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Classical error correction

In classical conventional computer, data is stored and processed using
binary bit x ∈ {0, 1}.

Suppose in a noisy channel, each bit flips independent with a probability
p << 1.

Now a bit x is transmitted through the channel,

x Noisy channel 0

What is x?

Majority vote:

Encoding Decoding

x �� ���� ��xxxxxxx Noisy channel '& %$ ! "#0010010 0

x = 0!
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Quantum error correction with syndrome measurement

Now suppose in a noisy quantum channel, each qubit flips independent
with a probability p << 1.

Due to the No-Cloning Theorem, the classical method cannot be
applicable to qubits! i.e., |ψ〉 6→ |ψ〉|ψ〉|ψ〉.

Quantum error correction with syndrome measurement:

|ψ〉 Encoding
Noisy

quantum
channel

Syndrome
detection Correction Decoding |ψ〉
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Quantum error correction with syndrome measurement

Step 1: Encoding and transmission:

|ψ〉 = a|0〉+ b|1〉 76 5401 23a|000〉+ b|111〉
Noisy

quantum
channel

?> =<

89 :;

a|000〉+ b|111〉
a|100〉+ b|011〉
a|010〉+ b|101〉
a|001〉+ b|110〉
a|110〉+ b|001〉
a|101〉+ b|010〉
a|011〉+ b|100〉
a|111〉+ b|000〉

a|000〉+ b|111〉 6= |ψ〉|ψ〉ψ〉!

Suppose U is a 8× 8 unitary matrix such that

U |000〉 = |000〉
U |100〉 = |111〉

Then the encoding can be regarded as

a|0〉+ b|1〉 7−→ (a|0〉+ b|1〉)⊗ |00〉 = a|000〉+ b|100〉

7−→ U (a|000〉+ b|100〉) = a|000〉+ b|111〉
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Quantum error correction with syndrome measurement

Step 2: Syndrome detection:

?> =<

89 :;

a|000〉+ b|111〉
a|100〉+ b|011〉
a|010〉+ b|101〉
a|001〉+ b|110〉
a|110〉+ b|001〉
a|101〉+ b|010〉
a|011〉+ b|100〉
a|111〉+ b|000〉

|x1〉

|x2〉

|x3〉

|x4 ⊕ x1 ⊕ x2〉

|x5 ⊕ x1 ⊕ x3〉

?> =<

89 :;

a|000〉+ b|111〉
a|100〉+ b|011〉
a|010〉+ b|101〉
a|001〉+ b|110〉
a|110〉+ b|001〉
a|101〉+ b|010〉
a|011〉+ b|100〉
a|111〉+ b|000〉

|00〉

?> =<

89 :;

|00〉
|11〉
|10〉
|01〉
|01〉
|10〉
|11〉
|00〉
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Quantum error correction with syndrome measurement
Step 3: Syndrome correction and decoding:

?> =<

89 :;

a|000〉+ b|111〉
a|100〉+ b|011〉
a|010〉+ b|101〉
a|001〉+ b|110〉
a|110〉+ b|001〉
a|101〉+ b|010〉
a|011〉+ b|100〉
a|111〉+ b|000〉

|00〉 : I2 ⊗ I2 ⊗ I2

|01〉 : I2 ⊗ I2 ⊗ σx

|10〉 : I2 ⊗ σx ⊗ I2

|11〉 : σx ⊗ I2 ⊗ I2

?> =<

89 :;

a|000〉+ b|111〉
a|000〉+ b|111〉
a|000〉+ b|111〉
a|000〉+ b|111〉
a|111〉+ b|000〉
a|111〉+ b|000〉
a|111〉+ b|000〉
a|111〉+ b|000〉

?> =<
89 :;
a|0〉+ b|1〉

a|1〉+ b|0〉

?> =<

89 :;

|00〉
|11〉
|10〉
|01〉
|01〉
|10〉
|11〉
|00〉

Important: The probability of error will be p2(3− 2p) << p << 1!
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Gate

A NOT gate acting on one qubit:

σx =
[

0 1
1 0

]
|0〉 �������� |1〉 |1〉 �������� |0〉

A controlled-NOT (CNOT) gate acting on 2 qubits:

I2 ⊕ σx =

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


|1〉 • |1〉

|0〉 �������� |1〉

|1〉 • |1〉

|1〉 �������� |0〉

|0〉 • |0〉

|0〉 �������� |0〉

|0〉 • |0〉

|1〉 �������� |1〉
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Quantum error correction with syndrome measurement

A circuit correcting error for bit-flip channel:

Encoding Syndrome detection Decoding

|ψ〉 • •
Noisy

quantum
channel

• •

Syndrome
correction

• • |ψ〉

|0〉 �������� • �������� |0〉

|0〉 �������� • �������� |0〉

|0〉 �������� �������� FE
|0〉 �������� �������� FE
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Operator Approach to Quantum Error Correction

Quantum error correction with syndrome measurement:

|ψ〉 Encoding
Noisy

quantum
channel

Syndrome
detection Correction Decoding |ψ〉

Quantum error correction without syndrome measurement:

|ψ〉 Encoding
Noisy

quantum
channel

Recovery
channel Decoding |ψ〉
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Operator Approach to Quantum Error Correction
A quantum channel Φ : B(H)→ B(H) is a completely positive, trace
preserving linear map of the form

Φ : ρ 7→
r∑
j=1

EjρE
†
j with

∑
j

E†jEj = I. [Choi (1975)]

Can one find another quantum channel Ψ : B(H)→ B(H) such that

Ψ ◦ Φ(ρ) = ρ for all PVρPV = ρ,

where PV is an orthogonal projection onto a k-dimensional subspace V of
H?
If one write PV = U(Ik ⊕ 0)U† for some unitary U , then

PVρPV = ρ ⇐⇒ ρ = U

[
ρ̃ 0
0 0

]
U†.

