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Let V (y′, yn) = v(y′, yn) − w(y′). Then V satisfies

−∆V = c(y)V, y ∈ R
n
+; V (y) = 0, y ∈ ∂R

n
+; (2.9)

where c(y) is uniformly bounded for y ∈ R
n
+ since f is Lipschitz continuous. Since

V is the solution of equation (2.9), and V (y′, yn) → 0 locally uniformly for y′

when yn → ∞, then |∇V | → 0 for y′ in any compact subset of R
n−1 as yn → ∞,

from the local sup estimates for the gradient in [19, Theorem 8.32]. For any τ =
(τ1, τ2, . . . , τn−1, τn) ∈ Σ, define τ ′ = (τ1, τ2, . . . , τn−1). Then

∇v · τ −∇w · τ ′ = ∇V · τ → 0, yn → ∞, (2.10)

uniformly for y′ in any compact subset of R
n−1. Since ∇v · τ > 0 for any y ∈ R

n
+,

then ∇w · τ ′ � 0 for any y′ ∈ R
n−1. Since Σ is an open neighborhood of τ0, then

the projection of Σ under the mapping τ �−→ τ ′ contains an open neighborhood of
the origin of R

n−1. This implies that ∇w · τ ′ � 0 for any direction τ ′, and hence
w ≡ c for a constant c. Since w is a solution of equation (2.8), it is necessary that
f(c) = 0. Now from [5, Theorem 1.4], we see that v ≡ v1(yn). Therefore v1 must
be a solution of equation (2.7), and it is easy to observe that equation (2.7) has no
solution if f ′(c) > 0, so f ′(c) � 0.

Remark 2.1. We compare Lemma 2.4 with some earlier results of half-space
solutions proved in [12] and [5]. In [12], it is proved that if f(0) � 0, then any
positive solution v of equation (2.5) is monotonic; that is, ∂v/∂yn > 0. The question
is whether v is symmetric; that is, whether v ≡ v1(yn). It is proved in [5] that
this is true if u is bounded and f(sup u) � 0. So here we prove the symmetry
of v without the condition that f(supu) � 0, but with a stronger monotonicity
condition (monotonicity for an open set of directions). It is not clear whether the
weaker monotonicity (∂v/∂yn > 0) implies the stronger one (∇v · τ > 0 for τ ∈ Σ
which is an open subset of Sn−1 containing τ0 = (0, . . . , 0, 1)). Notice that this is
not true if u is unbounded. For example, v(x1, x2) = ex1x2 is an unbounded solution
of ∆v − v = 0 in R

2
+ and v = 0 on ∂R

2
+, and v is increasing in x2, but not in any

direction close to τ0 = (0, 1). However, we conjecture that it is true for bounded v,
and from Lemma 2.4 this conjecture would imply the earlier conjecture in [5] on
the symmetry of v without the extra condition that f(sup u) � 0. We also mention
that the monotonicity of a positive solution along almost normal directions was
first proved in [17].

From the analysis above, we obtain an important property for the solution u of
equation (1.1) when conditions (f 1) and (f 2) are satisfied.

Corollary 2.5. Suppose that f satisfies conditions (f 1) and (f 2). Suppose
that v is a nonnegative solution of equation (2.5), and that there exists an open
subset Σ of Sn−1 which contains τ0 = (0, . . . , 0, 1) such that ∇v(y) · τ > 0 for
any y ∈ R

n
+. Then v is unbounded. Moreover, for any M > b, there exists a ball

B(yM ;RM ) ⊂ R
n
+ such that v(y) > M for y ∈ B(yM ;RM ).

Proof. First, v must be positive, for otherwise v ≡ 0 but f(0) < 0, from (f 1).
Suppose that v is bounded. From Lemma 2.4, v must be one-dimensional, v ≡
v1(yn), and v1 satisfies (2.7). Let c = limyn →∞ v1(yn). We multiply (2.7) by v′

1, and
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integrate it on R
+; then we obtain

− 1
2 [v′

1(0)]2 + F (c) − F (0) = 0. (2.11)

Hence, from (f 2), c > b. Since f(u) > 0 for all u > b, this is a contradiction to
f(c) = 0. Hence v is unbounded. For any M > b, there exists yM ∈ R

n
+ such that

v(yM ) = M . Since ∂v(y)/∂yn > 0, the level set SM = {y ∈ R
n
+ : v(y) = M} near

yM is a C2 surface which separates a neighborhood of yM into two disjoint sets
{v(y) > M} and {v(y) < M}. Hence there exists a ball B(yM ;RM ) ⊂ {v(y) > M}
tangent to SM at yM .

To complete the proof of Theorem 1.1, we construct a family of sub-solutions of
equation (1.1) when conditions (f 1)–(f 3) are satisfied. We extend f to R so that
f(u) < 0 for u ∈ (−a, 0), f(−a) = 0, f ′(−a) < 0, and f ∈ C1,α(R). From (f 2),
there exists d > b such that

F (u) =
∫u

0

f(t) dt > 0 for u > d.

We consider the boundary value problem on R
n:{−∆w = f(w), x ∈ R

n;
lim|x|→∞ w(x) = −a.

