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An isothermal autocatalytic chemical reaction

A + pB ! (p + 1) B:
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An isothermal autocatalytic chemical reaction

A + pB ! (p + 1) B:

Reaction-di�usion system of chemical reaction:

@a
@t

= DA � a � kabp;
@b
@t

= DB � b+ kabp; t > 0; x 2 
 ;
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An isothermal autocatalytic chemical reaction

A + pB ! (p + 1) B:

Reaction-di�usion system of chemical reaction:

@a
@t

= DA � a � kabp;
@b
@t

= DB � b+ kabp; t > 0; x 2 
 ;

a(x; t ): the concentration of the reactant A
b(x; t ): the concentration of the autocatalyst B
p � 1: the order of the reaction w. r. t. autocatalytic species
DA , DB : di�usion constants
k: reaction rate
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An isothermal autocatalytic chemical reaction

A + pB ! (p + 1) B:

Reaction-di�usion system of chemical reaction:

@a
@t

= DA � a � kabp;
@b
@t

= DB � b+ kabp; t > 0; x 2 
 ;

a(x; t ): the concentration of the reactant A
b(x; t ): the concentration of the autocatalyst B
p � 1: the order of the reaction w. r. t. autocatalytic species
DA , DB : di�usion constants
k: reaction rate
Initial condition: a(x; 0) = A0(x), b(x; 0) = B0(x), x 2 
 .
Boundary condition: specify later

Domain 
 (the reactor): R n or a bounded domain
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Autocatalysis

A chemical is involved in its own production

(modeling the feedback control in biological systems)
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Autocatalysis

A chemical is involved in its own production

(modeling the feedback control in biological systems)

[Lotka, 1920] [Belousov, 1951] [Zhabotinskii, 1964]

[Prigogene-Lefever, 1968] [Gierer-Meinhardt, 1972]

[Schnackenberg, 1979] [Gray-Scott, 1983, 1984, 1985]
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Autocatalysis

A chemical is involved in its own production

(modeling the feedback control in biological systems)

[Lotka, 1920] [Belousov, 1951] [Zhabotinskii, 1964]

[Prigogene-Lefever, 1968] [Gierer-Meinhardt, 1972]

[Schnackenberg, 1979] [Gray-Scott, 1983, 1984, 1985]

(more famous) Gray-Scott Model:

A + 2B ! 3B , B ! C, constantly feeding A, removing B and C
@a
@t

= DA � a � kab2 + f (1 � a);
@b
@t

= DB � a + kab2 � (f + q)b:

@a
@n

=
@b
@n

= 0 ; t > 0; x 2 @


[Gray-Scott, 1983-1990] [Pearson, 1993] [Doelman-Gardner-Kaper, 1998]

[Hale-Peletier-Troy] [Nishiura, etc.] [Wei, Winter] and many other s
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ODE and closed system

da
dt

= � kabp;
db
dt

= kabp, a(0) = a0, b(0) = b0.

For any (a0; b0) 2 R 2
+ , (a(t); b(t)) ! (0; a0 + b0) as t ! 1 .
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ODE and closed system

da
dt

= � kabp;
db
dt

= kabp, a(0) = a0, b(0) = b0.

For any (a0; b0) 2 R 2
+ , (a(t); b(t)) ! (0; a0 + b0) as t ! 1 .

Closed system:

(the system is closed to the outside, and
 is bounded)
8
>>>><

>>>>:

@u
@t

= Du � u � uvp;
@v
@t

= Dv � v + uvp; t > 0; x 2 
 ;
@u
@n

=
@v
@n

= 0 ; t > 0; x 2 @
 ;

u(x; 0) = u0(x); v(x; 0) = v0(x); x 2 
 :

[Masuda, 1983] [Hollis-Martin-Pierre, 1987]

[Haraux-Youkana, 1988]

For any (u0(x); v0(x)) � 0, (u(x; t ); v(x; t )) ! (c1; c2) as t ! 1 , where

(c1; c2) is a steady state solution such thatc1c2 = 0 .

