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Abstract

Multidimensional scaling (MDS) is a collection of data analytic techniques for constructing con-
figurations of points from dissimilarity information about interpoint distances. Classsical MDS as-
sumes a fixed matrix of dissimilarities. However, in some applications, e.g., the problem of inferring
3-dimensional molecular structure from bounds on interatomic distances, the dissimilarities are free
to vary, resulting in optimization problems with a spectral objective function. A perturbation analysis
is used to compute first- and second-order directional derivatives of this function. The gradient and
Hessian are then inferred as representers of the derivatives. This coordinate-free approach reveals
the matrix structure of the objective and facilitates writing customized optimization software. Also
analyzed is the spectrum of the Hessian of the objective.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Multidimensional scaling (MDS) is a collection of data analytic techniques for con-
structing configurations of points from dissimilarity information about interpoint distances.
Developed primarily by psychometricians and statisticians, MDS is widely used in a variety
of disciplines for visualization and dimension reduction. The extensive literature on MDS
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includes numerous books, e.Bgrg and Groenen (199,Fox and Cox (1994 )andEveritt
and Rabe-Hesketh (1997nd book chapters, e.dzyveritt and Dunn (1991, Chapter,5)
Krzanowski and Marriott (1994, Chapter, Blardia et al. (1979, Chapter 14ndSeber
(1984, Section 5.5Many specific formulations of MDS are possible; a useful organizing
principle, adopted byge Leeuw and Heiser (1982hd byTrosset (1997h)is to formulate
MDS as a collection of optimization problems. The methodiafjerson (1952andGower
(1966) variously called classical MDS and principal coordinate analysis, can be formulated
as an optimization problem with an objective function whose minimum value is sometimes
called the strain criterion.

Formally, a matrix is alissimilarity matrixif and only if it is symmetric and hollow
(its diagonal entries vanish) with nonnegative entries. Givem am matrix 4 = (J;;) of
squareddissimilarities and a target dimensipya classical problem in distance geometry is
to determine if1 is a matrix ofp-dimensional squared Euclidean distances, i.e., if there exist
x1,...,x, € R” such thaf|x; — x; 12 = 0;;. Itis well-known that the answer is affirmative
if and only if the symmetria x n matrix

A=t(d)=—-3PTAP

is positive semidefinite with rarld) < p, whereP is then x n projection matrix/ —
ee' /n, | is then x n identity matrix, anck = (1, ..., 1)T € R". This embedding theorem
motivated classical MDS, which can be stated as the problem of finding the symmetric
positive semidefinite x n matrix of rank < p that is nearest(4) in squared Frobenius
distance. The minimum value of the objective functipB,— t(A) ||2F, is the strain criterion.
Detailed studies of the linear operatowere made byCritchley (1988)and byGower and
Groenen (1991)

To evaluate the strain criterion for a fixet one computes the spectral decomposition
7(4) = 0AQT and sets1 = diag(1), where

/—1‘_ max(ii,O) i=1,...,p
L 0 i=p+1,...,n

and diag/) is the diagonal matrix whose diagonal entries@se.. . ., 4,). ThenQAQT is
a global minimizer of| B — r(A)||fT and the global minimum is

Fpot(D)=[04Q" — QAQT|IF = (4 — 4)?
i=1
P n n V4
=Y max,0 — 1P+ Y iF=)"J2=> [maxi.0)
i=1 i=1

i=p+1 i=1

P
= [e(DIIF = [maxZ;, 0%, (1)
i=1
Notice that only the largest eigenvalues are required to evaluate the strain criterion.
Classical MDS assumes thdtis fixed. Recently, extensions of classical MDS have
been developed for nonmetric MD®rosset, 1998band for various problems with bound
constraints Trosset, 1998a, 2000The latter include the important problem of inferring
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3-dimensional molecular structure from partial information about interatomic distances,
which is especially challenging because the number of atoinss (typically large and
precise solutions are requiretrosset (2002pnalyzed the computational theory of these
extensions and reported computational results for several molecular conformation problems.
To efficiently minimizeFs o 7(4) (for simplicity, we henceforth restrict attention po= 3)

as A varies, we require first- and second-order derivative information about the objective
function F3 o0 7.

Firstderivatives of'30t can be derived by various methods. One useful technique involves
perturbation analysis, asWilkinson (1965) This technique was exploited Bybson (1979)
in his study of the robustness of classical MDS. Another technique involves the theory
of reducible nonlinear programming, asRarks (1985)yet another technique involves
the theory of spectral functions, asliewis (1996) These techniques were exploited by
Trosset (1997a, 2002 derive the first-order partial derivatives Bf o T with respect to
the components of.

