
Problem Set 7

Discussion: Oct. 18, Oct. 20 (on inequalities and floor functions) The name after the
problem is the designated writer of the solution of that problem. (Erin, Tina, and David
Edmonson are exempted this week)

Discussion Problems

1. (a) Prove that for a, b, c > 0 satisfying (1 + a)(1 + b)(1 + c) = 8, then abc ≤ 1.
(b) Prove that for a, b, c > 0, then (a2b+b2c+c2a)(a2c+b2a+c2b) ≥ 9a2b2c2. (Derek)

2. Given that a, b, c, d, e are real numbers such that a + b + c + d + e = 8 and a2 + b2 +
c2 + d2 + e2 = 16. Find the maximum value of e. (Shelley)

3. (a) Prove that if a and b are positive numbers such that a = b = 1,

then
(

a +
1
a

)2

+
(

b +
1
b

)2

≥ 25
2

.

(b) Prove that if ai > 0 (i = 1, 2, · · · , n), and a1 + a2 + · · · + an = 1. Prove that
n∑

i=1

(
ai +

1
ai

)2

≥ (n2 + 1)2

n
. (Beth)

4. Let a, b, c denote the lengths of the sides of a triangle.

Show that
3
2
≤ a

b + c
+

b

c + a
+

c

a + b
≤ 2. (Nicholas)

5. (Putnam 1998-B1) Find the minimum value of

(x + 1/x)6 − (x6 + 1/x6)− 2
(x + 1/x)3 + (x3 + 1/x3)

for x > 0. (Ben)

6. (Putnam 1973) On [0, 1], let f have a continuous derivative satisfying 0 < f ′(t) ≤ 1.

Also suppose that f(0) = 0. Prove that
[∫ 1

0
f(t)dt

]2

≥
∫ 1

0
[f(t)]3dt. (Frank)

7. (Putnam 1962-B5) Show that for n > 1,
3n + 1
2n + 2

<

n∑
r=1

rn

nn
< 2. (David Rose)

8. (Putnam 2003-A3) Find the minimum value of

| sinx + cos x + tanx + cot x + sec x + csc x|

for real numbers x. (Richard)

9. (Putnam 2004-A2) For i = 1, 2 let Ti be a triangle with side lengths ai, bi, ci, and area
Ai. Suppose that a1 ≤ a2, b1 ≤ b2, c1 ≤ c2, and that T2 is an acute triangle. Does it
follow that A1 ≤ A2? (Hint: Use Heron’s formula, and other solution can be found
online.) (Lei)
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10. (Putnam 2004-B2) Let m and n be positive integers. Show that

(m + n)!
(m + n)m+n

<
m!
mm

n!
nn

.

(Brett)

More Problems:

1. (This is from the same book which has the selling chicken problem) Three pasture
fields have areas of 7/3, 10 and 24 acres, respectively. The fields initially are covered
with grass of the same thickness and new grass grows on each at the same rate per
acre. If 12 cows eat the first field bare in 4 weeks and 212 cows eat the second field
bare in 9 weeks, how many cows will eat the third field bare in 18 weeks? Assume
that all cows eat at the same rate.

2. Find the remainder 1 ≤ r < 13, when 21985 is divided by 13.

3. (Putnam 2004-A6) Suppose that f(x, y) is a continuous real-valued function on the
unit square 0 ≤ x ≤ 1, 0 ≤ y ≤ 1. Show that∫ 1

0

(∫ 1

0
f(x, y)dx

)2

dy +
∫ 1

0

(∫ 1

0
f(x, y)dy

)2

dx

≤
(∫ 1

0

∫ 1

0
f(x, y)dx dy

)2

+
∫ 1

0

∫ 1

0
(f(x, y))2 dx dy.

4. (Putnam 1996-B3) Given that {x1, x2, . . . , xn} = {1, 2, . . . , n}, find, with proof, the
largest possible value, as a function of n (with n ≥ 2), of

x1x2 + x2x3 + · · ·+ xn−1xn + xnx1.

5. (Putnam 1957-B3) Suppose that f : [0, 1] → R+ is a monotonic decreasing function.

Show that
∫ 1

0
f(x)dx ·

∫ 1

0
x[f(x)]2dx ≤

∫ 1

0
xf(x)dx ·

∫ 1

0
[f(x)]2dx.

6. (Putnam 2003-B6) Let f(x) be a continuous real-valued function defined on the in-
terval [0, 1]. Show that∫ 1

0

∫ 1

0
|f(x) + f(y)| dx dy ≥

∫ 1

0
|f(x)| dx.
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