(Method of proof: constructing a Lyapunov functional) Bistability – p.5/27



Open system with zero boundary

8
>>><

>>>:

@u
@t

= Du � u � uvp;
@v
@t

= Dv � v + uvp; t > 0; x 2 
 ;

u(x; t ) = v(x; t ) = 0 ; t > 0; x 2 @
 ;

u(x; 0) = u0(x); v(x; 0) = v0(x); x 2 
 :

For any (u0(x); v0(x)) � 0, (u(x; t ); v(x; t )) ! (0; 0) as t ! 1 .
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Open system with zero boundary

8
>>><

>>>:

@u
@t

= Du � u � uvp;
@v
@t

= Dv � v + uvp; t > 0; x 2 
 ;

u(x; t ) = v(x; t ) = 0 ; t > 0; x 2 @
 ;

u(x; 0) = u0(x); v(x; 0) = v0(x); x 2 
 :

For any (u0(x); v0(x)) � 0, (u(x; t ); v(x; t )) ! (0; 0) as t ! 1 .

When 
 = R n , and f (u; v) = u� v� , 0 < �; � < 3

[Berlyand-Xin, 1995] [Bricmont-Kupiainen-Xin, 1996] [Li-Qi, 2003]

[Qi, preprints]

For any (u0(x); v0(x)) � 0 but satisfying some decaying condition at1 ,

(u(x; t ); v(x; t )) ! (0; 0) with some asymptotic spatiotemporal pro�le.

With zero boundary condition, the chemical reaction is destined to ter-

minate.
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Open system with non-zero boundary condition

8
>>><

>>>:

@a
@t

= DA � a � abp;
@b
@t

= DB � b+ abp; t > 0; x 2 
 ;

a(x; t ) = a0 > 0; and b(x; t ) = b0 � 0; t > 0; x 2 @
 ;

a(x; 0) = A0(x) � 0; b(x; 0) = B0(x) � 0; x 2 
 :

The chemicalsA and B can di�use from a reservoir of constant
composition across the boundary@
 into 
 .
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Open system with non-zero boundary condition

8
>>><

>>>:

@a
@t

= DA � a � abp;
@b
@t

= DB � b+ abp; t > 0; x 2 
 ;

a(x; t ) = a0 > 0; and b(x; t ) = b0 � 0; t > 0; x 2 @
 ;

a(x; 0) = A0(x) � 0; b(x; 0) = B0(x) � 0; x 2 
 :

The chemicalsA and B can di�use from a reservoir of constant
composition across the boundary@
 into 
 .

Steady state equation:
8
<

:
DA � a � abp = 0; DB � b+ abp = 0; x 2 
 ;

a(x) = a0; b(x) = b0; x 2 @
 :

DA a(x) + DB b(x) � DA a0 + DB b0 in 
 .
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Steady state solutions when 
 is the unit ball


 = B n = f x 2 R n : jxj < 1g [Gidas-Ni-Nirenberg, 1979]

Fact: every positive steady state is radially symmetric.

If b0 = 0 , then the trivial steady state is a(x) � a0, b(x) � 0.
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Steady state solutions when 
 is the unit ball


 = B n = f x 2 R n : jxj < 1g [Gidas-Ni-Nirenberg, 1979]

Fact: every positive steady state is radially symmetric.

If b0 = 0 , then the trivial steady state is a(x) � a0, b(x) � 0.

Theorem 1. [Ouyang-Shi, 1998, 1999] [Zhao-Wang-Shi, 2006]If a0 > 0,

b0 = 0 , then there exists a� > 0 such that when a0 < a � , (a0; 0) is the

only non-negative solution; whena0 = a� , there is a unique positive

solution; when a0 > a � , there exist exactly two positive solutions.

Moreover all solutions can be parameterized bym = max b(x) = b(0).

Let v(x) =
b(x)

DA D � 1
B a0

, and let � = D � 1
A (DA D � 1

B a0)p. Then v(x) satis�es

8
<

:
� v + � [vp � vp+1 ] = 0 ; x 2 B n ;

v(x) = 0 ; x 2 @Bn :

Here � > 0, and p � 1.
Bistability – p.8/27



Bifurcation diagram

a0

m = b(0)

a�

mmax

a0

m = b(0)

a�

m0

mmax

(left: p �
n + 2
n � 2

, right: p >
n + 2
n � 2

)

For �xed DA , DB , p, if the reactant feeding rate a0 is small, the
reaction cannot occur; if a0 is large, a bistability holds: if the
initial catalyst amount B0(x) is small, the reaction will die
(b(x; t ) ! 0); but if B0(x) is large, the reaction will occur
(b(x; t ) ! a positive steady state.)