The equation of recovery channel can be restated as

Ψ ◦ Φ
(
U

[
ρ̃ 0
0 0

]
U†
)

= U

[
ρ̃ 0
0 0

]
U† for all ρ̃ ∈Mk.
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Operator Approach to Quantum Error Correction
Recovery channel:

Ψ ◦ Φ
(
U

[
ρ̃ 0
0 0

]
U†
)

= U

[
ρ̃ 0
0 0

]
U† for all ρ̃ ∈Mk.

p-qubit
data

Encoding
to m-qubit

Noisy
channel

Recovery
channel

Decoding
to p-qubit

ρ̃ ρ = U(|0〉〈0| ⊗ ρ̃)U† Φ Ψ tr 1
(
U†ρU

)
ρ̃

If such k (= 2p)-dimensional subspace V exists, V is called an quantum
error correction code (QECC) for Φ (see Definition 1.3).

When will such quantum error correction code exist??

Theorem 1.5 - Existence of QECC [Knill, Laflamme (1996)]

A quantum channel Φ : ρ 7→
∑r

j=1 EjρE
†
j is correctable if and only if

PVE
†
iEjPV = λijPV for all 1 ≤ i, j ≤ r.
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Quantum Error Correcting code
Example 1.7 Consider the three-
qubit bit-flip channel Φ : M8 →
M8 defined by

Φ(ρ) =
3∑
j=0

XjρX
†
j ,

with error operators

Encoding Syndrome detection Decoding
|ψ〉 • •

Φ
• •

Syndrome
correction

• • |ψ〉
|0〉 ����	
� • ����	
� |0〉
|0〉 ����	
� • ����	
� |0〉

|0〉 ����	
� ����	
� 65
|0〉 ����	
� ����	
� 65

X0 = √p0 I2 ⊗ I2 ⊗ I2, X1 = √p1 σx ⊗ I2 ⊗ I2,

X2 = √p2 I2 ⊗ σx ⊗ I2, X3 = √p3 I2 ⊗ I2 ⊗ σx,

where
∑3

j=0 pj = 1.

Consider V = span {|000〉, |111〉} with orthogonal projection

P = |000〉〈000|+ |111〉〈111| = E11 + E88.

Following the proof of Knill-Laflamme result, one can construct the recovery
channel as

Ψ(ρ) = PρP + (I − P )ρ(I − P ).
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Quantum Error Correcting code
With syndrome measurement:

Encoding Syndrome detection Decoding
|ψ〉 • •

Φ

• •

Syndrome
correction

• • |ψ〉

|0〉 �������� • �������� |0〉

|0〉 �������� • �������� |0〉

|0〉 �������� �������� FE
|0〉 �������� �������� FE

Without syndrome measurement:

Encoding Decoding
|ψ〉 • •

Φ Ψ

• • |ψ〉

|0〉 �������� �������� |0〉

|0〉 �������� �������� |0〉
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Quantum Error Correcting code

Remark 1.6

1 If we identify H with ℂn and U is an n× n unitary matrix with columns
|u1〉, . . . , |un〉 so that the first k states |u1〉, . . . , |uk〉 form a basis for V,
where k = dimV, then condition (b) of Theorem 1.5 is equivalent to

U†E†iEjU =
[
λijIk ∗
∗ ∗

]
for all 1 ≤ i, j ≤ r.

This will lead to the discussion of joint higher rank numerical range later.

2 The proof of Theorem 1.5 is constructive and provides a procedure for
constructing a recovery channel Ψ of Φ. However, the recovery channel
Ψ may be hard to implement as the construction involves projection
operators.
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Decoherence free subspace
Quantum error correcting code:

Ψ ◦ Φ(ρ) = ρ for all ρ ∈ B(H) with ρ = PVρPV .

p-qubit
data

Encoding
to m-qubit

Noisy
channel

Recovery
channel

Decoding
to p-qubit

ρ̃ ρ = U(|0〉〈0| ⊗ ρ̃)U† Φ Ψ tr 1
(
U†ρU

)
ρ̃

Definition 1.8 - DFS
A subspace V of H is said to be a decoherence free subspace (DFS) for a
quantum channel Φ on B(H) if

Φ(ρ) = ρ for all ρ ∈ B(H) with ρ = PVρPV , (1)

where PV is the orthogonal projection of H onto V.

p-qubit
data

Encoding
to m-qubit

Noisy
channel

Decoding
to p-qubit

ρ̃ ρ = U(|0〉〈0| ⊗ ρ̃)U† Φ tr 1
(
U†ρU

)
ρ̃

Notice that a decoherence free subspace is a QECC with Ψ = id.
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Noiseless system

For decoherence free subspace, the equation can be restated as

Φ
(
U

[
ρ̃ 0
0 0

]
U†
)

= U

[
ρ̃ 0
0 0

]
U† for all ρ̃ ∈Mk.

For any ρA ∈Mp and ρB ∈Mk, there is a σA ∈Mp such that

Φ
(
U

[
ρA ⊗ ρB 0

0 0

]
U†
)

= U

[
σA ⊗ ρB 0

0 0

]
U†.

Definition 1.10 - Noiseless subsystem

A subsystem HB is said to be a noiseless subsystem (NS) for a quantum
channel Φ on B(H) if

1 H has a decomposition H = (HA ⊗HB)⊕K; and
2 for any ρA ∈ B(HA) and ρB ∈ B(HB), there is σA ∈ B(HA) such that

Φ
(
ρA ⊗ ρB

)
= σA ⊗ ρB . (2)

Noiseless system will reduce to decoherence free subspace if dimHA = 1.
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QECC vs DFS vs NS

QECC:

p-qubit
data

Encoding
to m-qubit

Noisy
channel

Recovery
channel

Decoding
to p-qubit

ρ̃ ρ = U(|0〉〈0| ⊗ ρ̃)U† Φ Ψ tr 1
(
U†ρU

)
ρ̃

DFS:

p-qubit
data

Encoding
to m-qubit

Noisy
channel

Decoding
to p-qubit

ρ̃ ρ = U(|0〉〈0| ⊗ ρ̃)U† Φ tr 1
(
U†ρU

)
ρ̃

NS:

p-qubit
data

Encoding
to m-qubit

Noisy
channel

Decoding
to p-qubit

ρB ρ = U(ρA ⊗ ρB)U† Φ trA
(
U†ρU

)
ρB

Raymond Nung-Sing Sze Summer School on Quantum Information Science, Taiyuan



Noiseless system

Example 1.12 Consider the quantum channel Φ : M4 →M4 with error
operators E1 = F1 ⊗ I2 and E2 = F2 ⊗ I2, where

F1 =
[√

α 0
0

√
1− α

]
and F2 =

[
0

√
α√

1− α 0

]
,

for some 0 ≤ α ≤ 1.

