Problem Set 4

Discussion Problems

99

A . . .
1. (UIUC 2003) Let N =9499+999+---4+99---9. Determine the sum of digits of N.
(Derek)

Solution. First, notice that N is equivalent to

100

——
10 + 100 + 1000 + ...+ 1000...00 — 99
This equals

100

m———
1111...111110 — 99
Which equals

100

——lN—
1111...111011
So the sum of the digits of N is 99.

—~ k
2. (UIUC 1998) Evaluate Z ohT" (David Edmonson)

k=1

1—a" =

Solution. Here we are given the sum 14+z + 2%+ ...+ 2" 1 = 1 * , OT zh1 =
-

k=1

1— " n 1 — g™ _ ntl
T Multiplying both sides by x gives us Zwk = z(1—2") 7% Differ-

1—= Pt 1—=z 1—=
n

1— 1— z™ _ entl

entiating both sides gives us Z kak—! = (1—2)( (n(41— )x)2) Rl Gl ) How-
—x
"k - k:11 - 1
ever, we want Z k1 = Zk(i)kfl = Z kz*1 where o = 5 Substituting = = 1
k=1 k=1 . k=1
1—x)(1— 1)x™ — "t 1
into (1=2)(1=(n+1)a") + (@ =2 ) gives us a solution of 4 — 2(n + 1)(=)" —
(1—2)2 2
1
4(z)th
()

3. (UIUC 2004) Let F;, denote the Fibonacci sequence, defined by F; = 1, F, = 1, and

oo
F
Foi1 = F, + F,_1 for n > 2. Evaluate E —Z. (Nicholas)
3n
n=1

Solution. Let S denote the sum:



We can substitute Fj_1 + Fj_o for Fj.

_ZFk 1+ Fr_o

We also know that F; = 1 and F3 = 1, which allows us to compute the first two terms.

11l S Fea+ B 11 NFer s Froo
Y =3ty > 5
k=3 k=3 k=3

BERED

Rearranging indices and simplifying gives us

1 1F, 1<xF,
*+ +§:%H EZ%HZ* sT3 3 To X 3
k=2 k=
I T R ANy A O W QN )%
_3+9+3<§3k 3)+9;3
Recalling our sum S, we can substitute as follows and solve.
1 1 1 1 1
_3+9+3(5_3>+95
Thus, S =3/5
(VTZMB)EaIMeE: - T LT (Ben
‘ vert nn+1) 1.2 2.3"73.4 L een

Solution: First, notice that

o 1 2?2 23 a2t
1 —_— x —_r = =P —_— —_— — —— —_— —_—— DY
ot n 2 3 4
But we need the negative of this, that is
[e.e]
1 2?2 3 xt
1 —In(1 - —x" = —t+ =+ —+--
(1) n(l—z) T; na: =x+ 5 + 3 + 1 +

Now we need to integrate equation (1).

= 1 2 23 2t
— [ In(1—-2)d :E —z"dr = —+=+—+-|d
/n( x)dx n:1/n1‘ x /<x+2+3+4—|— >a:



The expression —In(1 — x) can be integrated using the substitution
y=1—2z, dy=—dx

to give
—/ln(l—m)dx:(l—x)ln(l—x)—l—i—m

And integrating the rest of equation (1) using standard integrating techniques results
in

oo
xn—i—l 2 3 4

(2) I-z)h(l-2)—l4+a=>_ = o
n=1

—nn+1) 1-2 2.3 3-4

Now, the left-hand side of equation (2) is almost what we need, except there is the
additional factor of z in each expression. We can get rid of this factor by dividing
equation (2) by z, to get

(l1-z)ln(l—-2)—14=x i " x 2 3
x n(n+ 1)

as wanted.

. (Putnam 1977 B-1)

-1
T (David Rose)

Solution First note that n®—1 = (n—1)(n?>+n+ 1) and n®+1 = (n+1)(n?—n+1).
Our product then becomes

ﬁn3—1_ lo—o[n—l ﬁn2+n+1
nd+1 n+1 n?—n+1
n=2 n=2 n=2

Now considering partial products we have
ﬁ n-1 (1) /(2 E—1\ 2
Sin+1 \3)\4 k+1)  k(k+1)

ﬁn +nt1 ﬁ n+1 n+)+1  K2+k+1

5 — =
ST n+1 i n+1 3

and

Thus

“nd-1 . Lend-o1 2 +k+1\ 2
H?:hm H?’i:hm = —.
n:2n +1 k—»oonZQTL +1 k—o0 k(k’—i—l) 3 3

1

m2n + mn? 4 2mn

6. (Putnam 1978 B-2) Express » )

n=1m=1

as arational number. (Shelley)



o (0.@)
1 1
Solution: This fraction simplifies into the sum E — E — . Concen-
m e~ n(m+n + 2)

m=1
trating on the first sum we use partial fractions to obtain:

1 1 1 1
nm+n+2) m+2\n n+m+2)/)
From here, if we substitute 1 for m, then we notice that it is a telescoping series and