Bistability – p.9/27



A clearer meaning of bistability

Theorem 2. [Jiang-Liang-Zhao, 2004]Suppose that in a strongly order

preserving and strongly monotone semi
ow in a Banach space, there are

exactly two locally stable equilibrium points, and any other possible

equilibrium point is unstable. Then the set which separates the basins of

attraction of two stable equilibria is a codimension 1 manifold.
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A clearer meaning of bistability

Theorem 2. [Jiang-Liang-Zhao, 2004]Suppose that in a strongly order

preserving and strongly monotone semi
ow in a Banach space, there are

exactly two locally stable equilibrium points, and any other possible

equilibrium point is unstable. Then the set which separates the basins of

attraction of two stable equilibria is a codimension 1 manifold.

Corollary 3. Consider
8
>>><

>>>:

vt = � v + � (1 � v)vp; t > 0; x 2 B n ;

v(x; 0) = v0(x) � 0; x 2 B n ;

v(x; t ) = 0 ; t > 0; x 2 @Bn :

Then there exists a � � > 0 such that when � > � � , there are exactly two

locally stable steady statesV1 > 0 and 0. Thus there exists a

codimension1 manifold in the positive cone which separates the basins

of attraction of V1 and 0; for initial values on the manifold, the ! -limit

set is the third steady state V2 which satis�es V1 > V2 > 0. Bistability – p.10/27



How about the original system?

8
>>><

>>>:

@a
@t

= DA � a � abp;
@b
@t

= DB � b+ abp; t > 0; x 2 
 ;

a(x; t ) = a0 > 0; and b(x; t ) = 0 ; t > 0; x 2 @
 ;

a(x; 0) = A0(x) � 0; b(x; 0) = B0(x) � 0; x 2 
 :
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How about the original system?

8
>>><

>>>:

@a
@t

= DA � a � abp;
@b
@t

= DB � b+ abp; t > 0; x 2 
 ;

a(x; t ) = a0 > 0; and b(x; t ) = 0 ; t > 0; x 2 @
 ;

a(x; 0) = A0(x) � 0; b(x; 0) = B0(x) � 0; x 2 
 :

The disadvantage: this system is not a monotone dynamical
system.
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How about the original system?

8
>>><

>>>:

@a
@t

= DA � a � abp;
@b
@t

= DB � b+ abp; t > 0; x 2 
 ;

a(x; t ) = a0 > 0; and b(x; t ) = 0 ; t > 0; x 2 @
 ;

a(x; 0) = A0(x) � 0; b(x; 0) = B0(x) � 0; x 2 
 :

The disadvantage: this system is not a monotone dynamical
system.

The advantage: when DA = DB � D , we have
(a + b)t = D�( a + b), hencea(x; t ) + b(x; t ) ! a0 as t ! 1
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Global dynamics of a non-monotone system (preliminary)

8
>>><

>>>:

@a
@t

= D� a � abp;
@b
@t

= D� b+ abp; t > 0; x 2 B n ;

a(x; t ) = a0 > 0; and b(x; t ) = 0 ; t > 0; x 2 @Bn ;

a(x; 0) = A0(x) � 0; b(x; 0) = B0(x) � 0; x 2 B n :

Theorem 4. [Jiang-Shi, in preparation] When a0 is large enough,
there are exactly three non-negative steady state solutions; two of
them| (a0; 0) and (a1(x); b1(x)) are locally stable, and the third
one (a2(x); b2(x)) is unstable; a0 > a 2(x) > a 1(x),
0 < b2(x) < b1(x). Moreover for any (A0(x); B0(x)) � (6�)0, the
! -limit set of (a(x; t ); b(x; t )) is a single steady state solution (one
of the above three).
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Main idea

[Mischaikow-Smith-Thieme, 1995]
Theorem: The ! -limit set of an asymptotically autonomous
semi
ow is invariant and chain recurrent for its limiting
autonomous semi
ow.

