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A nonparametric technique for estimating the cumgaitntensity function of a
nonhomogeneous Poisson process from one or more realizationgeispdd. This
technique does not requireyaarbitrary parameters from the modeland the estimated
cumulatve intensity function can be used to generate a point process for Monte Carlo
simulation by inersion. Threeexamples are gen.
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1. Introduction

A nonhomogeneous Poisson process (NHPP) is often suggested as an appropriate
model for a system whose rate (e.g.vatrrate in a queuing systemanes wer time.
This paper illustrates a nonparametric technique for estimating the cwauhadinsity
function of a NHPP on the time intedv(0,S] from one or more realizationsThis
procedure only applies to terminating simulatioslike mary existing techniques, this
method does not require the modeler to specijypanameters or weighting functionH.
the NHPP is used as an input to a Monte Carlo simulatieeysion can be used to
generate went times so that ariance reduction techniques can be implemented.
Although the discussion here is orientedvdds arrvals to queuing systems, the
estimation technique applies toyassequence of\ents occurring @er time or space, such
as earthquaktimes, filure times of a repairable system or defect positions on a magnetic

tape.

A NHPP is a generalization of an ordinary Poisson process whenés eoccur
randomly wer time at the rate of events per unit time.The rate at whichwents occur
in a NHPP waries wer time as determined by thetensity functioni(t). Thecumulative

intensity functions defined by

t
A(t) Z‘I!'A(T)dr t>0
and is interpreted as th&pected number ofvents by timet. The probability of gactly

n events occurring in the inteal (a, b] is gven by



b

b - [ A(t)dt
[I A(t)dt]" e J;

n!
forn=0, 1, ... (Cinlar, 1975).

Many simulation textbook authors (e.g., BrajleFox and Schrage (1987), Fishman
(1978), Laenbeg (1983), Lav and Kelton (1991), Leis and Ora (1989), Mogan
(1984) and Ross(1990)) suggest the use of NHPPs for modeling systems with inputs
whose ratesary over time. Schmeise(1980) reviews \variate generation techniques for
NHPPs, includinghinning (Lewis and Shedlerl979b), where a NHPP can be simulated

when the intensity function is not tractable angkision is not closed form.

There hse lkeen seeral parametric techniques suggested for estimating the

cumulatve intensity function from a data se@ne of these &rts assumes that

A(t) = (at)? t>0
which is often called a peer lav or Weibull process (Bain and Engelhardt (1982), Jang
and Bai (1987), Rigdon and Basu (1989), Rigdon and Basu (1906¢). Wlson and
Crawvford (1991) suggest a general model that uses >@onential-polynomial-
trigonometric function in the intensity function

Om ) U

At) =expd ait' + y sin(t + ¢)[] t>0

(=0 O
which the/ apply to modeling dfshore weathervents in the Arctic Sea wolving both a
cyclic component and a trendKao and Chang (1988) model the times of calls for
analysis of electrocardiograms at a hospitaér oseveal days using a piesdse-

polynomial intensity function. Law and Kelton (1991, page 407) suggest a



nonparametric procedure for estimatiaf}) with a piecaise-constant functionTheir
procedure requires the modeler toidé the time axis into nowerlapping time interals
where the intensity function is assumed to &ieyf constant, and estimate a single rate
for each interal. While this procedure is simple to implement, the modeler musemak
arbitrary decisions concerning the number and widths of the atserizevis and Shedler
(1976b) illustrate techniques for estimatiaff) to model the transactions in a database

system. On@onparametric estimator that yhaefine is

1 n t - Tj
b 2" Comy

where t, is the upper limit of the time intem; n is the number of obseations in

At n, ty) = ) t>0

O, tg], T4,...,T, are the obsenations,W is a bounded, nongdive, integrable weight

(o]

function satisfyingf W(u)du =1, andb(n) is a landwidth function that tends to zero as

n approaches infinity Nelson (1988) considers nonparametric estimates for the
cumulatve @st and repair functions for repairable system data that includes right
censored obseations. \allarino (1988) uses a time scale transformation of avBian

bridge on [0,1] to derve sSmultaneous confidence bands around an estimator that is

similar to the one gen here.

Other articles on NHPPs and their application to queuing systems include Albin
(1982), Chouinard and McDonald (1985nléy (1986) and Thorisson (1985Work on
generating ariates from a NHPP includes Weye (1986), Fishman and Kao (1977),

Kaminsky and Rumph (1977), Klein and Roberts (1984), Leelsdvi and Creford



(1991), Lavis and Shedler (1976a, 1979a), and Shanthikumar (1986).

