#C be two finite dimensional complex Hilbert spaces, pPC be a state on 7@€, pB = Trc(p5C),
¢ = Tr(pBC). Then S (p5¢) = S (p%) — S (p°) if and only if

(i) H® can be factorized into the form €8 = L ® X,
(if) pBC = pL ® [PRCYWRC|, where [WRC) € 7R @ H°C.

Proof. (&) It s trivially.
(=) Assume that S(p®¢) = S(p?) — S(p°). The quantum state p®C can be purified into a tripartite state |Q45C) € 74 @ #? @
€, where 74 is a reference system. If we denote p*8¢ = |QABCW(QABC|, then

TrAB(pABC) — PC,TI'AC(PABC) — pB,
Trc(pABC) — pAB,TrA(pABC) — pBC.

Note that S(0*5€) = 0, so S(p°) = S(p*?), thus, we have
S(p*®) + S(pB) = S(p?) = S(p?) + S(p ),
it follows from [10] that
(i) B can be factorized into the form S#2 = @11;1 Ao AE,
(i) pABC = EBZ(:] APt @pfC, where ! is a state on 4@, pRC is astate on SR @, (A} is a probability distribution.

That S(p?¢) = S(p?) - S(p®) implies S(p?)+S(p ) = S(PAC) is clear, and S(p*) +S(pC) = S(pA€) if and only if pA¢ = p* ®p¢
holds. By the expression form of pA#¢ = @II; /lkp?’“ ® pfc, we have pA€ = Z,’le /lkp? ® pg. Combining these facts we have
K =1, i.e., the statement (i) of the theorem holds. Hence p?5¢ = pAL ® pRC, where pA” is a state on 774 ® 7" and pRC is a state

on R ® €, it follows from p*BC is pure state that both pA” and pR¢ are also pure states. Therefore
05C = Try (o) ® pRC = pt @ WRCY(WRC|,
The statement (ii) holds and the theorem is proved. ]

Example II1.3. Let p*? be a bipartite state on 4 ® S8 such that S(p"?) = S(p®) — S(p*). By Theorem IIL.2, we have
P8 = |OALY DAL @ pR for |@AL) € 74 ® AL, where pR is a state on 28 and 78 = s @ R, It is easy to show that although
S(p™) < S(p?), but Q(p"?) = S(p™*), so the conjecture (IT) is true for this class of states.
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