Asymptotic autonomous semi
ow:
bt = D� b+ ( B(x; t ) � b)bp, where B(x; t ) = a(x; t ) + b(x; t ) ! a0 as
t ! 1

Limiting autonomous semi
ow:
bt = D� b+ ( a0 � b)bp

Remark: we can also partially identify the basins of attractions of
two stable steady states

Bistability – p.13/27



Open system with non-zero boundary condition

8
>>><

>>>:

@a
@t

= DA � a � abp;
@b
@t

= DB � b+ abp; t > 0; x 2 
 ;

a(x; t ) = a0 > 0; and b(x; t ) = b0> 0; t > 0; x 2 @
 ;

a(x; 0) = A0(x) � 0; b(x; 0) = B0(x) � 0; x 2 
 :

The chemicalsA and B can di�use from a reservoir of constant
composition across the boundary@
 into 
 .

Steady state equation:
8
<

:
DA � a � abp = 0; DB � b+ abp = 0; x 2 
 ;

a(x) = a0 > 0; b(x) = b0 > 0; x 2 @
 :

DA a(x) + DB b(x) � DA a0 + DB b0 in 
 .
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A S-shaped bifurcation diagram

Let k = DB b0=(DA a0 + DB b0) � 0, let v(x) =
b(x)

DA D � 1
B a0 + b0

� k, and

let � = D � 1
A (DA D � 1

B a0 + b0)p. Then v(x) satis�es
8
<

:
� v + � [(v + k)p � (v + k)p+1 ] = 0 ; x 2 B n ;

v(x) = 0 ; x 2 @Bn :
(1)

Here � > 0, k 2 [0; 1) and p � 1.

Theorem 5 [Zhao-Wang-Shi, 2006]Suppose thatn and p satisfy one of

the following:

n = 1 or n = 2 , and 1 < p < 1 , or

n � 3, and 1 < p �
n + 2
n � 2

,

then there exists k0 > 0 such that when k 2 (0; k0), the bifurcation

diagram of (1) is exactly S-shaped.
Bistability – p.15/27



A S-shaped bifurcation diagram (cont.)

Theorem 5 [Zhao-Wang-Shi, 2006](Continue) More precisely, there

exist 0 < � � < � � < 1 such that (1) has exactly three positive solutions

if � � > � > � � , has exactly one positive solution if � > � � or � < � � , and

has exactly two positive solutions if � = � � or � = � � . Furthermore, all

positive solutions of (1) lie on a single smooth solution curve in the

spaceR + � C2( �
) , which consists of three branches

� � = f (�; u � (x; � )) : 0 < � � � � g

� m = f (�; u m (x; � )) : � � � � � � � g

and � � = f (�; u � (x; � ) : � � � � < 1g ;

lim � ! 0+ u� (x; � ) = 0 , lim � !1 u� (0; � ) = 1 � k; for � � < � < � � ,

u� (x; � ) < u m (x; � ) < u � (x; � ); the mappings � 7! u� (x; � ) and

� 7! u� (x; � ) are continuous and increasing;u� (x; � ) and u� (x; � ) are

stable, and um (x; � ) is unstable with Morse index 1.

Bistability – p.16/27



Bifurcation diagram

-

6

u(0)

�0

1

� � � �

For �xed DA , DB , p and b0 > 0, if the reactant feeding rate a0 is
small, the reaction occurs and produces only small amount ofB ;
if a0 is large, the reaction occurs and produces large amount ofB ;
and when a0 is in intermediate range, the dynamics is bistable.
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Equation in R n

@a
@t

= DA � a � kabp;
@b
@t

= DB � b+ kabp; t > 0; x 2 R n ;

Initial condition : a(x; 0) = a0(x), and b(x; 0) = b0(x), x 2 R n .

Boundary condition: lim
jx j!1

a(x; t ) = a0 > 0, and lim
jx j!1

b(x; t ) = 0 .

Bistability – p.18/27



Equation in R n

@a
@t

= DA � a � kabp;
@b
@t

= DB � b+ kabp; t > 0; x 2 R n ;

Initial condition : a(x; 0) = a0(x), and b(x; 0) = b0(x), x 2 R n .

Boundary condition: lim
jx j!1

a(x; t ) = a0 > 0, and lim
jx j!1

b(x; t ) = 0 .

[Jakab-Horvath-Merkin-Scott-Simon-Toth, 2002, 2003]

Numerical Observations and Formal Arguments :

A. (Threshold phenomenon) Whenp is large, there is a critical size

R� > 0 such that when radius of the localized input of autocatalyst is

smaller than R� , no traveling wave can be initialized (reaction fails); but

traveling wave can be established whenR > R � (reaction succeeds).