Previous research has not considered the second derivatifgsofNoting that there are
O(n*) second-order partial derivativesBfot, Trosset (2002)pted to use a limited memory
guasi-Newton method for optimization. The primary purpose of the present work is to derive
second derivatives of3 o 7. We do so via perturbation analysis; thus, our preliminary
derivation of first derivatives overlagsibson (1979) The essence of our approach lies
in writing the second-order Taylor polynomial approximationfgfo = in terms of duality
pairings of symmetric matrices via the Frobenius inner product. We then compute directional
derivatives ofF30t and infer the gradient and Hessian as representers of the derivatives. This
allows us to manipulate matrices directly, rather than working with matrix components. The
result is a more lucid, coordinate-free approach that better reveals the matrix structure of
the objective function and better lends itself to writing customized software for minimizing
F3 o 7. Furthermore, because we compute Hessian-matrix pairings, we can avail ourselves
of optimization algorithms based on iterative linear algebra, and we circumvent the memory
requirements that dissuadéasset (2002rom using second-order methods. We conclude
by analyzing the spectrum of the Hessianfafo 7.

2. Some properties of the Frobenius inner product
For later reference, we recall some properties of the Frobenius inner product. We are

interested here only in the case of r@ak n matrices, for which the Frobenius inner
product is

n n
(A.B)p =tracqA"B)=> > A;Bjj.

i=1 j=1

For anyn x n matrix F, we have

<A, FTBF>F —tracqATFTBF) = tracg FATFT B) = <FAFT, B>F.
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Also note that for any vectous= (u1, - - -, u,)' andv = (v, -, vn)",
n n
ul Av = X; X; ujAjjv; = <A, uvT>F = <A, %(uvT + vuT)>F. (2)
i=1 j=

3. Differentiability of the strain criterion

Before computing the first and second derivativeg9$ 7, we consider where it is first-
and second-order differentiable. To do so, we rely on results from the theory of spectral
functions. Given a symmetric matrik, let A(T) € R" denote the eigenvalues @f A
real-valued function of symmetric matricé&s, is a spectral function if and only if we can
write G(T) = g(A(T)), whereg : R" — R is symmetric, i.e.g(1) = g(Pu) for every
permutation matrie.

Lemma 3.1. Letg : R" — R be symmetric and define a spectral function GAhyl") =
g(AUT)).

(1) (Lewis, 1996, Theorem 1.3 is differentiable at T if and only if g is differentiable at
AMT). If G is differentiable at Tthen
VG(T) = UT(diad Vg((T)HNU, (3

where U is any unitary matrix for which = U T (diag(A(T)))U.
(2) (Lewis and Sendov, 2001, Theorem 3@)s twice continuously differentiable at T if
and only if g is twice continuously differentiable/AtT").

Becauser is linear, F3 o 7 is differentiable at4 if and only if F3 is differentiable at
T = 1(4). We apply Lemma 3.1 t@’3. Givenu = (g, ..., 1,)", let
Hay 2l Z @) 2 2 B
denote the order statistics pfand define a symmetric functianby
3

g =) uf =Y max(ug, O
i=1

i=1
ThenF3(T) = g(A(T)), so F3 is a spectral function and we have the following:

Theorem 3.1. Let F3 o t be the function defined i{{). Given4, let 2, > - - - > 4, denote
the eigenvalues af(4).

(1) (Trosset, 2002, Theorem 4} o 7 is differentiable at4, unlessiz = 14 >0.
(2) F3o 7 is twice continuously differentiable at, unlessiz = /4 >0 or at least one of
A1, A2, A3 vanishes

If A is a matrix of squared Euclidean distances, then all of the eigenvalue&ipf
are nonnegative and the conditions in Theorem 3.1 have geometric interpretations. The
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condition A3 = A4 obtains if and only if the configuration of points that generdtaas
equal variation in the third and fourth dimensions4lfs three-dimensional but not two-
dimensional, then this is impossible. Furthermore] i three-dimensional but not two-
dimensional, thed1> 1> > /13> 0.

4. The gradient and Hessian of the strain criterion

Now we derive the gradient and Hessian of the functioe= F3 o 7. We first study
F = F (D) as a function of general symmetric matrices, later restricting attention to hollow
symmetric matrices. In the course of these derivations, we) tisalenote a perturbation
(variation). The derivation that we present here assumes that the three largest eigenvalues
of 7(D) are each simple. However, we argue later that the formulae hold even if some of
these eigenvalues coalesce.