111
all but the terms 1'3'3 cancel out. For m = 2, we simply add i to the group, and

1 1 1
A h —F+-+...+—— | = Snto
so on. As m — 00, we ave<1+2+ +m—i—2> m+2

1= 1 1
Now we are left with — Z — <> Sm+2. If we expand this out a bit, we see
2 Sm \m+ 2

the following:

o (Y

m =2 L 1—1—14—1—1—1
- 2 4 2 3 4

As m — oo, we obtain

11+1—i-1 +1 1+1+1+1 —i—l 1+1 + —i—l = + !
2 3 2 2 3 4 3\4 5 T om\m+1 m+2
We then rearrange this sequence into two telescoping series:

1+1+1+ 1 1 n 1 1 n 1 1
2 4 2 2 3)° m m+1

(D G- D (B0t

1 1 1 1 1
:2<1+2+4+Zm<m+1>+2m<m+2>>

1

5

2 4 2 4 4
o0 x2n
. (Putnam 1977 A-4) For 0 < = < 1, express Z o 5 rational function of z.
-z
=0
1 1 1 ,
(UIUC 2000) Evaluate ST o1 T g + i 9a T st (Tina)

Solution:

N :172’” - N 1 1
Zl_mwﬂ - Z 1— 22" 1 _ g2nHt

n=0 n—=




as N — oo, since |z| < 1.

1 1 1 1
7b) Evaluate 5T — 51 + 57 52 + 91 51 + 58 _ o8 +...
Solution:
oo
Let f(z) = Z _ so that the given series is f(3).
x_gn o xQn 9 2
n=0
1 1 z*
T2 _ p2n T p2m _ gom gom
T
& f t (a)
= rom part (a
1—=z P
1
Therefore, f(3) = —“r =1
2
8. (Putnam 1984 A-2) Express Z (3R — 2RIy (3 — 2F) as a rational number. (Erin)
=1
= A
Solution: To begin, split the sum into partial fractions, you have, Z T ok
5 k=1
ST kil Multiplying out the partial fractions and then factoring out common

terms yields,

sk(3A B) —2¥(2A — B) = 6*
3k(3A — B) = 6% + 2¥(24 - B)

3k(3A B) = (2F)(3%) 4 2*(24 — B)
38(3A — B) = (2F)(3F + 24 — B)

3 3"4+24-B

2k 34—-B

Solving for the numerator and the denominator gives A = 2% and B = 2*+1. Thus,
OO 2k 2k+1
the sum has become Z

3k _oF 3kl _ Rl If you look at the partial sum (i.e.

n 2k: 2k+1_
E SF ok 3kil 2k+1), it is clear that this is a telescoping series, thus you are
k=1
left with,

n 2k 2k’+1 2n+1

Z 3k _ 9k  gk+l _ ok+1 2- gn+1l _ on+1"
=1

2n+1

When you take nh_)rrolo 2 — 3Tl _gnil you get 2 — 0 = 2 which is a rational number.

9. (Putnam 1997 A-3) Evaluate

(%s) x3 1’5 1'7 .CC2 x4 $6
s AU Y o )d
/0 <x 2 2.4 246 ><+22+22_42+22_42_62+ ) v

5




(Richard)
Solution. Note that the series on the left is simply z exp(—22/2). By integration by

parts,

e 2 e 2 2

/ x2n+1ef:v /de — 2n/ xanlefz / dr
0 0
and so by induction,
0 2
/ 2 e™ 20p =2 x 4 x -+ x 2n.
0

Thus the desired integral is simply

o0

1
Z 2nnl Ve
n=0
m?n
. (Put 1999 A-4) S th Frank
(Putnam ) Sum the series le;gm (37 & m3") (Frank)

Solution: Let a, = 3"/n, and a,, = 3™/m. Then:

2 2

mn B mn
3m(n3m 4+ m3n)  mam(nmay, +mnay,)
m’n

m2na2, + m*namy,ay,
1

am(am + an)

Note that by exchanging subscripts, we have:

1

am(am + ap)

I
NE
NE

1

3
Il

n

1

an(am + an)

I
Nk
Nk

1

3
I
3
I

Thus:

28 =

NE
Mg

amam+an Zzanam+an)

n=1m=1

ﬁ
_
3
I
N

Ay + Gy,
A O (G, + Q)

-y

I
NE
NE

1

3
Il
3
I

[
WE
WE

AmGn

m=1n=1 m=1n=1

ad n-m > n 2
- zzgf(zgn)

m=1n=1 n=1

(@]



e.9] oo
1 n
Recall the geometric serieszz " = T—o’ Substituting x/3 for z, we have Z ( g) =
n=0 n=0
3
3—x

Differentiating the series, we find that:

oo nxnfl
(3) P

Evaluating this formula at x = 1:
[ee] n oo
(4) D=2
n=0 n=1

Thus, 25 = (3/4)2, so S = 9/32.

E;

__ 3 3
noo(3-1)2 4

w