B. (Flame ball) When p is large, there are non-trivial steady state

solutions. [Ouyang-Shi, 1999] [Tang, 2000]
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Equation in R n

@a
@t

= DA � a � kabp;
@b
@t

= DB � b+ kabp; t > 0; x 2 R n ;

Initial condition : a(x; 0) = a0(x), and b(x; 0) = b0(x), x 2 R n .

Boundary condition: lim
jx j!1

a(x; t ) = a0 > 0, and lim
jx j!1

b(x; t ) = 0 .

[Jakab-Horvath-Merkin-Scott-Simon-Toth, 2002, 2003]

Numerical Observations and Formal Arguments :

A. (Threshold phenomenon) Whenp is large, there is a critical size

R� > 0 such that when radius of the localized input of autocatalyst is

smaller than R� , no traveling wave can be initialized (reaction fails); but

traveling wave can be established whenR > R � (reaction succeeds).

B. (Flame ball) When p is large, there are non-trivial steady state

solutions. [Ouyang-Shi, 1999] [Tang, 2000]

Our goal: establish mathematical results for these phenomena

Bistability – p.18/27



Simpli�ed Equations

Dimensionless Equation:
8
><

>:

@u
@t

= � u � uvp;
@v
@t

= D� v + uvp; t > 0; x 2 R n ;

lim
jx j!1

u(x; t ) = 1 ; and lim
jx j!1

v(x; t ) = 0 :

We will assume: D = DB =DA = 1, p > 1.

Bistability – p.19/27



Simpli�ed Equations

Dimensionless Equation:
8
><

>:

@u
@t

= � u � uvp;
@v
@t

= D� v + uvp; t > 0; x 2 R n ;

lim
jx j!1

u(x; t ) = 1 ; and lim
jx j!1

v(x; t ) = 0 :

We will assume: D = DB =DA = 1, p > 1.

8
>>>>>>><

>>>>>>>:

ut = � u � uvp; vt = � v + uvp; t > 0; x 2 R n ;

u(x; 0) = u0(x) � 0; v(x; 0) = v0(x) � 0; x 2 R n ;

lim
jx j!1

u(x; t ) = 1 ; and lim
jx j!1

v(x; t ) = 0 ;

lim
jx j!1

u0(x) = 1 ; and lim
jx j!1

v0(x) = 0 :

where n � 3, p > 1.
Bistability – p.19/27



Steady State solutions

8
<

:

� u � uvp = 0 ; � v + uvp = 0 ; x 2 R n ;

lim
jx j!1

u(x) = 1 ; and lim
jx j!1

v(x) = 0 :

Let h = u + v. Then � h = 0 and lim
jx j!1

h(x) = 1 , thus h(x) � 1.

Scalar steady state equation:

� v + (1 � v)vp = 0 ; v(x) > 0; x 2 R n ; lim
jx j!1

v(x) = 0 :

Bistability – p.20/27



Steady State solutions

8
<

:

� u � uvp = 0 ; � v + uvp = 0 ; x 2 R n ;

lim
jx j!1

u(x) = 1 ; and lim
jx j!1

v(x) = 0 :

Let h = u + v. Then � h = 0 and lim
jx j!1

h(x) = 1 , thus h(x) � 1.

Scalar steady state equation:

� v + (1 � v)vp = 0 ; v(x) > 0; x 2 R n ; lim
jx j!1

v(x) = 0 :

Theorem 6 : [Ouyang-Shi, 1999] Letp� =
n + 2
n � 2

.

(A) There is no solution when p � p� ;

(B) When p > p � , it has a family of radial solutions vd(x) such that

maxvd(x) = v(0) = d for any d 2 (0; d1] and 0 < d 1 < 1.

(C) When p > p � , the equation has radial solution vd(x) such that

maxvd(x) = v(0) = d and v(x) = 0 when jxj = R(d) for d 2 (d1; 1).