We derive the action of the derivatives as linear mapga of n symmetric matrices,
and from these actions infer the identity of these maps, in the sense of identifying Riesz
representers for these maps with respect to the Frobenius inner product. Because we use
the Frobenius inner product, the second-order Taylor’s series expangtan of

F(D+0D) = F(D) 4+ (VF(D), D), + %<V2F(D)5D, 5D>F + h.ot.,

where ho.t. denotes the higher order (remainder) terms in the expansion. Identifying the
gradient and the Hessian as Riesz representers contrast$radset's (2002ppproach

of computing partial derivatives with respect to individual entries in the matrix of squared
dissimilarities. Our representation of the derivatives in terms of matrices, rather than entries
of matrices, greatly simplifies both the task of analysis and the task of implementing an
algorithm to minimizeFs o t. Mathematically, our approach is appealing because it uses
the natural structure of the problem.

We compute the firstand second derivativeg efF3ot in several steps. First, we compute
the derivatives with respect to a symmetric makigf a single eigenvalue—eigendirection
pair (A(A), v(A)) of A. Then we compute the derivatives Aff, then those of.(z(D)), and
finally the derivatives oF = F3 o . Our derivation isiotbased on the formulas derived by
Lewis (1996)andLewis and Sendov (20019r the first and second derivatives of spectral
functions. We can apply (3) tb3 and obtainV F3 o 7 in short order, as didrosset (2002)
However, applying the expressionliewis and Sendov (200Xpr the Hessian leads to a
guantity whose identity is obscure and difficult to clarify. We believe that our derivation
leads to a characterization of the Hessian that is easier to understand.

4.1. Derivatives of simple eigenvalue—eigendirection pairs

Let A be a real symmetrie x n matrix. An eigenvalue—eigendirection péir, /) for A
is the solution of the system
(A—Av=0,
L=1 @
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The Jacobian of this system with respectnd/ is

A—-2I v
vl 0/

If 4 is a simple eigenvalue, then the Jacobian is invertible and, by the implicit function
theoremy(v, 4) is locally a smooth function of the entries Af

The sensitivity analysis for the first derivatives./ofs classical, e.g\Wilkinson (1965)
Our use of it replicateSibson’s (1979%tudy of the robustness of classical MDS. However,
as we need first derivatives to calculate second derivatives, we include the details of the
first-order analysis.

We have

A+ 5A) = A(A) + (VA(A), 5A), + %<5A, V2(A) - (SA>F +hot,
V(A + 3A) = v(A) + Du(A) - JA + 3(D?v(A) - 5A)JA + hot,

where ho.t. again denotes the higher order (remainder) terms in the Taylor’s expansion.
For brevity, we introduce the notation

_ 2, _ 1 2304 .8
5= (Vi(A), 5A),, %= 2<5A, V2(A) bA>F,
Su=D(A)- A, &%v=3(D%(A)-5A)A,

to denote the first- and second-order effects of the perturbaton
Note thatl(A 4+ 0A) andv(A + dA) also satisfy (4), whence

(A + 6A) — (L + 844 0°L+h.ot))(v + dv + 6%v + h.ot) =0,
%(v +0v+ 0%v + h.ot)T(v + dv + 6%v + h.ot) = %

Expanding and grouping terms of like order, and applying (4), we obtain

(A — A)dv + (0A — dA1)v =0, (5)

v v =0 (6)
and

(A — AD)3%v + (BA — 841)dv — 624w =0, 7)

v 6% + % ovTov=0. (8)

Multiplying (5) by v and using the fact thatis a eigenvector of length 1, we obtain
v (A — 2D)dv + v (JA — di1)v = v"Av — 54 =0,
or
54 =vTdAv.

From (2) we see that

5)= <va, 5A>F,
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from which we conclude thaf /. the Riesz representer (in the Frobenius inner product) for
the first derivative ofl with respect td, is

Vi=ov'. 9)

As noted previously, this also follows immediately from (3).
Meanwhile, from (5) we see that

Sv=—(A = ADT(OA = dAD)v. (10)
Because is the eigenvector associated withwe have
(A— DY v=0, (11)
so (10) simplifies to
ov=—(A—A)TSAv. (12)
To compute the second variatiod®’. andd?v, we first multiply (7) by

V(A = A% + v (8A — 8A1)Sv — v' 6% I
= v (A — 8.1)dv — 5%/ =0,

whence
820 =vT(0A = S21)dv.
Appealing to (12) we obtain

8?0 =—v (BA — 8L (A — L) TSAv = —vTSA(A — A1) TS Aw.

