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Introduction

The theory of quantum information is a result of the effort to
generalize classical information theory to the quantum world. Quan-
tum information theory aims to answer the following question: What
happens if information is stored in a state of a quantum system? To
characterize the way the information is processed consistent with the
laws of quantum mechanics, in mathematics, a quantum operation
is a trace preserving completely positive map from the set of density
operators into itself. The completely positive maps play an impor-
tant role in the description of quantum channels and time evolutions

and have triggered an increasing interest.
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Question

Denote by M n the set of all M x N complex matrices, for
brevity, write M when M = N and let H be the set of Hermitian
matrices in M.

From C. K. Li and Y. T. Poon, Interpolation problems by com-
pletely positive maps, arXiv: 1012. 1675v1.

Question

Given {A;}f | C My and {B;}f_, C My, determine the neces-
sary and sufficient condition for the existence of a completely positive
map ¢ : My — My such that ¢p(A;) = B; for every 1 < i <k,
and possibly with the additional properties that ¢ is unital or/and ¢

is trace preserving.
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Theorem. Let {Ai}le C Hy and {Bi}le C Hps be two
commuting families. Then there exist unitary matrices U € My
and V € M such that UT4;U and VI B,V are diagonals

a;1 0 e 0 bz’l 0 N 0
0 a;o ... 0 0 big oo
and ,
0 0 oo QN 0 0 ce biM
respectively, for ¢ = 1,2,...,k. Then the following conditions are
equivalent.

(a) There is a completely positive map ¢ : My — My such
that ¢(A;) = B; for every 1 <i < k.
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(b) There is an N x M nonnegative matrix M such that B =

AM, where
bin b2 ... bim a1 a2 ... QN
B — b21 b22 e b2M ’ A— azr a2 ... QAa2N
bkr bk ... brm g1 Qg2 ... QN

Furthermore, (1) ¢ in (a) is unital if and only if M in (b) can
be chosen to be column stochastic;

(2) ¢ in (a) is trace preserving if and only if M in (b) can be
chosen to be row stochastic;

(3) ¢ in (a) is unital and trace preserving if and only if M in

(b) can be chosen to be doubly stochastic.
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Consider an N x M rectangular matrix A = [a;;], we define

the reshaping of A as
I’ES(A) = (all, e, AIM,A21, - -y QN5 - o - s AN, - - - ,CLNM)t, (2.1)

where X! denotes the transpose of a matrix X. Clearly, the length
of res(A) is NM.

Conversely, any vector of length N M may be reshaped into an
N x M rectangular matrix. For example,
ap ag

(a1,a2,a3,a4) =
az aq
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For arbitrary M N x ST matrix C, usually we use both indices
to denote C = [aij], but more conveniently, we will use the block-
form of C as

C=[Cmnnl € Mun(MsT)

and then write as
C= [Cm,n] = [Cm,yu], (2.2)

where cm.. denotes the (i, v)-entry of (m,n)-block matrix Ci, ;.
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Notations

For example,

ci1 cCi1 | ci1 cin

L1 12| 21 22

ci2 Ci2 | Cci2 Ci2

_ Cu ‘ Crz _ 11 12 | 21 22 _

= = = [emu
n,v

Coy ‘ Cos C21 C21 | C2,1 C2.1

1,1 1,2 2,1 2,2

C22 C22 | C22 (22

L1 L2 | 21 22

Especially, when C = A®B, A = [ayn] € My n,B = [bu] €

)

Mg, we have cmpn = ampby .
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Notations

For arbitrary M N x ST matrix C defined by Eq.(2.2), we define
a block-matrix
C" =I[Cp .l = [emn], (2.3)

23

where cmn denotes the (n,v)-entry of (m, p)-block matrix C7, .

c1,1 Ci,1 Ci,1 Ci1

1,1 1,2 2,1 2.2

Ci,2 Ci1,2 C1,2 C1,2

. . Cll C'12 1,1 1,2 2,1 2,2
For instance, if C = = ,

021 022 c21 C21 C21 C21

1,1 1,2 2.1 2,2

C2,2 C22 C22 C22

1,1 1,2 2,1 2,2
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Let C be as in Eq.(2.2). Then (C*)* = C.