Decompose ℂ4 = HA ⊗HB with respect to the standard basis so that
HA = HB = ℂ2, i.e., ℂ4 = ℂ2 ⊗ ℂ2.

Then for any ρA ∈ B(HA) and ρB ∈ B(HB),

Φ(ρA ⊗ ρB) = E1(ρA ⊗ ρB)E1 + E2(ρA ⊗ ρB)E2

=
(
F1ρ

AF †1 + F2ρ
AF †2

)
⊗ ρB

= σA ⊗ ρB .
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Equivalent definitions for NS

Proposition 1.13 [Kribs et al (2006)]

Given a decomposition H = (HA ⊗HB)⊕K and a quantum channel Φ on
B(H). The following conditions are equivalent.
(1) HB is a noiseless subsystem.

(2) For any ρA ∈ B(HA) and ρB ∈ B(HB), there is σA ∈ B(HA) such that

Φ(ρA ⊗ ρB) = σA ⊗ ρB .

(3) For any ρB ∈ B(HB), there is σA ∈ B(HA) such that

Φ(IA ⊗ ρB) = σA ⊗ ρB .

(4) For any ρA ∈ B(HA) and ρB ∈ B(HB),

trA
(
PAB ◦ Φ(ρA ⊗ ρB)

)
= ρB ,

where PAB is the orthogonal projection of H onto HA ⊗HB .
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Necessary and sufficient condition for existence of NS
Fixed orthonormal bases {|a1〉, . . . , |ap〉} and {|b1〉, . . . , |bk〉} for HA and HB ,
respectively. Let

Pij = |ai〉〈aj | ⊗ IB for all 1 ≤ i, j ≤ p.

Notice that PAB = P11 + · · ·+ Ppp is the orthogonal projection of H onto
HA ⊗HB .

Theorem 1.14 [Kribs. at el (2006)]

Given a decomposition H = (HA ⊗HB)⊕K and a quantum channel Φ on
B(H). Then HB is a noiseless subsystem for Φ if and only if

EsPAB = PABEsPAB for all 1 ≤ s ≤ r, (3)

and there are scalars λi,j,s ∈ ℂ such that

PiiEsPjj = λi,j,sPij for all 1 ≤ i, j ≤ p, 1 ≤ s ≤ r. (4)

The equations (3) and (4) hold if and only if

U†Es U =
[

Λ(s) ⊗ IB ∗
0 ∗

]
with Λ(s) =

[
λi,j,s

]
for all 1 ≤ s ≤ r.
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Necessary and sufficient condition for existence of DFS

Recall that noiseless system will reduce to decoherence free subspace if HA = 1.

Corollary 1.16
Let Φ : B(H)→ B(H) be a quantum channel. Then a subspace V of H is a
decoherence free subspace for Φ if and only if there are scalars λs ∈ ℂ such that

EsPV = λsPV for all 1 ≤ s ≤ r. (5)

The equation (5) hold if and only if

U†Es U =
[
λsIB ∗

0 ∗

]
for all 1 ≤ s ≤ r.
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NS and DFS
Example 1.17 Consider the quantum channel Φ : M4 →M4 with error
operators

E1 =


√

1− 2α 0 0 0
0 1 0 0
0 0 1 0
0 0 0

√
1− 2α

 and E2 =


√
α 0 0 0

0 0 0
√
α√

α 0 0 0
0 0 0

√
α


for some 0 ≤ α ≤ 1. Let U = E11 + E24 + E33 + E42. Then

U†E1U =
[√

1− 2α 0
0 1

]
︸ ︷︷ ︸

Λ(1)

⊗I2 and U†E2U =
[√

α 0√
α 0

]
︸ ︷︷ ︸

Λ(2)

⊗I2.

Indeed, for any ρB ∈M2,

Φ
(
U(IA ⊗ ρB)U†

)
= U(σA⊗ρB)U† where σA =

[
1− α α
α 1 + α

]
(Exercise!!)

Equivalently, HB is a noiseless subsystem if one decompose H to HA ⊗HB ,
dimHA = dimHB = 2, with respect to the basis {|00〉, |11〉, |10〉, |01〉}.

Exercise Show that this channel Φ has a 2-dimensional
decoherence free subspace.
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DFS vs NS vs QECC

DFS:
Φ
(
U

[
ρ̃ 0
0 0

]
U†
)

= U

[
ρ̃ 0
0 0

]
U† ∀ρ̃ ∈Mk.

NS: ∀ρA ∈Mp, ρ
B ∈Mk, ∃σA ∈Mp s.t.

Φ
(
U

[
ρA ⊗ ρB 0

0 0

]
U†
)

= U

[
σA ⊗ ρB 0

0 0

]
U†.

QECC:

Ψ ◦ Φ
(
U

[
ρ̃ 0
0 0

]
U†
)

= U

[
ρ̃ 0
0 0

]
U† ∀ρ̃ ∈Mk.

Under the QECC condition can we say something about Φ without the
recovery channel Ψ? Yes!