2. Estimation Procedure

The intensity functiond(t), for a NHPP is assumed to be poestfor allt [J(0, §]
and is continuous for almostery t [1(0, §]. The cumulatve intensity function is to be
estimated fronk realizations of the NHPP on (8], whereS is a knavn constant.The
intenal (0, S] may represent the time a system aBoarrvas (e.g., 9 AM to 5 PM at a
bank) or one period of aycle (e.g., one day at a 24 hourveérup windav). The
estimation procedure described in this section is nonparametric and does not rgquire an

arbitrary decisions (e.g., parametatues) from the modelelLetn; (i =1, 2, ..., k) be

k
the number of obseations in theé" realizationn= Y n;, and letty, ty), ..., t;, be the
i=1

order statistics of the superposition of theealizationst, =0 and t,.,) = S. Setting
A(S) = E yields a process where thepected number ofvents by timeS s the aerage
number of gents ink realizations, sincé (S) is the xpected number ofvents by time
S. The piecwise-linear estimator of the cumuladiintensity function between the time

values in the superposition is

in N n(t-tg)
=Dk e Dk - o)

. in
as illustrated in Figure 1This estimator passes through the poings, m), for

A(t) =

] t(i)<tst(i+1);i20,1,2,...[]

n _ . .
i=1,2,...n+1. The 1 factor in the walue of the estimate for the cumulati

intensity function at the dataales accounts for thedt that there are+1 "ggps"

created on (0S] by the data alues.



The assumption that there will not beyares, i.e.,t; <t;,q fori=0,1,...n,
may not alvays be satisfied in practice due to roundinhe estimate for\(t) given

above dould be modified so that there is a discontinuity at #leevwhere tied alues

_ N A mn
occur For e(amp|e, |ft(m) = t(m+1) for somem, then/\(t(m)) = /\(t(m+1)) = m, and
. (m+1)n . . . . .
lim =-——2"-. In other words, there is a jump in the estimate of the cunudati

tl tm+1) (n+1)k-

intensity function of

n
(n+1)k where the tie occursMultiple tied values are handled

analogously An example containing tiedalues is gien in Section 5. Note that the
variate generation algorithm described in thetngection will not be &écted by tied
obsenations, although there may be multipleer@ times generated at thalues where

ties occur in the data set.

The rationale for using a linear function between the datees is that wersion can
be used for generating realizations (asssho Section 3) without héng tied eents. If
the usual step-function estimate/gft) is used (see the Appendix for a definition), only

thet, values could be generated.

Some empirical justification for the use of the proposed estimator vs&dedoin
Figures 2a, 2b, 2c, and 2d, where the population cumellgtiensity function (smooth
curves) and the proposed estimator (prase-linear cures) are plotted for four dédrent
processes. Thk& =5 realizations are generated by thinninbhe four parent intensity

functions are the piewgse-linear intensity function



BlOt+l 0<t<1.5
A(t) =16 1.5<t<2.5
B—6t+31 2.5<t<4.5

from Klein and Roberts (1984),

A(t) =1+ cost 0<t<4nr,

yielding a gclic arrival rate,

Ay =e? 1 0<t<3
from Lewis and Shedler (1976a) and

A(t) = t2 0<t<5,
a Yecial case of a peer lav process. Thesample sizes for the four processes are
n =247, 45, 39, 216respectiely. In dl four plots, the estimator roughly folks the
shape of the parent cumulatiintensity function, and impves with n, the number of

obsenations collected in the fevrealizations.

Since the number ofvents that occur in the NHPP of interest by timbas the

Poisson distribtion with mear\(t), a strong consistencesult is obtained, i.e.,

Jim A(t) = A(t) with probability one.
The proof, gven in the appendix, uses thact that the proposed estimator can be
expressed as a function of the usual step-function estimator for the cuminénsity
function. The appendix also contains a detion of an asymptotically »act
100(1- )% confidence inten for A(t)

R —A ) —i
A) = 242 '\/% <A@) < A®) + 2,5 -\/9

wherez,,, is the 1- a / 2 fractile of the standard normal distrtion.



3. Variate Generation

The cumulatre intensity function for a NHPP is often estimated in order to generate
variates for Monte Carlo simulationUsing a time transformation (CinJat975, page
96), the gent times from a unit Poisson procegs, E,, ..., can be transformed to the
event times of a NHPP vid, = A"}(E,). For the NHPP estimate considered here, the
events at timesl';, T,, ... can be generated for Monte Carlo simulation by the algorithm

below, given n, k, Sand the superpositionedlues.