Theorem [Choi, 1975]

Let ¢ : My — My be a linear map. Then ¢ is completely positive
if and only if ¢ is of the form ¢(p) = Zle VipViT for all p in My
where V; is an M x N matrix for each 1 < < k.

| A

Remark

Note that {Vi}i?:l is not uniquely determined by ¢. If there exists
another family {W;}{_, such that ¢(p) = Zf I/VipWiT for all p in
My, then there must be a unitary U = [u;;] such that W; =
Z§:1 u;; V; for every 1 <i < /.
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For a completely positive map ¢ : My — My, let it be

represented as
k
d(p) = _VipV', Yp€ My, (24)
i=1

Let the M x N matrix V; satisfy Eq.(2.4) be written as V; =

[al,,] for i =1,2 ... k. Define a Kraus matrix M of ¢ as

[i @b (2.5)
=1

M
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Notations

Remark
In fact, M = Zi'ﬁ:l[airm] o [ay,

i ], where o denotes the Hadamard

product of V; and V;, a,,. is the conjugate of a’ . Even though

Kraus operators of ¢ are not unique, by Remark 1 and Eq. (2.5),

the Kraus matrix M is unique and written My, clearly, it is a non-

negative(its entries > 0) matrix.
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Now we reshape V; into a length M N column vector res(V;)
following Eq.(2.1). Define V := (res(Vl),res(Vg),...,res(Vk)>,
and put D = vvi namely,

1 2 k

0111 a11 o .. all
1 2 k

alN alN e alN

V == e 9

1 2 k

a1 A <o Qg
1 2 k

aMN aMN ... aMN

which is an M N x k matrix, and
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Notations

> i1 01105 N

D ie101107, > ie1011012
D i=1 01N D i1 01 N0l 2im1 AINOy N

D = e cee ’
2i=1 01041 2i=1 01012 B 2im1 @18y N

D i=1 NGy D i1 0 NOi2 s 2im1 NN
(2.6)

which is an M N x M N matrix.
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Notations

3k i ;
Let zmy = > 74 @@, Then D can be written as follows

21,1 21,1 R A .Y SR A 1 V
1,1 1,N 1,1 1,N
21,1 ... 211 R ATV SR A 1V
N,1 N.N N,1 N,N
ZMa1 ... ZMA | ... | ZMM ... ZM,M
1,1 1,N 1,1 1,N
ZM1 ZMA | ... | ZMM ... ZMM
N,1 N,N N,1 N,N
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Also, D can be represented by following formalism

D= zk: (res(v;)) (res(%))T. (2.8)
i=1

The following gives a matrix representation of Eq.(2.4).

Proposition
If ¢ satisfies Eq.(2.4), then res(¢(p)) = Dgres(p) for eachp € My.
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An interpolation question

Theorem

(1) If ¢ : My — My is a completely positive map, then Dy €
M N is positive semi-definite.

(2) If D € My is positive semi-definite, then there exists a com-
pletely positive map ¢ : My — M such that D, = D.

(3) Suppose that ¢ is a completely positive map, then (i) ¢ is unital
if and only if troDy := 25:1 zmp = Inp; (ii) ¢ is trace preserving

if and only if tr1Dy := Y30 zme = Iy.
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An interpolation question

The matrix M in (b) of Theorem in the beginning is just transpose

Mé, of the Kraus matrix of the completely positive map ¢ in (a).

The following theorem is an our main result considering the
existence of completely positive maps ¢ sending a general family of

matrices in My to another family in M.
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An interpolation question

Theorem
Let {A;}k, C My and {B;}%, C My Then the following

conditions are equivalent.

(a) There exists a completely positive map ¢ : My — My such
that ¢p(A;) = B; for every 1 <i < k.

(b) There exists an M N x M N positive semi-definite matrix E such
that

(res(Bj1),res(Bz),...,res(By)) = E"(res(A;),res(As), ..., res(Ag
(3.1)

~—
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An interpolation question

Moreover, if one of (a) and (b) holds, then (1) ¢ in (a) is unital
if and only if E in (b) satisfies troE = Ijy;

(2) ¢ in (a) is trace preserving if and only if E in (b) satisfies
triE = Iy.

(3) ¢ in (a) is unital trace preserving if and only if E in (b)

satisfies triE = Iy and troE = I),.
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An interpolation question

Corollary
Let {A;}F, C My and {B;}¥_, C My, be two families consisting

of diagonal matrices, for every 1 <1 < k, denote

ail 0 bi O
0 4 0 b
A; = iz and B; = 2
0 0 a; N 0 0 sz

Then the following conditions are equivalent.
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An interpolation question

(a) There is a completely positive map ¢ : My — My such
that ¢(A;) = B; for every 1 <i < k.
(b) There is an N x M nonnegative matrix M such that B =

AM, where
bir b2 ... bim air a2 ... QN
B — b21 b22 oo bQM ’ A— az1 a2 ... QAN
b1 bk ... b ag1 Qg2 ... QN

(c) There exists a positive semi-definite matrix E with size M N
satisfying Eq.(3.1).
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Applications

Denote by Dy the set of all density matrices in My .