Φ
(
U

[
E11 ⊗ ρ̃ 0

0 0

]
U†
)

= R

[
σ ⊗ ρ̃ 0

0 0

]
R† ∀ρ̃ ∈Mk.
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QECC Revisited

Theorem 1.18 [Li, Nakahara, Poon, Sze, Tomita (2011)]
Let Φ : B(H)→ B(H) be a quantum channel with n = dimH. Suppose Φ has
a k-dimensional quantum error correcting code V with orthogonal projection
PV = WW † with W †W = Ik. Then there is a unitary R and a positive
definite σ ∈Mq with q ≤ n/k such that

Φ
(
Wρ̃W †

)
= R

[
σ ⊗ ρ̃ 0

0 0

]
R† for all ρ̃ ∈Mk.

In particular, if k divides n so that B(H) can be regarded as Mn/k ⊗Mk, there
is a positive semi-definite σ ∈Mn/k such that

Φ
(
Wρ̃W †

)
= R(σ ⊗ ρ̃)R† for all ρ̃ ∈Mk.

p-qubit
data

Encoding
to m-qubit

Noisy
channel

Decoding
to p-qubit

ρB ρ = U(|0〉〈0| ⊗ ρB)U† Φ trA
(
R†ρR

)
ρB
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QECC: bit-flip channel
Example 1.20 Consider the
three-qubit bit-flip channel Φ :
M8 →M8 defined by

Φ(ρ) =
3∑
j=0

XjρX
†
j ,

with error operators

Encoding Decoding
|ψ〉 • •

Φ Ψ

• • |ψ〉

|0〉 �������� �������� |0〉

|0〉 �������� �������� |0〉

X0 = √p0 I2 ⊗ I2 ⊗ I2, X1 = √p1 σx ⊗ I2 ⊗ I2,

X2 = √p2 I2 ⊗ σx ⊗ I2, X3 = √p3 I2 ⊗ I2 ⊗ σx,

where
∑3

j=0 pj = 1.

Consider V = span {|000〉, |111〉}. Following the proof of Theorem 1.18, one
can construct the unitary matrices

U = E11 + E28 + E33 + E46 + E55 + E64 + E77 + E82

R = E11 + E27 + E35 + E44 + E53 + E66 + E78 + E82.

Then there is σ ∈M4 such that
Φ
(
U(|00〉〈00| ⊗ ρ)U†

)
= R (σ ⊗ ρ̃)R† for all ρ̃ ∈M2.
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QECC: bit-flip channel

Original QECC:

Encoding Decoding

|ψ〉 • •

Φ Ψ

• • |ψ〉

|0〉 �������� �������� |0〉

|0〉 �������� �������� |0〉

New QECC:

Encoding Decoding

|ψ〉 • •

Φ

• • �������� |ψ〉

|0〉 �������� �������� •

|0〉 �������� �������� •
| ∗ 〉


[Nakahara, Tomita (2011)]
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Operator quantum error correction

Definition 1.21 - Correctable subsystem

A subsystem HB is said to be a correctable subsystem (CS) for a quantum
channel Φ on B(H) if

1 H has a decomposition H = (HA ⊗HB)⊕K, and
2 for any ρA ∈ B(HA) and ρB ∈ B(HB), there is σA ∈ B(HA) such that

Ψ ◦ Φ(ρA ⊗ ρB) = σA ⊗ ρB . (6)

Equivalently,

trA
(
PAB ◦Ψ ◦ Φ(ρA ⊗ ρB)

)
= ρB for all ρA ∈ B(HA) and ρB ∈ B(HB),

where PAB is the orthogonal projection of H onto HA ⊗HB .

p-qubit
data

Encoding
to m-qubit

Noisy
channel

Recovery
channel

Decoding
to p-qubit

ρB ρ = U(ρA ⊗ ρB)U† Φ Ψ trA
(
U†ρU

)
ρB
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Operator quantum error correction

A necessary and sufficient condition for the existence of correctable system was
also given by Kribs et al.

Theorem 1.23 [Kribs et al. (2006)]

Given a decomposition H = (HA ⊗HB)⊕K and a quantum channel Φ on
B(H). Then HB is a correctable subsystem for Φ if and only if there are
scalars λi,j,s,t ∈ ℂ such that

PiiE
†
sEtPjj = λi,j,s,t Pij for all 1 ≤ i, j ≤ p, 1 ≤ s, t ≤ r. (7)

The equation (7) holds if and only if there is a unitary U such that

U†E†sEt U =
[

Λ(s,t) ⊗ IB ∗
∗ ∗

]
with Λ(s,t) =

[
λi,j,s,t

]
for all 1 ≤ s, t ≤ r.
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Summary

DFS: ∀ρ̃ Φ
(
U

[
ρ̃ 0
0 0

]
U†
)

= U

[
ρ̃ 0
0 0

]
U†

NS: ∀ρA, ρB , ∃σA Φ
(
U

[
ρA ⊗ ρB 0

0 0

]
U†
)

= U

[
σA ⊗ ρB 0

0 0

]
U†

QECC: ∀ρ̃ Ψ ◦ Φ
(
U

[
ρ̃ 0
0 0

]
U†
)

= U

[
ρ̃ 0
0 0

]
U†

QECC: ∀ρ̃ Φ
(
U

[
E11 ⊗ ρ̃ 0

0 0

]
U†
)

= R

[
σ ⊗ ρ̃ 0

0 0

]
R†

OQEC: ∀ρA, ρB , ∃σA Ψ ◦ Φ
(
U

[
ρA ⊗ ρB 0

0 0

]
U†
)

= U

[
σA ⊗ ρB 0

0 0

]
U†
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Summary

p-qubit
data

Encoding
to m-qubit

Noisy
channel

Recovery
channel

Decoding
to p-qubit

ρ̃ ρ = U(|0〉〈0| ⊗ ρ̃)U† Φ tr 1
(
U†ρU

)
ρ̃ (DFS)

ρB ρ = U(ρA ⊗ ρB)U† Φ trA
(
U†ρU

)
ρB (NS)

ρ̃ ρ = U(|0〉〈0| ⊗ ρ̃)U† Φ Ψ tr 1
(
U†ρU

)
ρ̃ (QECC)

ρ̃ ρ = U(|0〉〈0| ⊗ ρB)U† Φ trA
(
R†ρR

)
ρ̃ (QECC)

ρB ρ = U(ρA ⊗ ρB)U† Φ Ψ trA
(
U†ρU

)
ρB (OQEC)
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Knill-Laflamme condition

Theorem 1.5 - Existence of QECC [Knill, Laflamme (1996)]

A quantum channel Φ : ρ 7→
∑r

j=1 EjρE
†
j is correctable if and only if

PVE
†
iEjPV = λijPV for all 1 ≤ i, j ≤ r.