1. i1
2. generat®; JU(0, 1)
3. Ei «— —|Oge (1_U|)

4. whileE, <E do

begin
n+1) kgD
meb—y 0
(l |

(n+1)Kk E
Ti « tem + [tmey — tm] (—————— - m)

n
I <i+1

generatdJ; JU (O, 1)

Ei « Ei-1-log. (1-U))

end

Thus, it is a straightforard procedure to obtain a realizationiof 1 events on (0,5

from the superpositioned process &h@, 1) valuesU,,U,, ... ,U;. Invasion has been



used to generate this NHP® certain \ariance reduction techniques, such as antithetic
variates or common random numbers, may be applied to simulation olRpptacing
1-U; with U; in steps 3 and 4 will sa CPU time although the direction of the
monotonicity is rgersed. Ted values in the superposition do not posg problem to
this algorithm although there may be tiealues in the realizationAs n increases, the
amount of memory required increasad, the amount of CPU time required to generate a
realization depends only on the ratidk, the aserage number ofwents per realization.
Thus collecting more realizations (resulting in naeo confidence inteals) increases
the amount of memory requiredutbdoes not impact thexpected CPU time for

generating a realization.

4. Examples

Two examples will be gien in this section.The first contains a rush hour situation,

and the second contains an\alrpattern which is yclic.

The procedure for computing the nonparametric estimafd€tdis illustrated using
k =3 realizations of a process on (0, 4.9]he eents in this @ample are arvals to a
lunchwagon between 10:00 AM and 2:30 PM (Klein and Roberts 1984), and the three
realizations K, = 46, n, = 69, n; =49) and their superpositiom & 164) were generated
by thinning. The realizations were generated from a population with parent cuveulati

intensity function



85t2+t 0<t<1.5
A(t) =016t — 11.25 1.5<t<2.5
B—3t2+31t—30 2.5<t<4.5

The parent cumulate intensity function, the estimated cumulatintensity function and
95% confidence bands are smoin Figure 3. The smooth cum is the parent cumulaite
intensity function, the piegése-linear function i§\(t) for then = 164 obserations in
the superpositioned process and the dashed lines are 95% confidenceSiacelshe
intensity function increases linearly initiallis constant between 11:30 AM and 12:30
PM, then decreases lineartiie nonparametric approach pides a more accurate model

than using a parametric model, such asvagpdav process.

A Monte Carlo gperiment vas conducted to assess the acguoh¢he confidence
intenvals in the lunchagon &ample with three realizations at times$12.5, and 35.
For 100,000 replications of thexperiment at nominal a@rage 0.95, the actual veages
at the three points in time were 0.94754, 0.94779, and 0.94BRE eperiment
indicates that the approximate confidence irisr¥or the cumulage intensity function
estimate aredirly accurate for a lge sample siza. This is not a surprising result since

the Poisson distrifion corverges to a normal distrision as its mean increases.

The second>ample illustrates he the estimator tracks thegdic intensity function

considered earlier

A(t) =1+ cost) 0<t<A4nr,

which corresponds to a cumuiagdiintensity function

A(t) =t + sin(t) 0<t<4nr.

In this case,k =10 realizations of the process were generated by thinning yielding

10



n =120 obserations. Figure4 shows the parent cumulag intensity function, the
estimated cumulate intensity function and 95% confidence bands for the cunaelati
intensity function. The parent cumulate intensity function dlls outside the 95%
confidence bands at approximatély 0. 4andt = 1. 6. It was determined that thisas

due to samplingariability since a Monte Carlo study using 100,000 replications yielded
coverages of 0.94542, 0.94714, and 0.94839 at tite.4,t=1.6 and t = 2r,

respectrely, for 95% confidence inteals.

5. Extensions

This section presents twextensions to the nonparametric cumuwatiintensity
function estimator gen in Section 2. The first &tension accommodates time intals/
on (0,5 where ®ents cannot occur The second »¢ension iwvolves the use of a
piecavise- quadratic, rather than a pietge-linear estimate of the cumuladiintensity

function.

