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Uniform 1.64658 NoShapePar ame ter

Exponenti al 5.93626 NoShapePar ame ter

Weibull 0.247013 k -> 1.95794

Gamma 0.488128 k -> 13.0483

LogLogist ic 1.38079 k -> 55.9427

Pareto 5.91096 b -> 1737.07

LogNormal 2.9733 sigma -> 0.0314362

5.3 Discussion

It should b e k ept in mind that the Euclidean distance tec hnique should only b e

used to determine whic h mo dels w ould b e ob viously inferior. It is not a metho d

with whic h to c ho ose a mo del. F or instance, in testing this metho d using randomly

generated samples from a log normal distribution, the �tted W eibull and gamma

distributions w ould often b e closer to the sample momen ts; the lognormal is not a clear

cut winner based on distance to the sample momen ts. for example, the Kolmogoro v-

Smirno v go o dness-of-�t test smaller for the MLE lognormal �t than it is for the MLE

W eibull �t. Hence, F or the ball b earing data set, one should only conclude that the

exp onen tial & P areto distributions are inferior in describing the distribution. F or the

W eibull distribution, the initial estimate of � is close to the MLE, whic h w as 2.10

(see section 4.2).

The Mathematica implemen tation is similar to the W eibull maxim um lik eliho o d

problem: the ma jor step is p erformed b y a ro ot-solv er. Using Mathematica did lead

us to a new disco v ery: although the kurtosis vs. sk ewness vs. co e�cien t of v ariation

plot w as only marginally useful in and of itself, the minim um Euclidean distance to

the sample p oin t pro vides us with some v ery useful exploratory results.
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The momen t curv es giv en here are the function of, at most, a single shap e parameter.

The v alue of this parameter when the Euclidean distance is minimized can b e used

as an initial estimate for obtaining its maxim um lik eliho o d estimate. Hence, not

only can w e see whic h distributions are p ossible mo dels, w e can also learn something

ab out their parameter estimates. Again, due to Mathematica's ro ot-solving abilit y ,

this minimizer w as not di�cult to dev elop. Unlik e the lik eliho o d function in section 4,

the distance functions do not need a particularly accurate initial estimate to con v erge.

5.2 Example

Consider again the ball b earing data from section 4.2. Its momen ts are ^
 =

0 : 52 ; ^


3

= 0 : 88 ; ^


4

= 3 : 19. Figures 7 & 8 are the sk ewness vs. co e�cien t of v ariation

and kurtosis vs. sk ewness plots for sev eral lifetime distributions: gamma, log logistic,

log normal, P areto, and W eibull. The exp onen tial distribution is a sp ecial case of

the gamma and W eibull, and has momen ts 
 = 1 ; 


3

= 2 ; 


4

= 9. Also, the uniform

distribution has momen ts 
 =

1

p

3

; 


3

= 0 ; 


4

=

9

5

. The sample momen ts of the

ball b earing data are indicated b y a p oin t on eac h graph. Figures 9 & 10 sho w

the 3-dimensional momen t curv es from t w o p ersp ectiv es. Figure 9 lo oks do wn at

the kurtosis vs. sk ewness plot, with depth pro vided b y the co e�cien t of v ariation.

Figure 10 is a rotated v ersion with the kurtosis (heigh t) scale reduced. As explained

previously , the b eha vior is di�cult to see.

What follo ws is the results of determining the minim um Euclidean distance b e-

t w een ( ^ 
 ; ^


3

; ^


4

) and eac h of the momen t curv es in three dimensions:

In[9]: MomentDista nce [da ta ]

Out[9]//Ma tri xF orm =

> DISTRIBUT IO N MIN DISTANCE INITIAL ESTIMATE
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This larger programming application rev ealed a do wn-side of using Mathematica.

The program syn tax can b e quite tedious. Sligh t deviations from the desired command

can pro duce a w ealth of syn tax errors and w arnings, and/or incorrect results.

5. MODEL SELECTION

W e select a parametric mo del to describ e a set of lifetime data. In order to limit

the n um b er of mo dels, sample momen ts can b e compared to the theoretical momen ts

of the distribution in question.