(This is called crossing solution), which was considered in earlier part ofBistability – p.20/27



The bifurcation diagrams

(left: p �
n + 2
n � 2

, right: p >
n + 2
n � 2

)

R(d)

d

R�

1

R(d)

d

R�

d1

1

Bistability – p.21/27



Main Result: Hair-Trigger effect

Theorem 7 : [Shi-Wang, 2006] Assumep� < p < p c, and (ud(x); vd(x)) is

a radial steady state solution with ud(x) + vd(x) � 1,

(ud(0); vd(0)) = (1 � d; d) and d 2 (0; d1):

(A) If v0(x) � vd(x), u0(x) + v0(x) � 1, but not � simultaneously, then

lim
t !1

u(x; t ) = 0 ; lim
t !1

v(x; t ) = 1 ; (spread)

uniformly for any bounded subset of R n as t ! 1 .

(B) If v0(x) � vd(x), u0(x) + v0(x) � 1, but not � simultaneously, then

lim
t !1

u(x; t ) = 1 ; lim
t !1

v(x; t ) = 0 ; (extinction)

uniformly for R n as t ! 1 . Here p� =
n + 2
n � 2

,

pc =

8
><

>:

(n � 2)2 � 4n + 4
p

n2 � (n � 2)2

(n � 2)(n � 10)
when n � 11;

1 when 3 � n � 10:
Bistability – p.22/27



Instability result for parabolic equation in R n

Suppose thatu(x) is a solution of � u + f (u) = 0 in R n . Then u(x) is

stable if for any � 2 C1
0 (R n ),

Z

R n
(jr � j2 � f 0(u)� 2)dx � 0.

[Berestycki-Ca�arelli-Nirenberg, 1998] [Dancer, 2004, 2005]
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Instability result for parabolic equation in R n

Suppose thatu(x) is a solution of � u + f (u) = 0 in R n . Then u(x) is

stable if for any � 2 C1
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(A) [Ghoussoub-Gui, 1998]u(x) is stable if and only if there exists

� (x) > 0 in R n such that � � + f 0(u)� = 0 .

(B) [Cabr�e-Capella, 2004] If u(x) is radially symmetric,

ju0(x)j = O(r � � ) and � >
n � 2 � 2

p
n � 1

2
, then u(x) is unstable.

Lemma 9 : [Shi-Wang, 2006] Suppose thatf 2 C1(R ), and u(x) is an

unstable radial solution of � u + f (u) = 0 in R n . Let v(x; t ) be the

solution of vt = � v + f (v), v(x; 0) = v0(x) for x 2 R n .

If v0(x) � u(x), then v(x; t ) is either unbounded ast ! T (life span of

the solution), or lim sup
t !1

v(x; t ) � u1(x), a radial steady state such that

u1(x) < u (x); if n � 10, then u1(x) is constant. Bistability – p.23/27
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Conclusions

� Bistable dynamics occurs in reaction-di�usion equation or
system with one stable and one neutrally stable zeros in ODE
(di�usion enhances the stability);

� For some bistable systems, an exact dynamical structure
(co-dimension1 threshold manifold) can be proved, even
when the system is not a monotone dynamical system;

� For system in R n , when n � 2, or n � 3 and p < (n + 2) =n,
the reaction is always successful: chemical traveling wave
spreads from the initial feeding point of v.

� For system in R n , another bistability is a result of high
reaction order and high spatial dimension; extinction is
induced by di�usion and high reaction order ( p > 5 when
n = 3); Steady state solutions (
ame balls) exist and they lie
on the separatrix of the bistable dynamics. Bistability – p.24/27



Further works on autocatalytic reactions

� Threshold manifold for equation in R n : so the steady state

solutions are on the threshold set (separatrix) between the basins of

attraction of (0; 1) and (1; 0), but what else are also on the

threshold set?
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� Threshold manifold for equation in R n : so the steady state

solutions are on the threshold set (separatrix) between the basins of

attraction of (0; 1) and (1; 0), but what else are also on the

threshold set?

� What happens whenD = DA =DB 6= 1?

[Herrero-Lacey-Velazquez, 1998] Global solution for allD > 0

Di�culties : cannot be reduced to scalar; \predator-prey" type (not

monotone)

Conjecture: if D > 1, then extinction may happen for lower p

� What about if B also decays?

@a
@t

= DA � a � kabp;
@b
@t

= DB � b+ kabp � qb; t > 0; x 2 R n ;

[Jakab-Horvath-Merkin-Scott-Simon-Toth, 2003] stable steady state
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