Theorem 1.2
Suppose

Φ(ρ) =
r∑
j=1

EjρE
†
j and Ψ(ρ) =

s∑
k=1

FjρF
†
j

are two quantum channels. By adding zero operators, if necessary, one can
assume that r = s. Then Φ = Ψ if and only if there exists a r × r unitary
matrix U = [uij ] such that

Ei =
r∑
j=1

uijFj for all i = 1, . . . , r.

Proof of the theorem can be found in [Nielsen & Chuang, Theorem 8.2].
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Proof of Theorem 1.5

Suppose there is a recovery quantum channel Ψ : B(H)→ B(H) of the form
Ψ(ρ) =

∑p

k=1 RkρR
†
k such that

Ψ ◦ Φ(ρ) = ρ for all ρ with ρ = PρP .

Then
p∑
k=1

r∑
j=1

RkEjPρPE
†
jR
†
k = PρP for all ρ ∈ B(H).

By Theorem 1.2, there are scalars cjk ∈ ℂ such that

RkEjP = cjkP for all 1 ≤ j ≤ r, 1 ≤ k ≤ p.

Notice that
∑p

k=1 R
†
kRk = I. Thus for any 1 ≤ i, j ≤ r,

PE†iEjP =
p∑
k=1

PE†iR
†
kRkEjP =

p∑
k=1

cikcjkP.

Then the condition holds with λij =
∑p

j=1 cikcjk.
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Proof of Theorem 1.5
Suppose that

PE†iEjP = λijP for all 1 ≤ i, j ≤ r.
Let Λ = [λij ].

Assumption: Λ is a r × r diagonal matrix with positive diagonal entires.

By polar decomposition, there is a unitary Uk such that

EkP = Uk(PF †kEkP )
1
2 =

√
λkk UkP.

Let
Pk = UkPU

†
k = EkPU

†
k/
√
λkk for k = 1, . . . , r.

Then for any 1 ≤ k, ` ≤ r,

P †kP` =
{
UkPU

†
k k = `,

0 k 6= `.
=⇒ U†kP

†
kP`Uk =

{
P k = `,

0 k 6= `.

Thus, the projections P1, . . . , Pr are pairwise orthogonal.
Let

Pr+1 = I −
r∑
k=1

Pk and Ur+1 = I.

Notice that P 2
r+1 = Pr+1 and P †r+1Pj = 0 for all 1 ≤ j ≤ r.
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Proof of Theorem 1.5

Define the recovery channel Ψ : B(H)→ B(H) by

Ψ(ρ) =
r+1∑
k=1

U†kPkρPkUk.

Clearly,
∑r+1

k=1 PkUkU
†
kPk =

∑r+1
k=1 Pk = I and hence Ψ is trace preserving.

Notice that

φ(ρ) =
r∑
k=1

EkPρPE
†
k =

r∑
k=1

λkkPkUkρU
†
kPk,

and so

Ψ ◦ Φ(ρ) =
r+1∑
`=1

r∑
k=1

λkk

P︷ ︸︸ ︷
U†` P`PkUk ρ

P︷ ︸︸ ︷
U†kPkP`U` =

r∑
k=1

λkkPρP = PρP = ρ.

Thus, V is a quantum error correcting code for Φ.
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Knill-Laflamme condition

Theorem 1.5 - Existence of QECC [Knill, Laflamme (1996)]

A quantum channel Φ : ρ 7→
∑r

j=1 EjρE
†
j is correctable if and only if

PVE
†
iEjPV = λijPV for all 1 ≤ i, j ≤ r.

The condition of Theorem 1.5 is equivalent to

U†E†iEjU =
[
λijIk ∗
∗ ∗

]
for all 1 ≤ i, j ≤ r.
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Joint rank-k numerical range
Choi, Kribs, and Życzkowski (2006) suggested the following:
Definition 2.1 - Joint rank-k numerical range
Given A1, . . . , Am ∈Mn. The (joint) rank-k numerical range Λk(A) of the
matrices A = (A1, . . . , Am) is defined as the collection of
(a1, . . . , am) ∈ ℂ1×m such that

PAjP = ajP, j = 1, . . . ,m,

for some rank-k orthogonal projection P , i.e., That is,
Λk(A) = {(a1, . . . , am) ∈ ℂm : PAjP = ajP

for some rank-k orthogonal projection P}.

A channel Φ has a k-dimensional correction code if and only if
Λk(E†1E1, E

†
1E2, . . . , E

†
rEr) 6= ∅.

Equivalently,
Λk(A) = {(a1, . . . , am) ∈ ℂm : X†AjX = ajIk with X†X = Ik}.

Also, (a1, . . . , am) ∈ Λk(A) if and only if there is a unitary U such that

U†AjU =
[
ajIk ∗
∗ ∗

]
for 1 ≤ j ≤ m.
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Rank-k numerical range
Example 2.2 A simple case. Given a bi-unitary channel

Φ : ρ 7→ tU1ρU
†
1 + (1− t)U2ρU

†
2 where U1 and U2 are unitary.

The channel Φ is correctable if and only if

Λk(U†1U1, U
†
1U2, U

†
2U1, U

†
2U2) 6= ∅ ⇐⇒ Λk(U†1U2) 6= ∅.

Rank-k numerical range
The rank-k numerical range of A on Mn is defined by

Λk(A) = {µ ∈ ℂ : PAP = µP for some rank-k orthogonal projection P}.

Equivalently,

Λk(A) = {µ ∈ ℂ : X†AX = µIk with X†X = Ik}.