Tw o graphical metho ds used for this purp ose are plots of sk ewness ( 


3

) vs. co ef-

�cien t of v ariation ( 
 ), and kurtosis ( 


4

) vs. sk ewness (see Co x and Oak es [2], p. 27).

The �rst plot is a visual represen tation of symmetry and spread, while the second is of

p eak edness and symmetry . Some distributions, suc h as the exp onen tial and uniform

distributions, reduce to a single p oin t on these plots. Close pro ximit y of the curv e

to the corresp onding sample momen ts indicates that the distribution is not a bad

p oten tial parametric mo del.

5.1 Mathematica Implemen tation

Since Mathematica is capable of pro ducing a 3-dimensional parametric plot, it

o ccurred to us that a plot of ( 
 ; 


3

; 


4

) w ould b e of similar use. Unfortunately , the

simplicit y of the curv es mak es their pro ximit y to the sample momen ts di�cult to

discern without rotating the 3-dimensional plot. One solution to this problem is

to �nd the minimal Euclidean distance b et w een ( ^ 
 ; ^


3

; ^


4

) and the 3-dimensional

momen t curv es, where ^
 is the ratio of the sample standard deviation to the sample

mean and

^
 =

s

�

t

^


3

=

1

n

n

X

i =1

 

t

i

�

�

t

s

!

3

^


4

=

1

n

n

X

i =1

 

t

i

�

�

t

s

!

4
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kappa: 2.102 lambda: 0.01221

Log Likelihoo d at the MLE: -113.7

Observed Informati on Matrix:

681327. 874.6

874.6 10.38

Inverse Informatio n Matrix (Variance- Cov ari an ce Matrix of the MLEs):

-6

1.646 10 -0.0001387

-0.0001387 0.1080

Tw o commen ts with resp ect to the s-con�dence region in Figure 5 follo w. First,

Figure 5 v eri�es that a W eibull distribution is a b etter �t than an exp onen tial dis-

tribution since the line � = 1 is not in terior to the s-con�dence region. Second,

adjusting an argumen t in Reliability Fit giv es smo other con tours at the cost of

larger computation times.

4.3 Discussion

Mathematica's o v erall p erformance on this larger, more complex problem w as

adequate. W e w ere pleased with the program's abilit y to o v erla y sev eral graphic

images suc h that the scaling & app earance w ere appropriate. W e accomplished nearly

ev erything w e had hop ed to, although m uc h trial & error w as often necessary .

Another adv an tage of our Mathematica implemen tation is that our function has

only three argumen ts: the data set, a surviv or function, and initial parameter es-

timates. The log lik eliho o d function, score v ector, and information matrix are all

determined b y Mathematica. As suc h, the co de app ears m uc h more lik e the mathe-

matical deriv ations than the corresp onding co de in an algorithmic language. Other

t w o-parameter distributions could b e �tted in a similar fashion.
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4.2 Example

The data b elo w are ball b earing failure times (in 10

6

rev olutions) from La wless [3]

17.88 28.92 33.00 41.52 42.12 45.60 48.48 51.84 51.96 54.12 55.56 67.80

68.64 68.64 68.88 84.12 93.12 98.64 105.12 105.84 127.92 128.04 173.40.

The commands necessary to run our function Reliability Fit are

In[6]: data={{17.8 8, 1}, {28.92, 1}, {33.00, 1}, {41.52, 1},

{42.12, 1}, {45.60, 1}, {48.48, 1}, {51.84, 1}, {51.96, 1},

{54.12, 1}, {55.56, 1}, {67.80, 1}, {68.64, 1}, {68.64, 1},

{68.88, 1}, {84.12, 1}, {93.12, 1}, {98.64, 1}, {105.12, 1},

{105.84, 1}, {127.92, 1}, {128.04, 1}, {173.40, 1}}

In[7]: SurvFunctWe ibu ll = N[E] ^ (- (LAM x) ^ K)

In[8]: Reliability Fit [da ta , WeibullSu rvi vor , InitEstimWe ibu ll[ dat a] ]

The second elemen t of eac h data pair giv es its censoring status (0: righ t censored,

