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Numerical range

Ae M,

Definition (numerical range of A)

W(A) = {{Ax,x) : x € C", ||x]| = 1}

Note :

(1) W(A) C C is always compact and convex.

a

W(A) = W(N) = /\

\ |
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Note :
(1) W(A) C C is always compact and convex.

)

(3) o(A) Cc W(A)

(4) N € M, is normal = W(N) = conv (c(N))

W(A) = W(N) = /\

W(U*AU) = W(A), where U is unitary.

4
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Numerical range

Ae M,

Definition (numerical range of A)

W(A) = {{Ax,x) : x € C", ||x]| = 1}

Note :
(1) W(A) C C is always compact and convex.
(2) W(U*AU) = W(A), where U is unitary.
(3) o(A) C W(A)
(4)

4) N € M, is normal = W(N) = conv (c(N))

W(A) = W(N) =2‘/\\
a b \/
(5) A= { 0 ¢ }

(6) A=A @ - @ A = W(A) = conv (W(A1) U--- U W(A))
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Weighted Shift Matrices

0 al
A= 0
an—1
an 0
A is called a weighted shift matrix with weights ai, ..., a,.
Note :
ro 1 0 1 0 a
(1) o . A 1 . _ 0
' 1 ' 0 an
L 1 0 1 0 ar 0
r o ail 0 ‘81|
(2) 0 = 0 where
an—1 ) e ‘an—1|
L an 0 |a,|e™ 0

0=2 7 are(a)

Hwa-Long Gau Numerical Ranges of Weighted Shift Matrices 3/17



n-symmetry of W(A)

Hence, we have

A= WA w, = &2/,
That is,
W(A) = woW(A).
150 1 150 i
1t 1 1t j
0sf 1 05 i
or 1 of i
-4 1 -0.8 j
_ | 1 i
-15 1 Yy i
2 15 1 o5 o os 1 15 2 % s 1 05 0 05 1 15 2

n==6
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Special Cases

If |a1| = |az| =+ = |an| = r.
Then
0 1
A relf 0
1
1 0
In this case, A is normal.
s
.
o
o
4
n=7
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Special Cases

If a; =0, for some j.
Then
0 aj+1

>
1

dj—1

In this case,
W(A)={zeC:|z| <r}

where r is the maximal root of the equation

L31 .
Z 5’(|aj+1\27 ceey |aj_1\27 0)(,Z)lzn72/ —0
1=0
0 1 0
i particulan Jh = i = W) ={ze€C:|z] <cos 3}
-1
0 0
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(n—1) x (n— 1) principal submatrices

0 a 0 a1

All] = B AN B
’ an—1 o aj-2

0 0 0 0

Now, if 9W(A) has a line segment on the line x =r, r > 0.
Then r is the maximal eigenvalue of Re A with multiplicity at least two.
By the interlacing property, r is also the maximal eigenvalue of Re A[j] for all j.
That is,
W(A[j]) ={ze€ C: |z| < r} for all j.

N

1 )

N S

2 15 1 05 0 o0s 1 15 2
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Results of Tsai and Wu, 2011

Theorem (Tsai & Wu, 2011)

0 a1
0o .
A= ,aj # 0 for all j.
. an—1
an 0
Then OW/(A) has a line segment if and only if W(A[1]) =--- = W(A[n]).

2 a5 -1 -05 0 0.5 1 15 2
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Results of Tsai and Wu, 2011

If w(A[j —1]) = w(A[]]) = w(A[j +1]) = r, then r is either the largest or the
second largest eigenvalue of Re (e A) for some 6.

Proof.
May assume j =n, a, <0and aj >0forj=1,...,n—1.
Compute the determinant of (rl, — Re A) and obtain det(rl, — Re A) = 0.

If w(A[1]) = --- = w(A[n]) = r, then r is a multiple eigenvalue of Re (e’ A) for
some 6.

Proof.
Let p(z) = det(zln — Re A), then p'(r) = >__ det(rln — 1 — Re A[j]) = 0.
Hence r is a multiple eigenvalue of Re A.