For k = 1, it reduces to the classical numerical range defined as

W (A) = {〈x|A|x〉 : |x〉 ∈ ℂn with 〈x|x〉 = 1}.
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Rank-k numerical range
Basic properties of rank-k numerical range:

(P1) For any a, b ∈ ℂ, Λk(aA+ bI) = aΛk(A) + b.

(P2) For any unitary U ∈Mn, Λk(U†AU) = Λk(A).

(P3) For any n× r matrix V with r ≥ k and V †V = Ir, we have
Λk(V †AV ) ⊆ Λk(A).

(P4) Suppose n < 2k. The set Λk(A) has at most one element.

(P5) Λk(A) can be empty.

Example Let A = diag (1, 1, 0, 0). Then Λ3(A) = ∅.

Proof. Suppose Λ3(A) 6= ∅. Then there is U ∈M4 such that

U†AU =
[
λI3 ∗
∗ ∗

]
.

Then by interlacing inequality,

0 ≤ λ ≤ 0 ≤ λ ≤ 1 ≤ λ ≤ 1.

But this is impossible!
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Rank-k numerical range

Theorem 2.3
Let A ∈Mn and k ∈ {1, . . . , n}.
(a) If n ≥ 3k − 2, then Λk(A) is non-empty.

(b) If n < 3k − 2, there is B ∈Mn such that Λk(B) = ∅.

(c) If A = A† has eigenvalues λ1(A) ≥ · · · ≥ λn(A), then

Λk(A) = [λn−k+1(A), λk(A)],

where the interval is an empty set if λn−k+1(A) > λk(A) when k > n/2.

Theorem 2.3

(d) For any A ∈Mn,

Λk(A) =
⋂

ξ∈[0,2π)

{
µ ∈ ℂ : e−iξµ+ eiξµ̄ ≤ λk(e−iξA+ eiξA†)

}
,

where λk(H) denotes the k-th largest eigenvalue of Hermitian H ∈Mn.
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Rank-k numerical range
Example Let A = diag (i,−i,−1)⊕

[
−2 1
0 0

]
. Then

Λk(A) =
⋂

ξ∈[0,2π)

{
µ ∈ ℂ : e−iξµ+ eiξµ̄ ≤ λk(e−iξA+ eiξA†)

}
,

The rank-2 numerical range of A is
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Rank-k numerical range

Theorem 2.3

(d) For any A ∈Mn,

Λk(A) =
⋂

ξ∈[0,2π)

{
µ ∈ ℂ : e−iξµ+ eiξµ̄ ≤ λk(e−iξA+ eiξA†)

}
,

where λk(H) denotes the k-th largest eigenvalue of Hermitian H ∈Mn.

(e) Λk(A) is always convex. [Woerdeman (2008)]

(f) If A ∈Mn is a normal matrix with eigenvalues λ1, . . . , λn, then

Λk(A) =
⋂

1≤j1<···<jn−k+1≤n

conv {λj1 , . . . , λjn−k+1}.
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Rank-k numerical range
Rank-1 and rank-2 numerical ranges of some matrices.
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Joint rank-k numerical range

Recall that the joint rank-k numerical range of A = (A1, . . . , Am) with Aj on
Mn is defined by

Λk(A) = {(a1, . . . , am) ∈ ℂm : PAjP = ajP

for some rank-k orthogonal projection P}.

Write Aj = H2j−1 + iH2j with Hermitian matrices

H2j−1 = 1
2(Aj +A†j) and H2j = 1

2i (Aj −A
†
j).

One can always identify

Λk(A1, . . . , Am) ∼= Λk(H1, H2, . . . , H2m−1, H2m)
∩ ∩
ℂm ℝ2m

One can focus on Λk(A1, . . . , Am) with A1, . . . , Am Hermitian.
In particular, Λk(A1 + iA2) ∼= Λk(A1, A2).
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Joint rank-k numerical range

Proposition 2.4
Suppose A = (A1, . . . , Am) ∈ Hm

n , and T = [tij ] is an m× r real matrix. If

Bj =
m∑
i=1

tijAi for j = 1, . . . , r,

and B = (B1, . . . , Br), then

{(a1, . . . , am)T : (a1, . . . , am) ∈ Λk(A)} ⊆ Λk(B).

The inclusion becomes equality if {A1, . . . , Am} is linearly independent and

span {A1, . . . , Am} = span {B1, . . . , Br}.

In view of the above proposition, in the study of the geometric properties of
Λk(A), we may always assume that A1, . . . , Am are linearly independent.
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Joint rank-k numerical range

Proposition 2.5
Let A = (A1, . . . , Am) ∈ Hm

n , and let k < n.
(a) For any real vector µ = (µ1, . . . , µm),

Λk(A1 − µ1I, . . . , Am − µmI) = Λk(A)− µ.

(b) If (a1, . . . , am) ∈ Λk(A), then (a1, . . . , am−1) ∈ Λk(A1, . . . , Am−1).

(c) Λk+1(A) ⊆ Λk(A).

(d) For any unitary U ∈Mn,

Λk(U†A1U, . . . , U
†AmU) = Λk(A1, . . . , Am).
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Non-emptyness

Question:
When will Λk(A) be always non-empty for all Hermitian A = (A1, . . . , Am)?

Partial Answers:
1 Λ1(A1, A2, . . . , Am) is always non-empty.

2 If n ≥ 2k − 1, then Λk(A1) 6= ∅. [Choi al et. (2006)]

3 If n ≥ 3k − 2, then

Λk(A1, A2) ≡ Λk(A1 + iA2) 6= ∅.

Proposition 2.6 [Knill, Laflamme, Viola (2000)]
Let A ∈ Hm

n and 1 < k < n. Then Λk(A) is non-empty if

n ≥ (k − 1)(m+ 1)2.

However, the bound is not sharp.
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When (m, k) = (3, 2)

Proposition 2.6:

Λ2(A1, A2, A3) 6= ∅ if n ≥ (k − 1)(m+ 1)2 = 16.