(2.12)

Since f satisfies condition (f 3), we see from the result of [22] that equation (2.12)
has a radially symmetric solution w(x) = w(|x|) satisfying w′(r) < 0 for r > 0.
Then there exists m ∈ (0,∞) such that w(m) = 0. It is easy to verify the following
result (see [10]).

Lemma 2.6. Let w(x) be defined as above. Then for any y ∈ D, and λ >
µm2[d(y, ∂D)−2], we see that

W (x;λ, y) = w(λ1/2(x − y)), x ∈ D, (2.13)

is a subsolution of equation (1.1).

Now we show that any positive solution of equation (1.1) must be above one of
subsolutions defined in Lemma 2.6.

Lemma 2.7. There exists λ∗ > 0 such that if u(x) is a positive solution of
equation (1.1) with λ > λ∗, then there exists y ∈ D such that u(x) > W (x;λ, y)
for x ∈ D.

Proof. We use the same blow-up argument as above, at a boundary point x0 ∈
Tk0 ∩∂D. Then the limit function v is a positive solution of equation (2.5) satisfying
∂v/∂yn > 0. From Corollary 2.5, v(y) is unbounded. Let M = 3w(0) > 0, where
w is the positive radial solution of (2.12). Then from Corollary 2.5, there exists
a ball B(yM ;RM ) ⊂ R

n
+ such that v(y) > M for y ∈ B(yM ;RM ). When λ >

λa for some λa > 0, we can assume that B(yM ;RM ) ⊂ B+(λ1/2R), where R is
chosen so that B+(R) ⊂ Ψ(O). Hence there is a ball B(xλ;λ−1/2R0) contained in
Ψ(λ−1/2B(yM ;RM )). On the other hand, vm → v uniformly for y ∈ B(yM ;RM ),
and hence there exists λ∗ > λa such that vm(y) � 2w(0) when λm > λ∗, which
implies that u(x) � 2w(0) > W (x;λ, xλ) when λ > λ∗ and x∈B(xλ;λ−1/2R0).
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With Lemma 2.7 and the sweeping principle, we now are able to prove that the
solution u is large except near the boundary. Since we assume that D satisfies
a uniform interior sphere condition, there exists ε > 0 such that D = ∪{B(y; ε) :
y ∈ Dε} where Dε = {x ∈ D : d(x, ∂D) > ε}. The following lemma can be proved
in the same way as [24, Lemma 3.6], if Lemma 2.7 holds.

Lemma 2.8. For any positive solution (λ, u) of equation (1.1), if λ > m2ε−2,
then there exists C1 > 0 such that

u(x) � min{w(0), Cλ1/2d(x, ∂D)}, x ∈ D. (2.14)

Moreover, for any M > w(0) and λ > m2ε−2, there exists CM > 0 such that

u(x) > M, if d(x, ∂D) > λ−1/2[C−1
1 w(0) + CM ]. (2.15)

Proof. The proof of equation (2.14) is exactly same as that of [24, Lemma 3.6].
For equation (2.15), we apply [11, Proposition 1] or [10, Lemma A.3], and it is easy
to check that equation (2.15) holds if CM = τ

−1/2
M λ

1/2
1 . Here, τM is the constant

such that f(u) � τM (u − b) for u ∈ [b,M ], and λ1 is the principal eigenvalue of

∆φ + λφ = 0, y ∈ B(0; 1); φ(y) = 0, y ∈ ∂B(0; 1). (2.16)

The proof of the lemma is complete.

Now we are ready to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. Suppose that (λ, u) is a positive solution of (1.1). We
consider the linearized eigenvalue problem:

−∆ψ = λf ′(u)ψ + µψ, x ∈ D; ψ(x) = 0, x ∈ ∂D. (2.17)

Suppose that (µ1, ψ1) is the principal eigen-pair, and that ψ1 > 0 in D. We claim
that µ1 > 0 if λ is sufficiently large. If the claim holds, then the uniqueness follows
from a well-known argument using Leray–Schauder degree theory; see for example
[10, p. 114].

So it remains to prove the claim. Suppose it is not true; then there exists a
sequence of positive solutions (λn, un) such that µn = µn

1 � 0. Hence we have

−∆ψn � λnf ′(un)ψn, x ∈ D; ψn(x) = 0, x ∈ ∂D, (2.18)

where ψn = ψn
1 is the principal eigenfunction. We can choose ψn so that ψn > 0 in

D and maxx∈D ψn(x)/un(x) = 1 since un(x) � C(λn)1/2d(x, ∂D) for any x ∈ D,
by Lemma 2.8. From (f 4) and (f 5), we can assume that f(u) − uf ′(u) � k1 > 0
and f ′(u) � 0 for u � M for some k1,M > 0. Define

D1 = {x ∈ D : un(x) > M}, D2 = D\D1. (2.19)

For x ∈ D1, we have

λnf ′(un)ψn � λnf ′(un)un � λn[f(un) − k1], (2.20)

and for x ∈ D2,
λnf ′(un)ψn � λn|f ′(un)un| � λnC2, (2.21)

where C2 = maxu�M |f ′(u)u|. From equations (2.18), (2.20) and (2.21), we obtain

−∆ψn � λn[f(un) − k1]χD1 + λnC2χD2 , x ∈ D. (2.22)
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Combining equations (1.1) and (2.22), we have