1: observ ed), and InitEstimWe ibu ll is a function that returns initial estimates of

the W eibull parameters. The output of the program includes a scatterplot and �tted

regression line (Figure 3), a 3-dimensional graph of the log lik eliho o d function (Figure

4), 90% and 95% con�dence regions for the MLEs (Figure 5), and a comparison of

the MLE surviv or function to the corresp onding Kaplan{Meier pro duct-limit estimate

(Figure 6). The function prin ts the surviv or function, maxim um lik eliho o d estimators,

the maxim um v alue of the log lik eliho o d function, the observ ed information matrix,

and the asymptotic v ariance-co v ariance matrix of the MLEs, as sho wn here.

k

-(lam t)

Survivor Function: E

Maximum Likelihood Estimators -
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the data. There is no di�cult y in implemen ting either the regression or the plot in

Mathematica

2

.

Initial estimates in hand, Mathematica calculates the maxim um of the log lik eli-

ho o d function and plots the log lik eliho o d function surface. The observ ed information

matrix, the asymptotic v ariance-co v ariance matrix of the MLEs, and the v alue of the

log lik eliho o d's maxim um are all prin ted. The latter can b e used to compare the �ts

of di�eren t families of distributions.

As a further test of the W eibull �t,

2[log L (

^

� ; ^� ) � log L ( �; � )]

is asymptotically �

2

2

, and hence w e can obtain an appro ximate s-con�dence region for

the parameter estimates. This s-con�dence region can b e used to determine whether

the additional parameter in the W eibull distribution (compared to the exp onen tial

distribution without a shap e parameter) is w arran ted. If the line � = 1 is in terior

to the s-con�dence region, the extra parameter is not s-signi�can t, and the reduced

mo del migh t b e appropriate. Quan tiles of the c hi-square distribution, and those

of man y other distributions, are a v ailable in Mathematica. Using the Mathematica

function ContourPl ot pro duces a con tour plot of the log lik eliho o d function, whic h

is the b oundary of an asymptotically v alid s-con�dence region for the parameters.

The output giv en in the example that follo ws represen ts a balance b et w een precision

and computing time. Finally , a graph of the estimated surviv or function is pro duced,

along with the Kaplan{ Meier pro duct-limit estimator of the surviv or function.

2

Obtaining the W eibull MLEs can b e reduced to a one-dimensional searc h. In order to facilitate

the �tting of other t w o-parameter distributions with the same co de, ho w ev er, this approac h w as not

tak en. Additionally , a t w o-dimensional searc h w as a b etter test of Mathematica's abilities.
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for all t > 0, � > 0, and � > 0. Most of the deriv ation sho wn b elo w is giv en in Co x

and Oak es [2].

F or failure times t

1

; t

2

; :::; t

n

and censoring times c

1

; c

2

; :::; c

n

, the log lik eliho o d

function can b e expressed in terms of the hazard function h ( t ) and the cum ulativ e

hazard function H ( t )

log L ( �; � ) =

X

i 2 U

log h ( x

i

; �; � ) �

n

X

i =1

H ( x

i

; �; � )

where U is the set of indices corresp onding to uncensored observ ations, r is the n um b er

of observ ed failures, and x

i

= min f t

i

; c

i

g , for i = 1 ; 2 ; : : : ; n .

Maxim um lik eliho o d estimates can b e obtained in the usual w a y b y taking the

�rst partial deriv ativ es of the log lik eliho o d function with resp ect to � and � , setting

the resulting equations equal to zero, and solving for the parameters.

Giv en the surviv or function, Mathematica can p erform all of the derivations nec-

essary to obtain this 2 � 2 system of equations. Giv en suitable initial estimates, it

can solv e the equations via Newton's Metho d. W e found that simply guessing the

initial estimates resulted in a rather slo w con v ergence of the ro ot solv er. Therefore,

w e used a least squares approac h to obtain initial estimates for � and � . F or the

W eibull distribution

log [ � log S ( t )] = � log � + � log t:

Let R ( t ) b e the set of indices corresp onding to items at risk at or just prior to time

t and let n ( t ) = j R ( t ) j b e the n um b er of elemen ts in, or the cardinalit y of R ( t ).