It has been proved that

Λ2(A1, A2, A3) 6= ∅ if n ≥ 7

and
Λ2(A1, A2, A3) = ∅ if n ≤ 4.

Open problem
Is Λ2(A1, A2, A3) always nonempty when n = 5 or 6?

Partial Answer:
Suppose A1, . . . , Am is a commuting family.

Λ2(H1, . . . , Hm) 6= ∅ if n ≥ m+ 2. [Holbrook (2008)]
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Star-shapeness

A set S ⊆ ℝn is said to be star-shaped if there exists
a ∈ S
such that

ta+ (1− t)b ∈ S for all b ∈ S and 0 ≤ t ≤ 1.

The point a is called a star-center of S.

Theorem 2.9 [Li and Poon (2009)]
Given Hermitian A = (A1, . . . , Am).

If Λ`(A) 6= ∅ with ` ≥ (m+ 2)k and a ∈ Λ`(A), then Λk(A) is
star-shaped with a as a star center.

In particular, when n ≥ 55,

Λ10(A1, A2, A3) 6= ∅ =⇒ Λ2(A1, A2, A3) is star-shaped.
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Pauli matrices
The Pauli matrices, also known as the spin matrices, and defined by

σx =
[

0 1
1 0

]
, σy =

[
0 −i
i 0

]
, and σz =

[
1 0
0 −1

]
.

Notice that
σx|0〉 = |1〉 σy|0〉 = i|1〉 σz|0〉 = |0〉

σx|1〉 = |0〉 σy|1〉 = −i|0〉 σz|1〉 = −|1〉

In general, for |ψ〉 = a|0〉+ b|1〉,
σx|ψ〉 = σx(a|0〉+ b|1〉) = a|1〉+ b|0〉

σy|ψ〉 = σy(a|0〉+ b|1〉) = ia|1〉 − ib|0〉

σz|ψ〉 = σz(a|0〉+ b|1〉) = a|0〉 − b|1〉

For any positive integer n, define
Xn = σ⊗nx , Yn = σ⊗ny , and Zn = σ⊗nz .

Then
X3|001〉 = |110〉 Y3|001〉 = i|110〉 Z3|001〉 = −|001〉.
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Fully correlated noise

A noisy quantum channel is called fully correlated when all the qubits
constituting the codeword are subject to the same error operators.

This situation happens when size of the system is much smaller than the
wavelength of the external disturbance causing the error.

In general, such quantum channel has error operator of the form

W⊗n = W ⊗ · · · ⊗W with unitary W ∈M2.

Consider a fully correlated quantum channel Φ : M2n →M2n of the form

Φ(ρ) = p0ρ+ p1XnρX
†
n + p2YnρY

†
n + p3ZnρZ

†
n

with p0 + · · ·+ p4 = 1.
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Fully correlated noise
By the Knill-Laflamme result, the fully correlated quantum channel
Φ : M2n →M2n by

Φ(ρ) = p0ρ+ p1XnρX
†
n + p2YnρY

†
n + p3ZnρZ

†
n

has a k-dimensional quantum error correction code if and only if

Λk

 In Xn Yn Zn
X†n X†nXn X†nYn X†nZn
Y †n Y †nXn Y †nYn Y †nZn
Z†n Z†nXn Z†nYn Z†nZn

 6= ∅.
As

σxσy = iσz, σyσz = iσx, and σzσx = iσy,

it follows that

X†nYn = inZn, Y †nZn = inXn, and Z†nXn = inXn.

It follows that QECC exists if and only if

Λk(Xn, Yn, Zn) 6= ∅.
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Fully correlated noise

Theorem 3.1
Suppose n > 2 is odd. Then Λ2n−1 (Xn, Yn, Zn) 6= ∅.

Indeed, (0, 0, 1) ∈ Λ2n−1 (Xn, Yn, Zn). (Exercise!)

By Theorem 1.18,

Theorem 3.2
Suppose n is odd and Φ : M2n →M2n is a fully correlated quantum channel
given by

Φ(ρ) = p0ρ+ p1XnρX
†
n + p2YnρY

†
n + p3ZnρZ

†
n.

There exist a unitary R ∈M2n and a density matrix ρa ∈M2 such that

Φ
(
R(|0〉〈0| ⊗ ρ̃)R†

)
= R (ρa ⊗ ρ̃)R† for all ρ̃ ∈M2n−1 .

So one can encode (n− 1)-data qubit states to n-qubit codewords.

The unitary matrix R can be constructed explicitly.
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When n = 3
For the quantum channel Φ : M8 →M8 given by

Φ(ρ) = p0ρ+ p1X3ρX
†
3 + p2Y3ρY

†
3 + p3Z3ρZ

†
3 ,

then
R†Φ

(
R(|0〉〈0| ⊗ ρ̃)R†

)
R = ρa ⊗ ρ̃ for all ρ̃ ∈M4,

where

R = E11 + E42 + E73 + E64 + E85 + E56 + E27 + E38

= |000〉〈000|+ |011〉〈001|+ |110〉〈010|+ |101〉〈011|

+|111〉〈100|+ |100〉〈101|+ |001〉〈110|+ |010〉〈111|.