Let

u=(A—-D"5Av. (13)
Then

620 = —v'6Au,
and by (2),

527 = —<5A, T + vuT)>F.

From the definition 062 we conclude that

V2] 0A= — (uv" +vu")
- — [(A —DTSAWT + v SAA — M)+] . (14)
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4.2. The chain rule

Next we turn to the derivatives d?(r(D)). Here D denotes a general symmetric matrix,
not necessarily a matrix of squared dissimilarities. In particular, we do not assuni® that
is hollow.

Instead of attempting a cumbersome application of a general chain rule, we derive the
specific chain rule that we need from first principles. We compute the derivatives in two
steps. First, we account for the effect of squaring the eigenvalueh (Bt= J?(A). Then

O(A + 6A)=(). + 6/ + 6°2 + h.ot.)?
=2+ 2)0) 4 (51)% + 226°2 + hott.
=72 42000+ 32(01)% + 426%2) + hot,,
SO
(V. 5A), = 2104 =22V 1, 04A),,
or, from (9),
Ve =2AVi=2lv', (15)
as we would expect. We also see that
<5A, V24 - (3A>F:2(5/1)2 +450%
— 20T 5AV)(WTdAV) + 4/1%<5A, V2], 5A>F
— 205 Av S A + 2;L<5A, v2).. 5A>F
_ 2<(3A, vaaAva> n 2;L<5A, v2),. 5A> :
F F
so by (14),

V2¢ - 0A=2vv" 5 Avv" + 2/V?).- 5A
=200 dAVY" + 20 (uv" +vu'). (16)

Finally, we come taP(D) = ¢(t(D)) = ),Z(I(D)). We have

®(D + 5D)=¢(—3 PT(D + D) P)
=¢(x(D) — 3 PTODP)

= $@(D)) + (Vo (D)), —} PToDP)
n %(—% PToDP, V2 (x(D)) - (—%(PTéDP))>F
+ h.o.t.

= $((D)) — §(PVD)PT.5D)
+ %<6D, L P(V2(z(D)) - PTéDP)PT>F +hot,
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from which we see that
V(D) =—3 PVH(t(D) P, (17)
V2®(D) - 0D = 2 P(V2p(x(D)) - PTODP)PT. (18)
Combining (15) and (17), we obtain
V&(D) = —iPvv P,
We can simplify this further. Suppose first thiag 0. Note that
~2PTDPe=0,

soeis an eigenvalue of—% PTDP.If ). # 0, then, because eigenvectors associated with
distinct eigenvalues are orthogonal, we have

1
Pv:(l——eeT>v=v
n

and thus
V&(D) = —jvv'.

On the other hand, if = 0, then, because we are assumirig simple, it must be the case
thatv ande are collinear, so

V(D) =0=—lvv'.
Thus, we always have
V&(D)=—Jvv'. (19)
Meanwhile, let
w=(A—2)"PToDPv,
whereA = 7(D). Then (16) and (18) yield
V2@(D) - 6D = 3 P(wv" PTODPvv" + A(wv' +vw"))P.
Again, first consider the case whén# 0. As before,Pv = v, so
VZP(D) - 3D = (v Dvv" + A(Pwv' +vw' P)).
Now,
w=(A-DTPTODPv=(A— )" PToDv,
SO
V2o(D) - D=1 (uvTéDuvT

) [P(A —D*YPTSDuT + v ODP(A — ,11)+PT]) . (20)
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On the other hand, if = 0, then, becauseande are collinear, we immediately see that

V2@(D) - 9D =0

for all 6D. That is, the Hessian vanishes.
4.3. The derivatives of the strain criterion

Finally, we come to the derivatives of

1 2
F(D)= F301t(D) = H_§ P'DP

3
— > max0. %),
i=1

F

where/; are the eigenvalues of D) = —% PTDP,orderedsothat; > 2> --- > 1,. We

assume thaf is differentiable aD. From the discussion in Section 3, we know tRat

continuously differentiable providett, 12, /3 # 0 and, ifA3 > 0, we also havé, # As.
For convenience, let

+1 if 4 >0,

Ii =max0.4). (k)= { 0 otherwise

If A1, A2, A3 are all simple, then we see that the gradierf @ given by
3 f—
VF(D)=3P'DP + Z Aivivi, (21)
i=1
wherev; are the eigendirections of D) corresponding td,;.
Because we assumig, 42, 43 # 0, simplification (20) is valid. The action of the Hessian
is given by
13
V2F(D)-9D=3% PTéDP — > Z a(li)viv] SDv;v]
i=1