Estimating the surviv or function with

n ( t )

n +1

, w e p erform a simple linear regression on

log x

i

vs. log

h

� log

n ( t )

n +1

i

. The slop e of the �tted mo del is an estimate of � and the

in tercept is an estimate of � log � . This is equiv alen t to a plot of the data on W eibull

pap er, and has the side b ene�t of b eing able to assess mo del adequacy . By plotting

the data and the �tted regression line, w e can determine whether the relationship

is linear, thereb y con�rming the appropriateness of the mo del o v er the region of

6



In[4]:= lowerbnd

2 3

Out[4]= (1 - (1 - p) )(1 - (1 - p) )

In[5]:= lowerbnd /. p -> 0.7

Out[5]= 0.88543

3.3 Discussion

Mathematica has more p o w er & 
exibilit y than is really needed to solv e this

problem. Still, the abilit y to view & exp erimen t with the upp er and lo w er b ounds is

an educational to ol since studen ts can easily explore the b eha vior of the inequalit y

for di�eren t reliabilities and system con�gurations.

4. LIFETIME D A T A ANAL YSIS

Consider �tting statistical mo dels to a set of lifetime data. In particular, w e

wish to �t the W eibull distribution to a righ t-censored data set using maxim um

lik eliho o d estimation (the W eibull distribution w as c hosen b ecause its MLEs m ust b e

calculated b y n umerical metho ds). Also, w e w ould lik e to obtain some measures of

mo del adequacy: s-con�dence regions for the parameters, a visual comparison of the

corresp onding non-parametric mo del, and the abilit y to compare the �t to that of

other parametric mo dels.

4.1 Mathematica Implemen tation

Recall that the surviv or function of the W eibull distribution is

S ( t ) = e

� ( � t )

�
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Plot[{lower bn d, upperbnd}, {p, 0, 1}, PlotLabel ->

"Reliabil it y Bounds", AxesLabel -> {"p", "r(p)"}];

)

The argumen ts passed to bound are the set of minimal cut sets, and the set of minimal

path sets.

1

3.2 Example

T o illustrate the use of these reliabilit y b ounds on a small system, consider the

four-comp onen t system in Figure 1. This system has three minimal path sets

f 1 g , f 2, 3 g , f 2, 4 g

and t w o minimal cut sets

f 1, 2 g , f 1, 3, 4 g .

Once bound b een input, the appropriate Mathematica commands to determine

the reliabilit y b ounds for this system are

In[1]:= mpaths = { {1}, {2, 3}, {2, 4} }

In[2]:= mcuts = { {1, 2}, {1, 3, 4} }

In[3]:= bound[mpat hs, mcuts]

The upp er and lo w er b ounds for the system reliabilit y for comp onen ts with iden-

tical reliabilities are plotted in Figure 2. W e can request the expression for, sa y , the

lo w erb ound, and ev aluate it for p = 0 : 7.

1

One Mathematica data structure is a list , whic h is a set of n um b ers, algebraic expressions,

functions, graphical elemen ts, etc.
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3. RELIABILITY BOUNDS

The reliabilit y r ( p ) of a s-coheren t system of s-indep enden t comp onen ts can b e

b ounded using minimal path sets and minimal cut sets (Barlo w and Prosc han [1],

p. 37), where p = ( p

1

; p

2

; :::; p

n

)

0

is a v ector of comp onen t reliabilities. F or a s-

coheren t system of s-indep enden t comp onen ts with minimal path sets P

1

, P

2

, ..., P

s

,

and minimal cut sets C

1

, C

2

, ..., C

k

, one suc h b ound is

k

Y

j =1

2

4

1 �

Y

i 2 C

j

(1 � p

i

)

3

5

� r ( p ) � 1 �

s

Y

j =1

2

4

1 �

Y

i 2 P

j

p

i

3

5

;

or

k

Y

j =1

a

i 2 C

j

p

i

� r ( p ) �

s

a

j =1

Y

i 2 P

j

p

i

:

The b ounded expression is the probabilit y that the system is op erational at one

particular time, i.e., the system reliabilit y .