|0〉 • ��������
Φ

�������� • |ψa〉

• �������� �������� •
|ψ〉 �������� • • �������� |ψ〉

R R†
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When n = 3

R = E11 + E42 + E73 + E64 + E85 + E56 + E27 + E38 = R1R2R3

R1 =


1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0



R2 =


1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0



R3 =


1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0



R

• ��������
• ��������

�������� •

R3 R2 R1
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When n = 3
R R†

• ����	
�
Φ

����	
� •

• ����	
� ����	
� •

����	
� • • ����	
�

|0〉 ⊗ |01〉 '& %$ ! "#|001〉 '& %$ ! "#|001〉 '& %$ ! "#|011〉

'& %$

 ! "#

I : |011〉

X3 : |100〉

Y3 : −i|100〉

Z3 : |011〉

'& %$

 ! "#

|001〉

|100〉

−i|100〉

|001〉

'& %$

 ! "#

|001〉

|100〉

−i|100〉

|001〉

'& %$

 ! "#

|001〉

|101〉

−i|101〉

|001〉

'& %$

 ! "#

|0〉 ⊗ |01〉

|1〉 ⊗ |01〉

−i|1〉 ⊗ |01〉

|0〉 ⊗ |01〉

|0〉 ⊗ |11〉 '& %$ ! "#|011〉 '& %$ ! "#|111〉 '& %$ ! "#|101〉

'& %$

 ! "#

I : |101〉

X3 : |010〉

Y3 : −i|010〉

Z3 : |101〉

'& %$

 ! "#

|111〉

|010〉

−i|010〉

|111〉

'& %$

 ! "#

|011〉

|110〉

−i|110〉

|011〉

'& %$

 ! "#

|011〉

|111〉

−i|111〉

|011〉

'& %$

 ! "#

|0〉 ⊗ |11〉

|1〉 ⊗ |11〉

−i|1〉 ⊗ |11〉

|0〉 ⊗ |11〉
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When n = 5

For the quantum channel Φ : M32 →M32 given by

Φ(ρ) = p0ρ+ p1X5ρX
†
5 + p2Y5ρY

†
5 + p3Z5ρZ

†
5 ,

then
R†Φ

(
R(|0〉〈0| ⊗ ρ̃)R†

)
R = ρa ⊗ ρ̃ for all ρ̃ ∈M16,

where R is a unitary matrix constructed by the following circuit.

|0〉 • ��������

Φ

�������� • |ψa〉

• �������� �������� •

• �������� �������� •
|ψ〉

• �������� �������� •
|ψ〉

�������� • • ��������
R R†
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Fully correlated noise

Theorem 3.4
Suppose n > 2 is even. Then

1 Λ2n−2 (Xn, Yn, Zn) 6= ∅.
2 Λ2n−1 (Xn, Yn, Zn) = ∅.

In this case, (1, 1, 1) ∈ Λ2n−2 (Xn, Yn, Zn).

Theorem 3.5
Suppose n is even and Φ : M2n →M2n is a fully correlated quantum channel
given by

Φ(ρ) = p0ρ+ p1XnρX
†
n + p2YnρY

†
n + p3ZnρZ

†
n.

There exists a unitary R ∈M2n such that

Φ (R(|00〉〈00| ⊗ ρ̃)R† = R (|00〉〈00| ⊗ ρ̃)R† for all ρ̃ ∈M2n−2 .

The output density matrix is the same as the input.
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When n = 4

For the quantum channel Φ : M16 →M16 given by

Φ(ρ) = p0ρ+ p1X4ρX
†
4 + p2Y4ρY

†
4 + p3Z4ρZ

†
4 ,

then

R†Φ
(
R(|00〉〈00| ⊗ ρ̃)R†

)
R = |00〉〈00| ⊗ ρ̃ for all ρ̃ ∈M4,

where R is a unitary matrix constructed by the following circuit.

|0〉 •

Φ

• |0〉

|0〉 �������� �������� �������� �������� |0〉

• �������� �������� •
|ψ〉 �������� • • �������� |ψ〉

R R†




Remark that Φ indeed has a 4-dimensional DFS.
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Recent work

Recently, we also considered quantum channels of the form

ρ 7→
r∑
j=1

pjW
⊗n
j ρW⊗n†j where W⊗nj = Wj ⊗ · · · ⊗Wj︸ ︷︷ ︸

n

is a tensor product of n copies of unitary matrix Wj ∈M2.

Let α, β, γ be any real numbers and let

Xα = (eiασx)⊗3, Yβ = (eiβσy )⊗3, Zγ = (eiγσz )⊗3.

Consider a quantum channel Φ : M8 →M8 given by

Φ(ρ) = p0ρ+ p1XαρX
†
α + p2YβρY

†
β + p3ZγρZ

†
γ

for some pi > 0 such that
∑3

i=0 pi = 1.

Raymond Nung-Sing Sze Summer School on Quantum Information Science, Taiyuan



Recent work

The 3-qubit case:

Theorem [arXiv:1106.5210]
Let α, β, γ be any real numbers and let

Xα = (eiασx)⊗3, Yβ = (eiβσy )⊗3, Zγ = (eiγσz )⊗3.

Consider a quantum channel Φ : M8 →M8 given by

Φ(ρ) = p0ρ+ p1XαρX
†
α + p2YβρY

†
β + p3ZγρZ

†
γ

for some pi > 0 such that
∑3

i=0 pi = 1. Then there is a unitary U3 ∈M8 such
that for any data state ρ̃ ∈M2,

Φ
(
U3(ρa ⊗ |0〉〈0| ⊗ ρ̃)U†3

)
= U3

((
3∑
j=0

pjVjρaV
†
j

)
⊗ |0〉〈0| ⊗ ρ̃

)
U†3 , (8)

Here ρa is an initial single qubit ancilla state and

V0 = I2, V1 = eiασx , V2 = eiβσy , V3 = eiγσz .
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Recent work
Let U3 be the 8× 8 unitary matrix with columns

|u1〉 = 1√
2 (|100〉 − |001〉) |u2〉 = 1√

6 (|100〉+ |001〉 − 2|010〉)

|u3〉 = |111〉 |u4〉 = 1√
3 (|100〉+ |001〉+ |010〉)

|u5〉 = −(σx)⊗3|u1〉 |u6〉 = −(σx)⊗3|u2〉

|u7〉 = −(σx)⊗3|u3〉 |u8〉 = −(σx)⊗3|u4〉

|ψa〉 • X �������� ��������
Φ

�������� �������� X • | ∗ 〉

|0〉 G1 ����	
� �������� • • �������� ����	
� G1 |0〉

|ψ〉 • G2 ����	
� ����	
� G2 • |ψ〉

U3 U†3

G1 = 1√
3

[
1

√
2

−
√

2 1

]
and G2 = 1√

2

[
1 1
−1 1

]
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