−∆(un − ψn) � λnk1χD1 − λn(C2 + C3)χD2 , (2.23)

where C3 = maxu�M |f(u)|. Let φn be the unique solution of

∆φ + [k1χD1 − (C2 + C3)χD2 ] = 0, x ∈ D; φ(x) = 0, x ∈ ∂D. (2.24)

Notice that φn depends on n since D1 and D2 depend on λn. From Lemma 2.8,

D1 ⊃ {x ∈ D : d(x, ∂D) � (λn)1/2[C−1
1 w(0) + CM ]},

where C1 and CM are as defined in Lemma 2.8. In particular, the function k1χD1 −
(C2 + C3)χD2 approaches k1χD as n → ∞. Hence the limit of φn as λ → ∞ is the
unique solution φ of

∆φ + k1 = 0, x ∈ D; φ(x) = 0, x ∈ ∂D. (2.25)

Since φ > 0 in D and ∂φ/∂n < 0 on ∂D, for large enough λ, we have φn > 0 in
D and ∂φn/∂n < 0 on ∂D. Hence there exists εn > 0 such that φn � εnun. From
equation (2.23) and the fact that (−∆)−1 is an order-preserving operator on Lp(D),
we have

un − ψn � φn � εnun, (2.26)

which implies that (1 − εn)un � ψn, and that is a contradiction of the assumption
that maxx∈D ψn(x)/un(x) = 1. Thus the claim has been proved.

Now we indicate how to modify the above proof to prove Theorem 1.2. We claim
that for any δa > 0, there exists λa > 0 such that if u is a solution of equation (1.1)
with λ > λa, then maxx∈D u(x) > c − δa. If we assume that this claim holds, then
Theorem 1.2 can be proved by using [24, Theorem 1.6], in which it was proved
that there exists δa > 0 such that for any large λ, there is exactly one solution
uλ of equation (1.1) such that maxuλ ∈ (c − δa, c). To prove this claim, we use
the same moving plane and blowup argument as above, and the limit v of the
blowup sequence again satisfies equation (2.5). Since v is bounded, we know from
Lemma 2.4 that v(y′, yn) ≡ v1(yn) and v(yn) is a solution of (2.7). From a simple
observation of the phase portrait of v′ = w, w′ = −f(v), we see that equation (2.7)
has a unique solution which satisfies

v′(0) =
(

2
∫ c

0

f(s) ds

)1/2

,

and limz→∞ v(z) = c. Since for large z, v(z) > c − δa, and vm → v in C2
loc(R

n
+),

there exists x̃m ∈ D such that um(x̃m) > c − δa.

Finally, we show that the methods used above can also be used to prove Theo-
rem 1.3. Suppose that there is a sequence of positive solutions (λn, un) such that
λn → ∞ as n → ∞. Again, we use the moving plane method and the boundary
blowup argument. Then the limit v must be unbounded, by Corollary 2.5, which
implies that ‖un‖∞ → ∞. Indeed, we can show that un is large except near the
boundary, following the proof of Lemmas 2.6–2.8, since we can define a function
f1(u) satisfying (f 1)–(f 3) and f(u) > f1(u). Thus subsolutions can be constructed
from the solutions of −∆w = f1(w). In particular, there exists a ball B ⊂ D where
un is large for all large n. From the assumption (f 9), we can assume that f(u) > pu
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when u > M for some p,M > 0. We define Tn to be the connected component of
{x ∈ D : un(x) > M} which contains B. Then the principal eigenvalue λ1(Tn) of

−∆φ = λφ, x ∈ Tn; φ(x) = 0, x ∈ ∂Tn; (2.27)

is bounded above by λ1(B). On the other hand, since f(un) > pun for x ∈ Tn,
we have −∆(un − M) = λnf(un) > λnp(un − M), and un − M = 0 on ∂Tn. This
implies that λ1(Tn) > λnp → ∞ as n → ∞, which contradicts λ1(Tn) � λ1(B).
This completes the proof of Theorem 1.3.

Remark 2.2. The methods of proving Theorem 1.1 can also be used for some
related problems. For example, if we replace the assumption that f(0) < 0 in
Theorem 1.1 by f(0) > 0, or f(0) = 0 but f ′(0) > 0, and assume that b = 0 in
(f 2), then the result of Theorem 1.1 remains true. The nonlinearity f in this case
is positive, but (f 4) is a weaker concavity condition than in previous work [11],
where f(u) or u−pf(u) (for p ∈ (0, 1)) is assumed to tend to a positive constant as
u → ∞. However the monotonicity of f is not assumed in [11]. Thus neither result
covers the other one.

Remark 2.3. If f(u) → C as u → ∞ for some positive constant C and f(0) <
0, then the uniqueness of the positive solution for D in any dimension can still
be proved without the condition on f ′(u) in (f 5), by using essentially the same
argument as in the proof of [11, Theorem 1], together with the ideas in this paper.
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