Definition
Let {p;}¥_; C Dy. If there exists a quantum operation ¢ : My ®
Mpy — Mpy ® My and a standard state ¥ € Dy such that

then we call {p1, p2,...,pr} is clonable.
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Applications

It was essentially proved in [H. Barnum, C. M. Caves, et al.,
Noncommuting Mixed States Cannot Be Broadcast| that {p1, p2}
is clonable if and only if p; and py are identical or orthogonal (i.e.
p1p2 = 0). The following theorem generalizes this conclusion, which
will be proved with a very simple way that is different from the old
approach. Let we see the following properties of fidelity F'(p1, p2)

of two arbitrary density matrices p1, po are needed.
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Applications

Lemma

For all density matrices p; € Dn(i = 1,2,3,4), the following are
valid:

(1) 0 < F(p1,p2) < 1;

(2) F(p1,p2) =0 if and only if p1p2 = 0;

(3) F(p1,p2) =1 if and only if p1 = py;

(4) F(p1 ® p2, p3 ® pa) = F(p1, p3)F(p2, pa).
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Applications

Let {p;}F_, C Dy and p; # p;j if i # j. Then {p;}¥_; is clonable if
and only if pip; =0for1 <i# j <k
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Applications

Proof.  Necessity. Suppose that {p;}¥_, is clonable, then
we see that there exists a quantum operation ¢ : My @ My —
My ® My and a standard state ¥ such that

i @) =p;®@p;i=12,... k. (4.1)

Since any quantum operation does not decrease the fidelity between

two quantum states, for 1 < ¢ # j < k, we have
F(pi,pj) =F(pi ®@%,p; @ E) < F(p; ® pi, p; ® p;) = Fpi, pj)?,

so, F(pi,p;j) = 0 or F(p;,pj) = 1. Since p; # pj, F(pi,p;) # 1.
Therefore, F(p;, pj) = 0, this shows that p;p; =0, for 1 < i # j <
k.
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Applications

Sufficiency. Suppose that for 1 < i # j < k, p;p; = 0, then
there exists a unitary matrix U such that p = Up;U' is diagonal for
every 1 < i < k. Take ¥ € Dy such that ¥/ = UxUT is diagonal
(e.g., ¥ = N~'Ix) and write p}, %’ as

ai 0 0 a0 0
0 5 0 0 0

p = a2 ) E/ - “ ’
0 0 aly 0 0 N

respectively.
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Applications

Since
(i © ) (pj ©T) = (Upip;UN) @ (£'E) = 0
and
(0 ® P (P ® ) = (Upip;UT) @ (Upip;UT) =0,

for all 1 < i # j < k, we know that both {p} ® ¥'}¥ | and {p} ®

pi}E_ | are commuting families of Hermitian matrices.
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Applications

Define
My My Mz ... My
Moy Moy Mss ... Moy
M= | Mgy My Mz ... My |,
Myy Myo Mpy3z ... Myn

where each M;; is an N x N square matrix for 1 < 4,5 < N such
that M;; = 0(i # j) and

a, ay ... dly
a a oo Q .
_ 1 @2 N | ¢ i . . '
M;; = if a% # 0 for some i(1 < i < k);
ai ay ... aly
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Applications

Clearly, M is a row stochastic matrix. S|nce plpj UpiijT =
Ofor1 <i#j<k YN alal=0andal,al > 0implies alal =
foreach 1 <r < Nand 1l <i#j<k. Itfollows from tr(p}) =

tr(X') = 1 that there must at least exist 1 < iy,i9,...,0x < N
such that af ,a?,,...,af # 0, but a] = 0 for all j # s(s,j =
1,2,...,k). For fixed j, there exists at most some 1 < i < k such
that a =0.
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Applications

Thus,

is valid.

alial
a0
ajay

1

2

k
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Applications

It follows that there exists a quantum operation ¢’ : M2 —

M p2 satisfying
¢'(pi %) =p;@pi(i =1,2,....k). (4.3)

Let ¢'(p) = Zle VipViT,Vp € M pz2, where Zle V;TVi =1.
Now, we define

L
¢(p) = _[(UU)Vi(UaU)p[(UaU)Vi(UeU), Vo € My,

i=1
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Applications

Clearly, S5 (U0 )TV (U MU ) V(U0 U)| =1,
S0 ¢ : M2 — Mp2 is a quantum operation and fori¢ = 1,2, ..., k,

we have
p(pi®%) = UeU)¢(p,e)(UaU)
= Uel) (ke Ual)
= (U'pU) & (UTp,U)

= pi®pi
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Thank you !

Zhi-Hua Guo(3B&eE) An Interpolation Problem by Completely Positi