3
1 =
+3 Z % (P(A — XD PTSDPyT
i=1
+vvl PTSDP(A — )hil)"'PT) .
Moreover, ifF is twice-differentiable aD, then we know thati;, 12, A3 # 0, ande L
{v1, v2, v3}, becauseis a zero eigenvector (null vector) of D). Thus we arrive at

3
1 1
V2F(D) - 51):E PTSDP — 5 2; a(i)viv] dDv;v]
1=

3
1 _
+5 2% (P(A — D PToDv;v]
i=1
+ v SDP(A — ;b,»1)+PT) . (22)
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The preceding expressions for the gradient and Hessian have been derived under the
assumption thati, /2, A3 are simple eigenvalues. However, these expressions can be ex-
tended by continuity if any of the three largest eigenvalues coalesce. We omit the proof for
reasons of length.

Many nonlinear programming algorithms require the Hessian matrix of the objective
function in order to exploit second-order information. Because the Hessian matffix of
contains @n%) entries, minimizingF = F3 o t by such algorithms is impractical. Having
a formula for the Hessian-vector product makes it possible to minirRize F3 o t by
algorithms that exploit second-order information without requiring assembly of the entire
Hessian matrix.

5. The spectrum of the Hessian

We can completely describe the spectrum of the Hessian ef F3 o 7. This is rarely
possible in nonlinear optimization; that it is possible here is noteworthy in its own right.
More importantly, spectral information about the Hessian is of practical value in developing
algorithms for solving optimization problems that involve

Most iterative methods for nonlinear optimization require minimizing successive quadratic
Taylor's series approximations of the objective function. Quadratic functions of a moderate
number of variables can be minimized efficiently by the techniques of direct linear algebra;
however, because the problems that interest us are so large, we must resort to nonlinear
programming methods based on iterative linear algebra techniques, e.g., conjugate gradient
methods. Examples of such methods include the algorithnhdoné and Toraldo (1991)
andMoré and Lin (1999)

If one knows the complete set of eigenvalues and eigenvectors for the Hessian, then
one can re-scale the variables in ways that accelerate the linear algebra computations. This
is called preconditioning. Knowledge of the spectrum is also useful when searching for
directions of descent. If the Hessian is not positive definite, then one may want to modify
it (as little as possible) so that it is. Knowledge of the Hessian's negative eigenvalues
and associated eigenvectors allows precise modification of the Hessian to achieve positive
definiteness.

Let {vy, ..., v,} be an orthonormal set of eigenvectors foe= (D). Definee = ¢/ /n.

Without loss of generality we may assume that one of they;, becauseis an eigenvector
(a null vector) ofA.
Define

ijzvjv,;r+vkv}-, j<k. (23)

These form an orthogonal basis for the symmetric matrices. (The scaling is not quite right
for orthonormality.)

Theorem 5.1. The matrices/; are the eigenvectors of2 £ (D).

The proof is a tedious calculation for each term in (22).
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5.1. The first term in the Hessian
The first term in (22) is; PTV;, P. We have
1 1
PV P= (1 - = eeT> Vik (1 - = eeT>
n n
1 5 1 7,1 1 T
=Vir——ee Vi — —Viree' + —(e Vjre)ee .
Jjk n jk n jk n2( Jjk )

There are two cases to consider.

5.1.1. Case (a)¢ € {v;, v}
In this case,

1PV P =0, (24)
because? Tv;v] P =0.

5.1.2. Case (b)z ¢ {v;, vi}
In this caseVjte =0, so

3P VP =5 Vik. (25)
5.2. The second term in the Hessian
The second term in (22) %Z?:l a(Zi)viv] Vvl We have
] Virvi = v] (vjuf + Ukv;!-)vi = 0;j0ki + Oki0ij = 20;j0ik,

whered;; is now the Kronecker delta;; = 1 if i = j; otherwisep;; = 0. Hence,

3 3
1 1 ,
z Z O'(il‘)viv;-réDvl‘UITZE Z O'(/L,-)(Zﬁijéikv,-v;r)
i=1 i=1
_JoUp vy it j=k=ifor somei e {1,2,3} (26)
- 0 otherwise

5.3. The third term in the Hessian

The third term in (22) is

3
1 -
5 (PCA = 2D PTVion] + win] VieP(A = 2T PT).
£

l

We begin by noting the following. 1€ ¢ {v;, v}, thene is orthogonal tov;, vi. As
a consequencePv; = vj, Pvy = v, and P'Vy = V. The third term then
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simplifies as follows:

3
Z IiP(A — /ll-I)+PTijv,-vlT
i=1

NI =

3
1 - \
= E E 4iP(A — /Lj1)+‘/jkvjv;-r

i=1
13-
=5 /l,-P(A—/l,-I)J“(vjv,I—i—vkv/T‘)v,-viT
i=1
13-
= E Z AiP(A — /li[)-"_(vj(sik + Ukéij)v;-r
i=1
13-
= > Z i P [()Lj — )\,i)+vj5ik + (A — ;vi)+vk5ij] v;r.
i=1

3
13
> AiP(A — ii1)+PTijv,~viT
im1
1o
=3 Z 2i [ = 2 i + G — 2 T o] o] (27)
i=1

This holds provide@ ¢ {v;, v}

5.3.1. Case (a) € {v;, v}
In this case, we know tha® "V, P = 0. Because? 'V, v;v; = PTVj Pv;v;, the third
term in the Hessian vanishes:
13-
5 D (P = 2DTPTVjvul +viv] VieP(A = 2D FPT) =0. (28)
i=1

5.3.2. Case (b)¢ ¢ {vj, v}, j. k¢ {1, 2,3}
If j,k¢{1,2, 3}, thend;; =0;x =0fori =1, 2, 3, and (27) yields

w

1
50 (P(A — 3D PTVj00] + 0] Vi P(A — /1,-1)+pT) = 0. (29)

1

Il
i

5.3.3. Case (c)e ¢ {v;, v}, j €{1,2, 3}, k¢{1,2,3}
Becausé ¢ {1, 2, 3}, we know that;, = 0 fori =1, 2, 3. Thus, (27) yields
3 f— —
AiP(A — )Li])+PTijvivl-1— = %/L/(/’{k — )Lj)+vkv
i=1

T
;-

NI =
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In this case the third term of the Hessian is

3
1 _
=D (PCA = 2D PTVio] + vl Vi P(A = 21 PT)
i=1
= :_ZL ZJ-()% — )Vj)+vkv}- + %Z]‘(}uk — )vj)+vjv,;r]
= 340k — 1)) Vik. (30)

5.3.4. Case (d)z ¢ {v;, v}, j {1, 2,3}, ke {1,2,3}
This is not actually a case we need consider, as we asgsiwen the definition ofV
in (23). We mention it only to reassure ourselves that we have not overlooked a possibility.

5.3.5. Case (e} ¢ {v;, v}, j. k € {1, 2,3}
This time, (27) tells us that

NI =

3
> APA = DT P!
—~

NI =

3
Z 7i [ = 20 ;8 + G — A) T kb ] vl
i—1

:—ZL I:Zk(i] — )vk)+vjv,1- +Ij(/1k - /lj)"'vkv;r] .

Thus, for the third term of the Hessian we obtain

Il' <P(A - )V,‘I)_FPTijviv;r + viviTijP(A — /1i1)+PT)

M

1
2

i=1
= % [Zk(ij — )vk)+vjv,I +7Lj(lk — /lj)JrUkU;I-—:I
+ % [Ij(ik — /"L,‘/')+Ukv}— +Zk(/1.,~ — )Vk)+vjvl;r]
=3 I:zj(;vk — T+ - ik)+] Vik. (31)

5.4. Putting it all together

Now we can write down the spectrum of the Hessian. Denoting the Hessikln g

have
(1) e e {vj, w}: HV jy =0, from (24), (26), and (28), and the fact tleat {v1, vz, v3}.

2ed{vj, v, j,k¢{1,2,3) HV jj = % Vik, from (25), (26), and (29).
Bed{vj,ul, jell 23}, k¢{l, 2 3}: From (25), (26), and (30),

HYV j = % Vik =0+ %Ej()vk —/lj)+ij = % |:1+7vj(;vk —},j)+:| Vik.
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Becausg € {1, 2, 3} butk ¢ {1, 2, 3}, we know thati,; # x; hence, the preceding can be
written as

O PR
*=2 h—ag | "

(3) e¢{vj, ul}, j¢{1, 23} k € {1, 2, 3}: As noted in Section 5.3, this is not a possi-
bility as we assumg < k.
(4)e¢fvj, vk j, k€ {1, 2,3}, j # k: From (25), (26), and (31),

Hijz% ik — 0+ % [Ij(ik — /lj)+ +Ik(lj — }vk)+] Vik
=1 [1 — o = 2 O — ij)+] Vi.
(B)e ¢ {vj, w} j. k €{1,2 3}, j =k: From (25), (26), and (31),
HYV j = % Vik — % Vi + % [Zj(ik — ;L,j)+ +_}Lk(ij — /lk)Jr:I Vik=0.