If the maximal eigenvalue r of Re A is multiple, then 9W/(A) has a line
segment on the line x = r

Proof. Take a vector x € ker(rl, — Re A) such that (Im Ax, x) # 0.
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If w(A[j]) = w(A[K]) = w(A[/]) = r for some 1 < j < k </ < n, then r is
either the largest or the second largest eigenvalue of Re (e’ A) for some 6.

Proof.

May assume a, < 0and aj >0 forj=1,...,n—1.
Compute the determinant of (rl, — Re A) and obtain det(rl, — Re A) = 0.
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If w(A[j]) = w(A[k]) = W(A[l]) =rforsomel <j< k</[<n, thenrisa
multiple eigenvalue of Re (e® A) for some 6.

Proof.

Assume j =1, | = n and Re A has eigenvalues A\; > --- > A,.

We want to show that r = A1 = .

If r=M\1.

Take x,y € C"™* such that (Re A[1])x = rx and (Re A[n])y = ry.

Let x' = { 2 ] €C"and y' = { g } eC".

Then x',y’ € ker(A1l, — Re A).

Since every entry of x and y is nonzero, hence dimker(A1/, — Re A) > 2.

Hence r is a multiple eigenvalue of Re A.
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Next, if r = \o < A1.
Let v and v are unit eigenvectors of Re A w.r.t. A1 and )\, resp.,

= span {u,v}. We have

{ } cr:"1@{0})0N)andy;H]e(({o}@C"—l)mN).

Say x' = au + bv and y’ = cu+ dv with |a]* + |b]> = 1 = |c|* + |d|*.
Then

r = w(A[n]) > ((Re (A[n])) x, x) = <(ReA) X,,X/> = )\1|a\2+)\2|b|2 > r|a\2—|—r|b|2 =r,

the inequality here are actually equalities.

= A=X=r.
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Refinements

Theorem

Then the following are equivalent:
@ OW(A) has a line segment;
Q@ W(AN]) =--- = W(An]);

,aj 7 0 for all j.
an—1

© W(A[]) = W(A[K]) = W(A[/]) for some 1 < j < k < | < n.

f‘

A\

=\

=

)

ETa=

205
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Results of Tsai, 2011

Theorem 1 (Tsai, 2011)

If Ais an n x n weighted shift matrix with nonzero periodic weights
Aly ey Ak, Alyeeey@ky---,aly...,3k N = km.
Then OW/(A) has a line segment.
Moreover,
0 C C
wpC
W(A) = W( ) = W( );
¢ —il

0 al

where C = 0
dk—1
ak 0

Hwa-Long Gau Numerical Ranges of Weighted Shift Matrices 14/17



Theorem 2 (Tsai, 2011)

OW/(A) contains a noncircular elliptic arc if and only if the aj’s are nonzero, n
is even, |a1| = |az| = -+ - = |an—1|, |a2| = |a4| = - - - = |an|and|a1| # |a2].

If Ais an n x n weighted shift matrix and 9W/(A) has a line segment.
Are the weights periodic?

Ans. No!
We can find a 5 x 5 weighted shift matrix A such that 9W(A) has a line

segment.

Let A and B are n x n weighted shift matrices. If the weights of A are periodic
and W(A) = W(B).
Are the weights of B periodic?

Ans. | don’t know!
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Recent result

Theorem

Let A and B are n x n (n > 3) weighted shift matrices with nonzero weights
ai,...,an and by, ..., b,. The following are equivalent :

Q W(A)=W(B);
Q pa(x,y,z) = pe(x,y,2);

@ Si(lal,---,]an?) = Si(
[T a =TT, bie

bil?,...,|bs|?), forall 1 < /< [2] and

Note.
Q pa(x,y,z) =det(xRe A+ ylm A + zl,).

@ Our formulae involve the circularly symmetric function S,(as, ... as),
where n and r are nonnegative integers. S is define to be 1, while for
r>1,5(a,...an) = > {ITicsan |7 : (1,...,r) = (1,...,n), where
m(k)+1<m(k+1)forl1<k<r, andif 7(1) =1 then 7w(r) # n}.
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Thank you for your attention!
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