Problem Set 8

1. (a) Factor the polynomial z® + 982 4 1 into two factors with integer (not necessarily
real) coefficients.
(b) Find the remainder on dividing #1%° — 225! + 1 by 22 — 1. (Shelley)

Solution:

(a) 284+ 9821 +1 = 28 — 22% + 1+ 221 + 9821 = 2% — 221 + 1+ 1002? = (2? —1)% -
(—1002%) = (z* — 1)% — (102%3)% = [(x* — 1) + (10223)][(z* — 1) — (10227)]. Done.
(b) (2190 —22°! +1)/(2? — 1) What is the remainder?

22 —1 = (z+1)(z —1). So two solutions are z = +1. Using Bezout’s theorem, we
substitute these into the original function (the solution must be of the form bx + ¢
because it must be of a lesser degree than the divisor):

f)y=0=bxr+c=b+c
f(=1)=4=-br+c=-b+c
Solving the system of equations, b=-2, c=2. The remainder is -2x + 2.
2. If 21 and x5 are the zeros of the polynomial z? — 6z + 1, then for every nonnegative

integer n, =7 4+ x¥ is an integer and not divisible by 5. (Derek) (Hint: how about
induction?)

3. (VA 1982) Let p(z) be a polynomial of the form p(x) = az? + bx + ¢, where a, b and
¢ are integers, with the property that 1 < p(1) < p(p(1)) < p(p(p(1))). Show that
a> 0. (Brett)

We don’t know how to do this one yet!
4. (VA 1987) A sequence of polynomials is given by p,(z) = any22? + any12 — ap, for

n > 0, where ag = a; = 1 and, for n > 0, ap4+2 = an4+1 + ap. Denote by r, and s, the
roots of p,(z) = 0, with r, < s,,. Find lim,, o 7, and lim,_, $,. (Ben)

Solution: Since this is a quadratic equation, we can make use of the quadratic formula
to come up with equations for the two roots as follows:

'—an+1ﬂ:\/a%+1“4(@n+2)0—an)
2an42
a0+ Aan)(an)
2an+42
a1 £ \fady +Aan + ans)(an)
2an12
—Qpy1 \/aiﬂ + 4danani1 + 4a?

2an+2
—any1 T/ (2a, + ny1)?
2an42
—apt1 £ (2an + any1)
2an42
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where we have used the fact that a2 = an + apy1.

Thus we have,

—Qp41 — 20n — Apy1

o= 20512
- _2(an + an+1)
B 2(an + an—H)
= -1
and
lim r, = lim -1 = —1.
n—-—+00 n——+00

And for the other root we have

—py1 + 20, + Apg1
2ap42
2ay,

2(an + an—H)
an,

Spn =

an + apt1
Now, we need a formula for a,,, and we know that
(0.1) pto =1 ap+1-ap41

The solution to equation (1) is given by a, = c1 A 4+ c2 Ay, where A; and Ay are roots
of the characteristic equation \> — AX — B = 0, and ¢; and ¢y are to be determined
by initial conditions (although we will not need them for this problem). So solving
the characteristic for its roots via the quadratic formula, we find that:

_1+45

A 2
Thus,
1+v5]" 1-v5]"
(0.2) an, =1 +2\f + ¢ [ 2f]

Notice that in equation (2) it is the case that —1 < Ay < 0, and since we are evaluating
lim,, {0, we can neglect the co Ay term.



Thus we have

lim s, = lm ——
n—-+00 n—+00 Ap + Ap+1

= lim =

n—-+00 [1%—\/5}

= lim
n—-+00 14+ |:

lim 2
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5. (VA 1991) Prove that if a is a real root of (1—22)(1+z+22+---+2")—z = 0 which lies
in (0,1), withn =1,2,---, then « is also a root of (1—22)(1+x+22+- - -+2" 1)1 = 0.
(Lei) (Hint: use 1 + o+ 22+ -+ 2" = (1 —2"M) /(1 — 2).)

6. (VA 1996) Let a;, i = 1,2,3,4, be real numbers such that a; + as + az + a4 = 0.
Show that for arbitrary real numbers b;, i = 1,2, 3, the equation a; + b1z + 3asz? +

box3 + Bagz? + bza® + Tasz® = 0 has at least one real root which is on the interval
—1 <2z <1. (Tina)

Solution:

Taking the integral of the given equation over the interval —1 < x <1 gives:

f_ll(al + b1 +3agx? + box + Sasx® + b3x® + Tasx®)dx
“a1x + %1332 + asx® + %x4 + asz® + %33:6 + a4a:7|1_1
= (a1+%+a2+%’+a3+%+a4> - (—a1+%—a2+%—a3+%—a4)
=2(a1+a2+a3+a4)+(%+%+%) — (%+%+%
=0

And by the Mean Value Theorem, since the integral of the equation is zero, the
function must take on the value of zero somewhere on the interval —1 < x < 1.

7. (VA 1995) Let 7 = (1++/5)/2. Show that [72n] = [r[rn]+ 1] for every positive integer
n. Here [r] denotes the largest integer that is not larger than r. (David Rose)



8.

9.

10.

Solution

[T[tn]+1] = [r(tn—{mn})+1]
2n —r{rn} +1]
(r+ 10— r{rn} + 1)
™ —T1{tn}+1]+n
+ [[rn] + {tn} — 7{rn} + 1]
+ ]+ [1 = (7 = D{rn}]
n + [tn]
(T + 1)n]
= [r?n]

[
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[
[

Solve the equation 2% + 425 — 1024 + 422 + 1 = 0. (Lei)

(Putnam 2004-B1) Let P(x) = c,2"+c,_ 12" 1+ - - +¢o be a polynomial with integer
coefficients. Suppose that r is a rational number such that P(r) = 0. Show that the
n numbers

2 3 2
CnTy CpT° + Cp—17, CpT° + Cp—17" + Cp—2T,

-1
s et e+t

are integers. (David Edmonson)

Solution. Set i € {0, 1, ... , n- 1}. Now write r as ¥, where u and v are coprime.
Then c, ()" —i—cnl( )"1+ .. 4+ =0,50 cpu” 4+ cpu" v + oo 4 v =
0, S0 cuu” + Cp_u" v 4+ ...+ T = guivt T - gt v L

- cov" is a multiple of v, s0 cpu "t 4+ cp_u T v 4+ L. 4 Cipruv” i_l is also a
multiple of v*~?, since u’ and v"~* are coprime. Thus, cn( e e Y (S L

...+ ¢ip1(%) is an integer, which is the claim that we were asked to show.

(Putnam 2003-B1) Do there exist polynomials a(z),b(x), c(y),d(y) such that
1+ay +2%y? = a(z)c(y) + b(x)d(y)

holds identically? (Richard)