In the discussion saf it has been assumed th&ft) > 0 for allt in (0,S]. The
cumulatve intensity function estimation technique in Section 2 does not account for
periods of time (e.g., lunchbreaks) wherengs can not occurlf the bginning and
ending times of these breaks arewWnpthe are easily incorporated into the cumulati

intensity function estimator

Consider the inteal (a, b], (with a and b known) where the intensity function is
assumed to be zerd.et t; be the time of the most recenent prior toa andt;,,) be

the time of the firstvent afterb. The dashed line in Figure 5 sm)f\(t) on (t), ti+nl

11



without a lunchbreak, and the solid line sisothe modifications proposed belo The
cumulatve intensity function estimate should be constant ar) and the pieceise-
linear sgments on t(;,, a] and (, t;.4] follow the usual pattern.On the interal

(tp), ti+pl, one estimator is

O

o in n(a+ b -2t )(t —ts) tj) <t<a
B(n+ Dk 2(n+1)k(@-tg) (ti+1 —ta))

i n(a+b - 2tg) + 2i(t;+1) — tg

A= ( 0) ( (i+1) (I))) a<ts<hb

- 2+ Dk (t 42 ~ te)
gi+n | N2(tG+1) — tgy) —a—b+2tG) (t —ti+1)
B(n+1)k 2(n+1)K (ti+1) = b) (ti+1) —ta))

b<tSt(i+1)

which is determined by setting the cumudatintensity ona <t < b to f\(

(a+h)
, and
2 )
using a linear estimate on the other indédsy A second ey of accommodating
lunchbreaks is to match the slopes of the cunwdatitensity function estimates on the

intenals ¢, al and (, t;.q]. This results in a slightly more tractable cumuleti

intensity estimate

o .
M In + n(t _t(i)) t(i) <t<a
On+1k (n+1)k(ti+1) —ty —b+a)
~ O in n(a-t;)
A (1) =0 + 0 a<ts<b
U En+ Dk (n+1)K(tgan —ty —b+a)
D(l +1)n + n(t - t(i+1))
E(n+1)k (n+1)k(t(i+1)_t(i)_b+a) b<tSt(i+1)

The two estimators are almost identical when the lunchbreak is shortveeldi

ti+n — te (.e., C __ O is small), and are identical whan-tg) =t;., = b.
(i+1) 0

12



One dravback with the assumption of a piggse-constant intensity function is the
possibility of unrealistic jumps iA(t) at the data &lues. Thisnay cause problemstifis
small or if there is considerable nonlinearity in the intensity functiigure 6 shais the
estimator for the cumulage intensity function estimate fok =1 realization of
unscheduled maintenance action times on the U.S.S. Halfbeak No. 3 main propulsion
diesel engine (Ascher and Feingold, 1984, page $bheduled engineverhauls are not
treated separately for this data setnof 78 erent times, and the ending time of the
obsenation intenal is assumed to b&= 25, 600hours. Thereppears to be significant
degree of nonlinearity after 20,000 hours, and the adjustment to the estimator outlined
belon may be varranted. Therare tied @alues at times 11993, 24006 and 25000, and the

cumulatve intensity function is discontinuous at thesdues.

The estimator can be easily modified when there are no ties to be \&ipiclieear
intensity function by joining the midpoints of the intensity functiatues between each
of the data points as shio for n =4 by the dashed line in Figure Bince the alue of
the intensity function for the nonparametric estimator betwgemdt;; . ;) is

n
(N+1)Kk[tia) —tel
the midpoints can be joined with a line to yield the pigse- linear estimator

At) =

t(i)<tSt(i+1);i:071s---n

/i\g(t) = n 5.4_ (Zt(i +1) ~ 1.'(i+2) - t(i) ) (Zt - t(i) - t(i +1))B
(N+1)K [tirg —tp] (tiez) = ti+n) (L2 = te)
H O

i) * Li+y <tst(i+1)+t(i+2) andi=0.1 .

> 5 ..n—=1. This accounts for all time

for

- - tw tn +S G
periods &cept the interals (0,7] and (T , 5], where the corresponding(t)

13



value can be usedVariate generation may be performed by using the technique in Lee,
Wilson and Craford (1991), deleting Step 7 in theiveat time generation algorithm,

where thinning is performed.

6. Summary

A method has been presented for the nonparametric estimation of the ceanulati
intensity function for a NHPP from one or more realizatiofitie method does not
require ag arbitrary parameters to be specified, and is easily generatedveraiam.

Time intenals where gents cannot occur are easily accommodated, and the method can

be xtended to a piegdse- quadratic estimate.