To summarize, letl j; be the eigenvalue associated witfy. Then the spectrum of the
Hessianisdj; =0if ¢ € {v;, v} and

2 it k¢ (1.2.3),
Aj= 2 [1+ zkﬂ—jij] if je{l23), k¢{l,2 3),
[1- e TG —2pt] i jke(n.23, j £k,
0 if jyke(l,23), j=k

if e ¢ {v;, ve}. Further simplifications are possible whenand i are positive.
5.5. Interpretation of the spectrum

Some observations concerning the spectrum are in order beta matrix of squared
dissimilarities. Most significantly, the calculation of the spectrum of the strain Hessian
shows that the nonconvexity &f and thus the difficulty in its minimization, is related to
the realizability of4 as dissimilarities of a set of points i, for somep > 3.

To see this, suppose first thake {1, 2, 3} and4; > 0. Then, if/; is another eigenvalue
of 7(4) and/; <0, the associated eigenvaldg; of the Hessian lies in the intervgd, 1].

If 2 >0, on the other hand, then the associated eigenvdlyeof the Hessian will be
negative, indicating local nonconvexity Bf

Suppose next that the eigenvalugsire all nonnegative, and that, . . ., 4, are positive.
Then4 corresponds to a set of points that can be embeddgd itHowever, ifp > 3, then
the eigenvalues,, . . ., 4, of 7(4) lead to the negative eigenvalues of the Hessidf ahd
thus nonconvexity of the strain criterion.

On the other hand, eigenvalués of 7(4) that are negative have no quasi-physical
interpretation. Observe that they correspond to nonnegative eigenvalues of the Hessian
of F, or directions of convexity (positive curvature). These, in principle, are more easily
handled by an optimization algorithm.
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Note, too, that the large eigenvalues of the Hessian arise if the eigemyatie(4) is
positive and does not lie far from. This reflects the nonlinearity associated with coalescing
eigenvalues (e.g., loss of regularity).

6. F3o 1 as a function of hollow symmetric matrices

So far, we have studiefl = F30 7 as a function of general symmetric matrices. However,
a matrix of squared dissimilarities is also hollow, i.e., its diagonal entries vanish. Because
the representation of the first derivativeFofjiven in (21) may not be hollow, it is not an
appropriate representer on the space of hollow symmetric matrices. A similar comment holds
for the action of the Hessian described in (22): evaivifhas a zero diagona¥?F - 6D
need not. Accordingly, we now studiyas a function of hollow symmetric matrices.

6.1. The projected Hessian

One way to account for the restriction to hollow matrices is to consider the projected
gradient and projected Hessian. l&t denote the entries of a symmetric matix The
projection operatof takingD to the space of hollow matrices is just

{: D {(D), where({(D));; = {do gtrl;ezrvifse
ij

Let F denoteF restricted to the hollow matrices. Then the gradientFois simply the
projected gradleanF(A) = C*VF(A) Becausé€ is self-adjoint, this reduces 0F (4) =
{V f(4). Similarly, the Hessian of is the projected HessiaR2F (A) = (*V2F (A){.
Unfortunately, with the introduction of the projection operator we lose the nice charac-
terization of the spectrum of the Hessian given in the preceding section. Nevertheless, we
still know something about the projected Hessian because it is congruent to the Hessian on
the space of all symmetric matricBs For instance, we know the inertia of the projected
Hessian, and can bound the size of the extreme eigenvalues of the projected Hessian.

6.2. The reduced Hessian

Alternatively, we can view the hollow matrices as the range of the space of symmetric
matrices under the mapping we define as follows. Given a matriet diag D) denote the
vector inR" whose components are the diagonal entried.dDefinel by

D D—1 [e diagD)T + diag(D)eT] .

Notice thaté(D) = —k(D), whereCritchley’s (1988)x andt are mutually inverse on the
appropriate subspaces.Dfis symmetric, therg(D) is symmetric and hollow. Moreover,

¢ maps the symmetric matrices onto the hollow symmetric matrices. Thus we can view the
problem of minimizingF = F3 o T on the space of the hollow symmetric matrices as the
problem of minimizingﬁ = F3 010 £ on the space of symmetric matrices.
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The gradient of? is then theeduced gradient
VF(D) = EVF(D)
and the Hessian aof is thereduced Hessign
V2E(D) = & V?F(D)¢.

(Of course, in this context there is no true variable reduction because the dondasadf
higher dimension that its range.)
The adjoint of¢ is easily computed: i€ andD are symmetric, then

(€. &D))=trace(C (D — } [e diagD)T + diagD)e"|))

=tracgCD) — eCdiag(D)"
= (D, C — Diag(Ce)) f,

where we have applied (2). Thus,
& : C — C — Diag(Ce).