3.1 Mathematica Implemen tation

Consider a scenario where eac h comp onen t has the same reliabilit y p , where 0 <

p < 1. F or v arious v alues of p , ho w precise are our b ounds for an arbitrary system

con�guration? A Mathematica function bound calculates and plots the reliabilit y

b ounds. Since the co de for this function is short, it is included b elo w.

bound[path s_L is t, cuts_List] :=

(

numpaths = Length[path s] ;

numcuts = Length[cu ts] ;

upperbnd = lowerbnd = 1;

Do[upperbnd = upperbnd * (1 - p ^ Length[pa ths [[i ]]] ), {i, numpaths}] ;

upperbnd = 1 - upperbnd;

Do[lowerbnd = lowerbnd * (1 - (1 - p) ^ Length[cu ts[ [i ]]] ), {i, numcuts}] ;

3



c

1

, c

2

, ..., c

n

censoring times

x

i

= min f t

i

; c

i

g time on test for item i , i = 1 ; 2 ; : : : ; n

U index set of uncensored observ ations

r n um b er of observ ed failures

L ( : ) lik eliho o d function

^

� W eibull scale parameter MLE

^� W eibull shap e parameter MLE

h ( t ) hazard function

H ( t ) cum ulativ e hazard function

R ( t ) risk set at time t

n ( t ) cardinalit y of R ( t )
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2. BA CK GR OUND

Mathematica is an en vironmen t for n umerical & sym b olic computations, with

excellen t graphics capabilities. It com bines the `in teractiv e user in terface' and `func-

tional programming' of a high lev el language suc h as S-Plus with commands & func-

tions that supp ort sym b olic manipulation. W e will not emphasize the actual co ding of

our functions, but rather the insigh t gained from applying Mathematica to reliabilit y

problems. The Mathematica co de is a v ailable from the authors.

Eac h subsequen t section is divided in to four parts: an in tro duction to the par-

ticular topic, the implemen tation of Mathematica to solv e the problem, a sp eci�c

example to illustrate the implemen tation, and a brief discussion of the merits of the

Mathematica solution.
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1. INTR ODUCTION

Computational algebra languages are to ols for solving a wide arra y of mathe-

matical problems. These in teractiv e framew orks ha v e p o w erful sym b olic & graphical

capabilities that are easily & quic kly implemen ted, making these languages sup erior

to standard algorithmic languages suc h as C or F OR TRAN for certain applications.

In addition, they pro vide lo w-lev el programming constructs that allo w 
exibilit y that

is often not a v ailable in sp eci�c application soft w are pac k ages.

This pap er do cumen ts our application of one suc h program, the Mathematica

system [4], as a to ol. In short, ho w w ould one fare in applying suc h a language

to some of the div erse computational problems in reliabilit y? What features of the

system mak e it sup erior (or inferior) to other programming en vironmen ts? Can a

reliabilit y engineer with a mo dest computer programming bac kground mak e use of

Mathematica to solv e problems e�cien tly? In order to answ er these questions, w e

c hose three problems that test the usefulness of this to ol: reliabilit y b ounds, lifetime

data analysis, and mo del selection.

A cr onyms

MLE maxim um lik eliho o d estimator

KM/PL Kaplan{Meier pro duct limit.

Notation

r ( p ) system reliabilit y

p = ( p

1

; p

2

; :::; p

n

)

0

v ector of comp onen t reliabilities

P

1

, P

2

, ..., P

s

minimal path sets

C

1

, C

2

, ..., C

k

minimal cut sets

S ( t ) surviv or function

� W eibull scale parameter

� W eibull shap e parameter

t

1

, t

2

, ..., t

n

failure times
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Summary & Conclusions | Reliabilit y analysts are t ypically forced to c ho ose

b et w een using an `algorithmic programming language' or a `reliabilit y pac k age' for

analyzing their mo dels and lifetime data. This pap er sho ws that computational lan-

guages can b e used to bridge the gap to com bine the 
exibilit y of a programming

language with the ease of use of a pac k age. Computational languages facilitate the

dev elopmen t of new statistical tec hniques and are excellen t teac hing to ols. This pap er

considers three div erse reliabilit y problems that are handled easily with a computa-

tional algebra language: system reliabilit y b ounds, lifetime data analysis, and mo del

selection.
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