As in classical statistics, an estimate from a single realizatienl] or a small total
number of obseations (i.e.,n small) should be considered cautiously due to sampling
variability. Estimates containing uncharacteristically clusteneshietimes, for gample,
will produce simulations with the same featuteis worthwhile haing several, rather
thanonerealization (to see theaviability from one realization to the xteand since the
confidence inter is asymptotically alid with respect to the number of realizations),
and the sample size should begtarenough so that the halfwidth of the confidence

interval for A(t) is aufficiently small.
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Appendix

This appendix contains (i) a proof of strong consistefor f\(t), i.e., the estimate
f\(t) - A(t) with probability one as the number of realizations colledte@dpproaches
infinity for all t 00 (0, §] and (ii) a denation of an asymptotically alid 100(1- «)%

confidence intera for A(t) for allt (0, §].

Consider first the corresponding properties of the usual step-function estimat).of
For the jth independent replication of thegat NHPP { =1, ..., k), let N;(t) denote

the number of\eents obsergd in the time inte (0,t] and let

k
N (t)= > N;(t) forallt O(0,S] (1)
j=1
denote the agggeted counting (or superposition) process so thatN,(S). Theusual

step-function estimator &(t) is

~ 1 & N (t
A(t) == 2 Ny(t) = () for all tJ(0, . ()
K =1 k
Now the {N;(t): j =1, ..., k} are IID Poisson ariates with meam\(t); and it follavs
immediately that
O E[A®)] =A®t) O
7] ®) g foralltd, §. (3)

|:| ~
0 VIAM] = A kg
Given an abitrary t[J(0, S|, we can apply the Strong weof L arge Numbers to conclude

that

16



lim A(t) = A(t) with probability one; 4)
morewer by the Central Limit Theorem, equation (4), and Slytskiheorem (Serfling

1980), we hee

AG)=AL) —IAR) Al) - At) o
e Y R = 1-N(0, 1)ON(0, 1)as k - oo. 5
VAW /K Vi VRO K O DONG Dask= o 6)

From (5) we can construct the folling asymptotically xact 100(X «)% confidence
interval for A(t):

A(t) * za,z?/% . (6)

Objectives () and (ii) are shan by relating the proposed estimatfs)(t) to the step-

function estimatof\(t). For ary fixed t[J(0, S|, we have

A) = UAQ) + Ri(t), (7)
where the randomaviabledJ, andR,(t) are given by

n o _ N9

= = 8
Yk n+l N(9+1 ®
and
O NYS) M t—-ty O
Rk(t) = D N* k( ) (N (1) |:| (9)
NS+ 1K T +0 ~ tvor g
In view of (2) and (4), we must ke
Jim N, (S) =00 with probability one; (10)
and combining (8) with (10), we &
I(Iim U, =1 with probability one. (11)

Moreover we dosene that the random term enclosed inglisquare braeits on the right-

hand side of (9) is alays bounded between 0 and 1; and thus for an arbitraed fix

17



t(0, S, we have

N (S)
—_— 12
0< Rk(t)s[N;(S)+1]k (12)
and using (10), this implies that
I(Iim Ri(t) =0 with probability one. (13)

Combining (4), (7), (11), and (13), we finally obtain the desired strong congistenc
property: gven an arbitrary t (0, S|, we have

Jim A(t) = A(t) with probability one. (14)
Moreover, the relation (7) coupled with (5), (11), (13), (14), and Skitskiheorem

implies that/\(t) is asymptotically normal:

A® - AD) _ |, 7{\(0 AW - AW +V/‘\(t) R
YAO/k VAL TAD/k At) YA/ K

2 1.N(, 1)+ 1-00N(, Das k - co. (15)

From (15) we can construct the follmg asymptotically act 100(1 «)% confidence

interval for A(t):

A(t) + za,z?/% . (16)

18
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APPENDIX: FORTRAN code for generatinga NHPP from the
superpositioned event times.

dimension x(1002)
integer n, k

*
* this program printswent times generated viaversion
*
* input:
* n: the number ofvents in the superposition (max: 1000)
* k: the number of point processes observ
* T: the end of the collection period (x(n+2))
* X: the n superpositionedrent times
*
* output:
* the event times in the realization
* the number of &lues in the realization
*
x(1) =0.0
read *, n
if (n.gt.1000) stop
read *, k
read *, x(n + 2)
do10i=1,n

read *, x(i + 1)
10 continue

xn = float (n)
xk = float (k)
xt = (xn + 1.0) * xk / xn
igen=0
e=00
20 e=e-dog (1.0 -rand (0.0))
if (e.gt.(xn / xk)) go to 30
igen =igen + 1
m = int (e * xt)
const = (e*xt - float(m))
t=x(m+ 1)+ (xX(m + 2) - x(m + 1)) * const
print *, t
goto 20
30 print*, igen
stop
end
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