Next we discuss the spectrum of the reduced Hessian. For the purposes of the discussion
that follows, let be the mapping

0:Dr 1 [ediag(D)T + diag(D)eT] ,

soé=1-0.
Recall the following: if we are at a point wheFe(and thusﬁ) is twice-differentiable,
thenA1, A2, 13 # 0. Becauseis a zero eigenvector (null vector) of D), e L {v1, vz, v3}.
Let D be any symmetric matrix, and lét= diag(D). Write d in terms of the orthonormal
set of eigenvectors; of t(D):

n
dZZ V.
i=1

Then

n

0(D) = % Z o [ev;r + vieT] .
i=1

Becaused j; = 0 if ¢ € {v;, v}, O(D) must be a null vector o¥2F. Because this is true
for anyD, we haveV2F0 = 0 andf*V2F = 0. Thus, the reduced Hessian satisfies

V2F = EV2FE= (I — O)VPF(I — 0) = V2F

and the eigenstructure of the reduced Hessian is the same as the eigenstructure of the original
Hessian!

The preceding suggests one way to use our knowledge of the spectrum of the HeBsian of
If we wish to minimizeF = F3 o 7, then we may wish to parameterize the hollow symmetric
matrices in terms of general symmetric matricesiviahis poses the optimization problem
in terms of the symmetric matrices.
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7. Concluding remarks

Classical MDS can be stated as the problem of finding the symmetric positive semidefinite
matrix of rank < p that is nearest(4) is squared Frobenius distance, foifixed. This
problem has an explicit solution, and the minimum squared distance is sometimes called
the strain criterion. We have been concerned with extensions of classical MDS in which
A is free to vary. (For simplicity, we have emphasized the important cage-08.) The
resulting nonlinear optimization problems do not have explicit solutions; iterative methods
are required.

A great deal is known about the geometry of the closed cone of symmetric positive
semidefinite matrices of rankK p, but it is not clear how to exploit this knowledge in an
optimization algorithm. Traditional nonlinear programming assumes a problem that has
been formulated using (preferably linear) equality and inequality constraints. Accordingly,
Trosset proposed using the strain criterion as an objective function, thereby eliminating a
nonlinear constraint that confounds traditional optimization algorithms. The geometry of
that constraint is preserved, encoded in the objective function. The challenge addressed
in the preceding sections is how to extract that information in a form that can be used by
traditional optimization algorithms.

The preceding sections have provided a complete characterization of the Hessian of
the strain criterion. The strain criterion is unusual insofar as it is a highly nontrivial non-
linear function, yet its Hessian-vector products can be computed in closed form, as can
the eigenvalues and eigenvectors of the Hessian. We expect that these properties can
be exploited, leading to more efficient algorithms for solving the optimization problems
that motivated the present study. For exampi®sset (2002used a bound-constrained
quasi-Newton algorithm with a limited memory BFGS updating formula (LM-BFGS) that
constructs Hessian approximations from gradients computed for several previous itera-
tions. For unconstrained optimizatioNash and Nocedal (199Xompared LM-BFGS
and a truncated Newton strategy. The latter is based on the successive approximate min-
imization, via conjugate gradients, of a quadratic model of the nonlinear objective—an
approach that is similar to the algorithms that we are developing for constrained min-
imization of the strain criterion. Although general comparisons are difficult, Nash and
Nocedal observed that, for certain conditions that obtain in the strain objective (e.g., a
mildly nonlinear objective, a Hessian with some zero eigenvalues), truncated Newton was
generally more efficient than LM-BFGS. Truncated Newton is even more attractive when
Hessian-vector products can be computed efficiently, as can be done for the strain criterion
using (22).

Finally, Trosset (2002pbserved that working directly with squared dissimilarities, rather
than parameterizing distance matrices by the Cartesian coordinatepmhts in R?,
appears to result in more tractable optimization problems with fewer nonglobal minimizers.
Intuitively, it would seem that allowing each squared dissimilarity to vary independently of
the others has the positive effect of decoupling the complicated interactions that result from
varying individual coordinates. Our analysis of the Hessian of the strain criterion clarifies
the nature of its nonconvexity, yielding new insight. Specifically, the nonconvexity of the
strain criterion nead is related to the possibility of embeddidgn someR?, whereg > p.

This insight contradicts, at least superficially, popular speculation that one would do well
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to address problems i by working inR?. The full significance of this insight is not yet
clear to us; it will be investigated in future work.
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